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In his fundamental investigations on the resolution of singularities of algebraic 
surfaces’ O. Zariski discusses the various types of valuations on algebraic func- 
tion fields of two variables. Of particular interest are branches of algebraic 
surfaces which can be described by zero-dimensional valuations of rank one. 
An interesting preliminary to the uniformization of these branches is the enu- 
meration of the possible value groups which may occur for the corresponding 
valuations. We here provide a survey of all possible value groups for such 
valuations on ”-dimensional algebraic varieties. 

From the viewpoint of geometry it is not surprising that our results indicate 
that the branches can be essentially more complicated for n dimensions than 
they are for 2-dimensional varieties. In the latter case Zariski showed that 
the value group T° of a branch is either a subgroup of the additive group of all 
rational numbers or can be represented as the direct sum of two infinite cyclic 
groups. In any event this value group must be completely reducible, in the 
sense that it can be represented as the sum of groups of (rational) rank’ 1. 
For varieties of dimension 3 or more, we find possible value groups which are 
not completely reducible in this sense. 


1. Definitions and Description of Results 


Derinition: If L > K are fields, we consider valuations V for L/K, that 
is valuations of L which prescribe the value zero for every element of K. Such 
a valuation V is zero-dimensional if its residue class field is an algebraic exten- 
sion of K; it has rank 1 if its value group I'(V) is a subgroup of the additive 
group P of all real numbers. 

Let denote the additive group of all rational integers. A set 1, ---, tT» 
of real numbers is rationally independent in P if mri + --- + mata = 0 for 





‘Johnston Scholar at the Johns Hopkins University for the year 1938-1939. 

*0. Zariski, Reduction of singularities of an algebraic surface, these Annals, vol. 40 
(1939), pp. 639-689. 

* A group is of (rational) rank 1 if any two elements ) and u of the group are connected 
by arelation md + nw = 0, with integral coefficients m andn. Cf. R. Baer, Abelian groups 
without elements of finite order. Duke Mathematical Journal vol. 3 (1937), pp. 68-122. 
this rational rank is to be carefully distinguished from the non-archimedian (ordered) 
rank of an ordered group. An ordered group I is said to be of rank 1 in this second sense 
if every two positive elements \ and mu are comparable (md > u for some integer m). 
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m, integers only if all m; vanish. The rank of a subgroup T C P is the maximal 
number of rationally independent elements of I. 

A real number yu ¢ P is commensurable with a subgroup T C P if mu eT for 
some integer m. A group I’ C P is commensurable with T if every element of 
I’ is commensurable with I. 

Our specific description of all possible value groups is as follows. 

TuEorEM 1. If L is an algebraic function field of n variables over a field of 
constants K, and if V is a rank 1 zero-dimensional valuation of L/K, then the 
value group T(V) either has rank r < n or has rank n and is the direct sum of n 
cyclic groups 


(1) TV) = TOn+--»- +rr,, 


in which 7, ---, Tn are rationally independent real numbers. 

Conversely, if K is any field and if T ts a group of real numbers which has rank 
r < nor which is the direct sum (1) of n cyclic groups, the rational function field 
L = K(a, --+ , n) of n variables over K has a rank 1 zero-dimensional valuation 
V for L/K with the given value group T. 

The proof of the first half of this Theorem is accomplished easily in §2. The 
converse part of the Theorem requires an explicit construction of a valuation V. 
We offer two constructions, each presented independently of the other. On 
the one hand, the Puiseux expansions familiar to the algebraic geometer can 
be so generalized as to exhibit the desired valuations if the coefficient field K has 
characteristic 0 (§7). On the other hand, a rational construction of valuations 
can be carried out by algebraic analysis of the polynomial ring K[z, --- , 2] 
(§§4, 5, 6). 

A necessary preliminary for either method is the existence of sufficiently 
many algebraically independent power series over the given field K. This 
existence we establish both by an explicit construction and by a cardinal number 
argument in §3. 

That the value groups possible according to our main theorem need not all be 
completely reducible follows from a known example of a group of rank 2 not so 
reducible, due to Pontrjagin.* Such examples of groups have also been investi- 
gated by Kurosch and by Baer.® 


2. Analysis of the problem 


To prove the first half of our main Theorem, suppose that I'(V) has rank 
r > n, and so contains n + 1 rationally independent elements 10, 71, --- » 7- 
Pick in L elements x; with V(z,;) = 7; fori = 0,1, ---,n. Since L/K is an 
algebraic function field of n variables, the n + 1 quantities x, --- ,%» of L 





‘L. Pontrjagin, The theory of topological commutative groups. Annals of Math. vol. 35 
(1934), pp. 361-388; Appendix 1, example 2. 

5 A. Kurosch, Primitive torsionsfreie abelsche Gruppen von endlichen Range. Annals of 
Math. vol. 38 (1937), pp. 175-203. 
R. Baer, loc. cit. 
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must be algebraically dependent over K in accord with some polynomial rela- 
tion f(vo, %1,+** »%) = 0. Since f = 0, at least two terms in f must have 
the same minimum value, as required by the valuation postulates. However, 
the independence of the values 7; means that no two distinct power products 
z{¢... 2% can have the same value. This contradiction proves r < n. 

Secondly, suppose that ['(V) has rank n, that , --- ,w, are n rationally 
independent elements of T(V) and that 2, ---,2z, are elements of L with 
V(z;)) = «:, 7 = 1,---,m. As in the last case, x, --- , z, are algebraically 
independent over K. Therefore L is a finite algebraic extension of the rational 
function field Lo = K(a1,---,2%n). Any polynomial f(z;, --- , 2.) in the ring 
Kix, --- , Zn] has exactly one term z;' --- 2? of minimum value, em; + --- + 
én. The valuation postulates prescribe that this value is the value of f. 
Hence, in Io, V has the value group 


(2) T it Pw, + en + Tw, 


Since L/L» is finite algebraic, there is an integer ¢ such that every element y 
of L satisfies over Lo a polynomial equation of degree ¢ or less S 


&+ay+--- + ay" = 0, ust. 


To this equation we apply a Newton Polygon argument. At least two terms 
ay’ and ayy’ must have the same minimum value, hence 


(3) Vy) = (V(a;) — V(ai))/@ — 9). 


Therefore, using (2), the value V(y) is contained in the group (1/t!)-IT'* and 
I(V) is a subgroup of this latter group. As subgroup of finite index in an 
abelian group with a basis of elements w,/t!, [(V) must itself have a basis 
11, +++, T, , a8 asserted in (1) of the Theorem. 


3. Transcendence Lemma 


For the explicit construction of valuations we need 
lemma 1. If K{t} is the field of all formal power series 


y=af tay +.--, k>-—©@ 


with coefficients in K, then for each n there exist n such power series yi, --+ , Yn 
which are algebraically independent over K(t). 

First Proor (using cardinal numbers). Let Ko be a finite or denumerable 
subfield of K (e.g., the prime subfield of K). Then the power series field Ko{t} 
is not denumerable, while the algebraic closure of the rational function field 
K,(t) is denumerable, so Ko{t} certainly contains series y: , --- , yn algebraically 
independent over Ko(é). It remains only to show that they remain inde- 
pendent over K(t). 





‘For instance, one can take as t the reduced degree of L/L» in the sense of Steinitz, 
Algebraische Theorie der Kérper, ed. by R. Baer and H. Hasse, §14. 
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Were t, y1, --- , yn not algebraically independent over K, they would satisfy 
an algebraic relation with coefficients in a subfield K, obtained by adjoining to 
Ky a finite number of elements. Since the adjunction of an algebraic element 
to Ky could not make algebraically independent elements dependent, it suffices 
to show that t, y:, --- , yn independent over a K; C K remain independent 
over a simple transcendental extension Ki(z) C K. 

A relation between t, yi, --- , yn over K(x) has the form 


f(z, ty, oa Yn) = 0, 


where f is irreducible, has coefficients in K and is not identically zero. But 
may be expressed as a power series in ¢, in which form the coefficient of each 
power of ¢ must be zero; that is, identically zero in x. Therefore we may set 
xz = 0 throughout inf. This gives a relation f(0, t, y:, +-- , yn) = 0 over K,, 
contrary to assumption. 

Seconp Proor. For a constructive theory it is more desirable to have an 
explicit construction of power series y1,--- , Yn Which will be algebraically 
independent over ¢. F. K. Schmidt has shown that one such series y; can 
always be found by leaving sufficiently large gaps’ in the series for y,. It is 
reasonable to expect that the insertion of markedly larger gaps in the series 
for y2 will make that quantity transcendental over ¢ and y:, and so on. We 
now give one specific form for this gap construction. 

For notation, drop all zero coefficients from a series y of value zero, so that it 
takes the form 


y=otat'+.---+até*+...; 0< eae < @&:--; a, ~ 0. 
Denote the exponent e of the k + 1°* remaining term by E,(k). Construct n 
such series y1, --- , ¥n With any coefficients different from 0 and with rapidly 


increasing gaps of such sort that the corresponding functions E,,(k) = E;(k) 
satisfy for every k the conditions 


(1) Ey(k+1)2(k+1)Ei(k), E,(1) 2 2, 
(2) E(k +1) 2 Bulk+1+ hE], #1) 21, 


where the second equation holds for 7 = 2, --- , m. Solutions for these inequali- 
ties certainly exist; for instance, we may replace them all by equalities and 
regard them as inductive definitions. The resulting series t, yi, --- , Yn are 
algebraically independent because any polynomial in them differs from zero and 
in fact has a value with a finite bound dependent only on its degree, as stated 
in the following lemma. 


Lemma 2. If a polynomial f(t, y:, --+ , yi) has degree not greater than k in 
each variable, then 
(3) VIG m,---, ys] < E(k + 1), 


where V is the natural series valuation of the power series field K{t}. 





’F. K. Schmidt, Mehrfach perfekte Kérper, Mathemat. Annalen, vol. 108 (1933), cf. §5. 
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Proor: We shall prove the lemma by induction on i. If i = 1, y contains 
a gap from E,(k) to #,(k + 1), so we can denote by wu the part of y; up to the 
power E,(k), where 


(4) wA=utw, Vw) = £(k + 1), 
while w has degree #,(k). The Taylor expansion of f(t, u + w) is 
(5) ft, u + w) = fit, u) + wBt) + wB(t) +... 
Here B,(t), Be(t), --- are polynomials in ¢, so that by (4) 
(6) V[(wBi(t) + w°Bx(t) + ---] = Ei(k + 1). 
If D, denotes ‘‘degree in ¢” and if 
ft, uw) = fo) + Au + --- + fnltu”, 

then any term fyu* with i < m has 

Di fu) Sk + iEy(k) < Ex(k) + iEi(k) S mE,(k) 


while the last term fmu™ has degree at least mE,(k). Therefore f(t, u) ¥ 0 
and has the value 


VGt, uw) = DFE w)) S DiFuu™) Sk + kEi(k) < (k + 1)Ex(k), 


since E,(k) always exceeds k. By construction, this value does not exceed 
E,(k + 1), hence by (5) and (6) we have the conclusion (3) of the Lemma for 
i= 1. 

For the general case we again write 


y¥i=utun, V(w) = E(k + 1), Du) = E(k). 


The Taylor expansion of f gives terms in w with value at least E;(k + 1) and 
a term f(t, ¥1,---, Ysa, U), SO it will suffice to prove that 


(7) ViFG, Yi,°** , Yi, u)] < Ek + 1). 


Here u is a polynomial in ¢, so the whole has degree at most k’ = kE,(k) + k 
int. Apply the previous case i — 1 of (3) with this value of k’ to find 


Vift,m,---, ya, yw] < Bulk + kE«k) + 1). 


By the construction (2), this gives the desired result (7). This completely es- 
tablishes both Lemmas. 


4. Elementary rational constructions 


Our first construction of a valuation for K(x, --- ,%n)/K with an arbi- 
trarily specified value group I of one of the possible types will be accomplished 
in three special stages: First, the construction for a value group of rank n; 
second, the addition of new variables z,,:,---, keeping the same value 
group; third, the addition of commensurable values to the value group (see §1, 
Definitions). 
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Construction I. Pick any rationally independent real numbers 7, ... | ;, 


as proposed values for 2, --- , Zn, respectively. For any power product y = 
zi: --- 2° define 
(1) Vay! --- os) = et1 + ++: + Canta. 


For a polynomial f(z: , --- ,2,) which is a sum of distinct power products 
Yi,°** 5 Ys, define 


(2) Vay: +--+ + ays) = Min [V(y), --- , V(ys)]. 
For a rational function set 
(3) Vig(a1 WAL tn)/h(21, rs 4 n)] — Vi[o(x1 , CH tg n)] (a V[A(a Fisted » Tn)]. 


The resulting function V[g/h] is readily seen to satisfy the valuation postulates. 
Its value group is T7, + --- + Pz, the group of all integral combinations 
of 71,---,7- Weshall denote this valuation of K(x, --- , Zn) by 


[Vay = 1,-°+-, Vin = Tal. 


This valuation has K as residue class field, hence is zero-dimensional. For 
the 7; are rationally independent, hence no two distinct power products y can 
have the same value. In any polynomial f there is then exactly one term dj 
of minimum value. Any residue class is given by a rational function g/h of 
value zero. But V(g/h) = 0 means that g and h both must contain the same 
power product of minimum value. Hence . 


g/h = ag/bg = ab (mod V). 


This states that the residue class of g/h is 4/6, in K. 

Construction II. We need the extension: 

TuroreM 2. If a field Lo has a discrete rank one valuation V such that the 
topological closure Ly of Lo has transcendence degree at least m over Lo , then the 
valuation V can be extended to a field Lp(a, --- , Xm) of rational functions of m 
independent variables in such a way that its value group and residue-class field 
remain unchanged. 

Proor. For an existence proof, one need only pick out of Ly m quantities 
Yi, --++ » Ym algebraically independent over Ly. The field Lo(y:, --- , ym) C Lo 
then has a valuation of the required sort and is equivalent to the given field 
L(x Ens Tm). 

Another form of this argument gives a rational computation for the values 
of polynomials in the z;. Since we can add one variable x at a time, and 
since the field Lo = Lo(z:, --- , 24) obtained at any stage has a complete field 
_ of transcendence degree at least m — k over Ly , it suffices to consider the case 
when m = 1. Let {ax} be a convergent sequence of elements in Lo , whose 
limit a in Lo is transcendental over Ly. For any polynomial f(x) in Lo(x) define 


(4) WIf(@)] = lim Vif(ax)]. 
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If f is not identically 0, this limit is not © because a is transcendental over Lo 
and so does not satisfy the equation f(a) = 0. The sum and product laws 
are readily verified for W. Hence W, extended to rational functions as in (3), 
is a valuation of L(x) with the required value group. One can show that its 
residue class field is the same as that of Ly. 


5. The infinite rational construction 


Let a field K have a rank 1 valuation V with a value group A and let L = 
K(x) be a field of rational functions over K, while [ > A is a denumerable 
group of real numbers commensurable with A such that I'/A is infinite. We 
propose to construct* a valuation of K(x) with value group I. 

Since I is denumerable, T can be obtained from A by the group-adjunction 
of a denumerable set of positive elements 41, w2,---. Let I, be the group 
obtained by adjoining the first m generators yu; , so that I, consist of all real 
numbers 


(1) bo + Simi +--+ + 8mm (50 « A, 8; integers). 


Let tn denote the index of T,1in T,,. Since I'/A is infinite, we can suppose 
that none of the generators uw» is unnecessary; hence each t, > 1. Each 
generator u» can be increased by any positive element from I,_; , hence we 
can assume 


(2) Mm+1 > tmitm » bm > 1, (m = 1, 2, eee ). 
Each ¢, is the smallest integer such that tnum is in I'm; (where Ip means A). 
By (1), 

(3) bn bem = bm + Smif + Smee + i a Sm,m—1m—1 . (m et 1, 2, eee ); 


where each 6, ¢ A and each 8m; is so reduced that 0 S smi < t;. 

For our purposes it will suffice to construct a valuation of K(x) in which 
each group generator ym is the value of some polynomial ¢n = ¢m(z). As 
¢i(z) we choose z itself, and then define the general polynomial ¢ by induction as 


(4) ; om4i(x) si “eg at Un (m - 1, 2, +22 ), 
where U,, is a polynomial constructed from the coefficients of (3). Thus 
(5) Um(x) _ Amoi” 'b2"* sh Ae: —" (m = I, 2, As -), 


and where a» is any element in K with V(an) = 5m. In this definition (4) 
the term U,, has smaller degree than ¢4". Specifically, if dm = tit, --- tm—1, an 
induction from the hypothesis tm = 2 of (2) proves that d; + de + --- +dm < 
dni. Another induction then proves that 


(6) degree (msi) = msi = tite --- tm = tm[degree om}, 





*The construction given is essentially a special case of one used to find all discrete 
Valuations of a polynomial ring. See Saunders MacLane, A construction for absolute values 
'n polynomial rings, Trans. of the Am. Math. Soc., vol. 40 (1936), pp. 363-395. 
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for in the definition (4) the first term ¢,” has degree tmdm = ds1, while the 
second term U,, has a degree smaller than d; + ds + --- + dm < dmy. 

TueorEM 3. If V is a valuation of a field K with a value group A, if TD A 
is a denumerable group of real number commensurable with A such that T/A is 
infinite, if T is generated from A by the numbers pm of (2), and if L = K(z) isa 
field of rational functions over K, then the valuation V of K has exactly one extension 
to a valuation W of I, in which each polynomial om of (4) has value um. This 
extended value W has value-group T and a residue-class field identical with the 
residue-class field of V in K. 

Proor. For the uniqueness of the extension W, we expand any polynomial 
f(z) in terms of the ¢’s. To this end, pick m so large that the degree of $4;(z) 
exceeds that of f(x), and divide f(x) successively by ¢,(x) to obtain a first 
expansion 


(7) f(x) = folx) + file)bm + +-- + fe(@)bm 


with coefficients f;(x) each of degree less than d,,. The degree of ¢,, must be 
less than that of dm41,807 <tm. Each coefficient f;(xz) may in turn be expanded 
in powers Of ¢m—1, so that we eventually obtain a representation of f(x) asa 
sum of terms 


(8) fz) =Ti+---+T, 
where each power product 7’; has the form 
(9) T =agi'---or, O54 <t (¢ = 1,---, m), 


forain K. The expansion (8) for f(x) in terms like (9) is unique, as one can 
show by induction. 
The value of any single term 7' of (9) is necessarily given by 


(10) W(T) = V(a) + em + +++ + Cmpm« 


Because the exponents e; are limited by the indices ¢; = [I';: T';-1], it follows that 
no two terms T; , T ; like (9) can have the same W value. Hence the value of the 
polynomial f(x) of (8) is necessarily 


(11) WIf()] = Min [W(T), --- , W(T.)], 
while the value of a rational function f(r)/g(z) is 


(12) WIf()/g(x)] = WIf(a)] — Wig(2)). 


This proves that V has but one extension with Won = pm. 

Conversely, we must show that the function W defined from the expansion 
(8) by the equations (10), (11), (12) is always a valuation of K(x). The usual 
property for the value of the sum of two polynomials is proved readily, while 
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that for the value of a product” may be deduced once we prove the same property 
for the product of two terms T;and T;. This product then has the form 7’ = 
4... oi", and it suffices to show that W(7") is given by the function 


(13) W'(bpt! «++ pa) = Vb + Iams + <-> + num . 


In other words, the value of a term with unlimited exponents h; is computed 
exactly asin (10). To prove this we must find the expansion of 7” by successive 


substitutions of (4). If 7’ has an exponent hy = & , then 7’ = Sj", where S 
isanother term. By (4) 
(14) T’ = S¢,* = Soiyi + SU;. 


By (3) and the construction (5) of U; , the second term here has 
W'(SU;) W'(S) + time = W’'(S¢;'). 
For the first term, however, the choice of 4; in (2) proves 
W' (Sess) = W'(S) + pass > W'S) + teak = W'(Soi"). 


Thus (14) expresses 7” as a sum of two terms, one with the same W’-value as 7”, 
the other with a larger W’-value. Repeated substitutions like (14) eventually 
will yield the complete” expansion (8) for 7’, and in this expansion exactly one 
term 7; will have W'(T;) = W'(T"), while all the other terms 7; for j ¥ i have 
W(T;) > W'(T’). Therefore W(T) = Min [W’(T;)] = W'(T;) = W'(T"). 
Thus (13) does give W(T), as required for the product law. 

It remains only to obtain the value group and residue class field for this 
valuation W. That the value group is I is clear because the definition expresses 
all W-values in terms of the given generators um of T. As for the residue class 
field, consider any rational function f(z)/g(x) of value zero. In the expansion 
(8) for numerator or denominator only one term ¢{' - - - $5" can have minimum 
value, and these two terms of minimum value must have the same value, hence 
must have the same exponents. Therefore 


fla) _ agi’ --: de” a 
g(x) boi! --- os" = (mod W). 


This states that the residue class of f/g is the residue class of an element a/b 
from K. Hence the residue class field” is exactly that of K. 





*That W is a value of K(x) may be also shown by reference to the results of MacLane, 
loc. cit. In the terminology used there, W is a “limit value’’ defined by the “key poly- 
nomials” ¢». It is necessary to show that each ¢» satisfies the definition of a “‘key,”’ 
and this is the case because each ¢m has a linear image over a residue class field (loc. cit. 
Theorem 4.2, Definition 4.1, Theorem 9.4 and condition (iii a) of page 388). The special 
case is given in detail above because it is appreciably simpler than the general case treated 
in the paper referred to. 

To see that the process (4) ultimately comes to an end, note that it breaks 7” into 
two terms, one of smaller degree, the other of the same degree, but with a larger number 
of factors ¢ for which j > k. Hence it cannot be repeated indefinitely. 

" This also follows from MacLane, loc. cit., Theorem 14.1. 
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6. The composite rational construction 


The several methods given can be combined to give a construction of a zero- 
dimensional valuation for K(x, --- , 2») with any allowable value group r. 
In the first case, if the given value group I has rank n, then T = 17,4... 
+17, . The valuation (Vz; = 11, --- , V2n = Tal of §4 has this value group. 
If I has rank r < n, let A be a subgroup generated by r rationally independent 
elements 71, ---,7,. If Ahasa finite index in I’, the group I itself must have a 
finite basis, so that we can choose the 7; so that A = [. Passing to an iso- 
morphic group, we can make 7, = 1. We first construct a valuation V, for 
K(a) by setting Vz, = 1, as in §4. The complete closure of the field K(z;) is 
then the field of power series in x; , hence the transcendence Lemma shows that 
V; can be extended to a valuation V’ of the field K(a; , 2, --+ , Zn-r41), without 
changing the residue-class field or the value group [. The remaining group 
generators may then be introduced by the method of §4, with [Vz,42 = 7, 
-» , Vin = 7). 

In the final case, the subgroup A has an infinite index in T. By the methods 
just used, we can first obtain for the subfield L = K(a, --- , %n-1) a zero- 
dimensional valuation Vo) with the value group A. Then I can be generated 
over A by a denumerable sequence wu, ue, --- , 80 the methods of §5 yield an 
extension of Vo from L to the field L(x.) which will realize the given value group 
T. This establishes the converse of Theorem 1. 


7. Generalized Puiseux expansions 


Let I be a given group of real numbers of rank r + 1 and construct over a 
coefficient field K the set of all formal series 


(1) y = at” + at” + at? +... 


with coefficients a; in K and with exponents 7; from IT so chosen that yo < 11 < 
v2 < --- andlimy, = ©. The set K{t, T} of all these series with the usual 
formal rules for addition and multiplication is a field. It has a rational valuation 
V with 


(2) V(y) =o if yin (1) has a ¥ 0. 


In this valuation V, K{t, I} is complete and has I as its value group. 

For the rational function field K(x, ,---,2,) one can now determine a 
valuation V* by choosing for each variable z; a series expansion y; of the form 
(1), which we may call a generalized Puiseux expansion of z;. If they, +++ ,¥% 
are algebraically independent over K, as in the Lemma 1 of §3, these expansions 
determine an isomorphic mapping of K(x, --- , z,) on the power series field 
K{t, T}. This map carries the given series valuation V into a valuation V* of 
K(x, --- , 2%»), with a value group I* which is a subgroup of T. The exact 
nature of I* may be determined by a generalized Puiseux argument now to be 
given. 





12 Compare the analysis in O. F. G. Schilling, A generalization of local class field theory: 
American Journ. of Math. vol. 60 (1988), pp. 667-704, especially §6. 
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If the given group I of rank r + 1 contains rationally independent numbers 1, 
n,+t+) Try We Can certainly pick as r + 1 independent power series the quanti- 
ties t, {", --- ,#"". The rational functions of these quantities give a value group 
r? + rn + +--+ + Px, ; it remains to find the value group given by ad- 
joining another series (1). 

Lemma 3. If K{t, 1} is the power series field with coefficients in an algebraically 
closed field K of characteristic 0 and with exponents in a group I of real numbers 
with basis 1, 71, --+ , Tr, while L* is a subfield of K{t, T} containing t,t", --., t'’ 
and having in the valuation V of (2) a value group I*, then the field L*(y) obtained 
by adjoining y of (1) to L* has in V the value group {I*, 0,71, 2, ---}. 

Proor. It suffices to show by induction that each exponent +; of (1) is the 
value of a suitable function in L*(y). For the initial yo , y itself is such a func- 
tion, hence we assume that this is proven through yx; and that the k* exponent 
is not an integral combination of the preceding ones and elements of [*. We 
want to show that 7; isin the value group. Put 


k—1 C) 
(3) y ‘ane > ay” + a,t + pm a;t™ 
1=0 t=k+1 
=S+a.t" + T. 


Let A; be the (abelian) extension of L*(y) which arises by adjoining the 

element S, and let g be any automorphism of A;/L*(y). We find that 
P.=ITy-8% 
(9) 

is an element of L*(y), for it may be considered as a polynomial in y with coeffi- 
cients which are in A; and which are unaltered by every g. It remains to 
compute the value of P; . 

An automorphism g carries S into 


k—-1 ‘ k-1 
(4) Ss’ = ( at) = 2 att, 

i=0 i=0 
where the ¢;, are suitable roots of unity. For, every exponent y; has some 
multiple m; which is a linear combination of the basis 1, 71, --- , 7, of the group 
lr. Since ¢ and ¢% are in L*, this means that (¢”‘)™ isin L*. Therefore each g, 
extended in any fashion to the field containing all ¢”*, must carry each m,” 
root ¢”* into some ¢4,¢", where ¢;, is a root of unity lying in the algebraically 
closed coefficient field K. This proves (4). 

By the construction of S in (3), the factor y — S of P; has value y,. In each 
other factor S’ + S because A; must be separable over the field L*(y) of char- 
acteristic 0. Thus at least one coefficient a,f;, of S’ in (4) is different from the 
corresponding coefficient a; of S, and the value of y — S’ is the exponent +; for 
the first such coefficient. 

Thus the value V(P,) differs from y; by an integral combination 4, of the 
preceding exponents, 


V(Px) = vx + & - 
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Since there exists according to induction an element Q; of L*(y) whose value 
equals 5, we get in P,Q; an element of L*(y) whose value is equal to Ye. 
Consequently the value group T’ of -L*(y) contains {I*, yo,71,---}. Since V 
is a valuation, it immediately follows that 


ry er Foy Yo, Yi; reef}. 


Repeated applications of this process yield 

TuHEorEM 4. If m power series yi, --- , Ym with 
(5) Ys = At”? + ayt™? + agjt?? + ++: (lim yi; = ©) 
have coefficients a;; all ~ 0 in a field K of characteristic 0 and have exponents y;; 
which are rational linear combinations of r + 1 given real numbers 1, 1, +--+ , 1, 
then the field K (t,t , --- , t",y1, +++ , Ym) has in the natural series value V of (2) 
a value group generated by 1, 71, --+ , 7, and all the exponents +;; of the given series 
(3), forj = 1,---,m. 

Proor. The Lemma 3 gives this theorem in case 1, 7, --- , 7, are rationally 
independent, and a supplementary argument readily shows the same result if 
they are dependent.. It remains only to remove the restriction, used in the 
Lemma, that K be algebraically closed. 

Let K(a, --- , 2n) be the field K(#, t", ---, t", y1, --+ , Ym) of the Theorem. 
Consider the algebraic closure K of K. We know already that the series value V 
of K(x, ---,2n) has the required value group. We need only show that 


K(a1,--+,2n) has the same value group. Suppose that its group Ip were 
smaller than I’, that 6 is an element of I not in Ty , and that z is an element of 
K(a, +--+ ,2n) with value 6. Write z as a rational function of 7, --- , x, and 


let K’ be the finite algebraic extension of K generated by the coefficients of this 
rational function. Then z lies in K’(% , --+ , Zn), so that this field is ramified 
over K(x, ---,2n). On the other hand, these fields have respectively the 
residue class fields K’ and K, so that K’(a, --- , 2») is an inertial extension of 
K(a1, --- ,2%n) in the valuation V. It cannot then be ramified. This contra- 
diction proves I) = I’, and with it the Theorem. 

From this Theorem we can now construct valuations of K(x, --+ , tn) with 
any specified possible value group Tr’. If I has rank n, with a basis 1, 72, - ++, ™ 
the field K(#, ? , --- , ¢") gives the required valuation. If !hasrankr+1 <n 
and has a basis 1, 7, --- , 7, we need only map K(z1, --- , %) on the field 
Kit, t", ---,t%, y1, +++, ym) of the Theorem, taking care to insure that the 
exponents 7;; in (3) generate the whole group I and that the quantities /, 
+++ ,t°, a1, +++, Ym are algebraically independent. 

A specific form of this insurance is as follows: Let A be the group of all integral 
linear combinations of 1, 7:,---,7,. If A has a finite index in I, I is alsoa 
group with a basis of r + 1 elements, so that we can so choose the 7; that A = I. 
For y1, --- , Ym we may then use any series in integral powers of ¢ which are 
algebraically independent over K(t), as in Lemma 1 of §3. Over the field 
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K(t, ys» °*+ Ym) the #, ---,#" are algebraically independent because of the 
rational independence of their exponents. 

If '/A is infinite, ! may be generated from A by a denumerable set of real 
numbers Yo < ‘71 <¥2 < +++ with y;—> © (cf. §5). Let ym be a series (1) with 
these exponents and with all its coefficients ~ 0. As in the previous case we 
can pick yi, --* , Ym—a @8 Series in integral powers of ¢ so that ¢, #',---, ¢", 
thy ++» Ym-a are algebraically independent. The last series y, must also be 
algebraically independent because its adjunction yields an infinite extension of 
the value group A. 

This construction establishes the part of our main Theorem (in §1) which 
asserts the existence of valuations with given I’, at least for coefficient fields K of 
characteristic 0. 

We wish to make some final remarks on a problem which is intimately related 
toour results. Suppose as before that L = K(x, --- , tn) is a function field on 
which a rank 1 zero-dimensional valuation V is given. Then L can be imbedded 
isomorphically in the maximally complete field K{t, T}*." Without loss of 
generality we may suppose that 2, --- , x, lie in the valuation ring B of K{t, T}. 
Therefore 


% = t, x; = 2,(t); += 2,.--,n 


for a suitable imbedding of L in K{t, T}. The series 2,(t) = > a,,t%*4 will in 
general not be power series of type w. 

Let us associate to the power series z2(t) a new power series 72 = 22(t) in 
K{t, T}* which either consists of the single term ¢’ (where 7 is irrational) or is 
given as >, at“ where the infinite sum > a is the first w-sum in the general 
development of zz (a; all rational). In this case Zariski remarks“ that one 
obtains V[f(a1, 22)], where f(21, x2) is an arbitrary polynomial of 2, , x2, as the 
leading exponent of f(a: , x2) by omitting all terms in f(x, , 22) which appear 
after the first w-sequence. Let re = aof*® + --- + at*' + --- + p(t), where 
p(t) is a power series of t with exponents in T such that 


V[p@] 2 lim yi < ~. 
Namely, then we get f(a, 22) = [] (a. — x) where 2s” = 2s°(t"’”*); the 
(é) 


¥ are integers which are bounded by the degree of f(x, x2) with respect to 
%. Hence not all exponents a; can cancel for the zs” are w-sequences in ¢’”* 
and all of these series are distinct from 22. 

Such a substitution simplifies the study of the value group I of V. One is 
able to apply the customary arguments of the theory of Puiseux expansions. 
It turns out that the exponents a; of 2 determine a set of generators (not 


necessarily a minimal set) of I. 





Here K{t, !'}* denotes the field of all formal power series with coefficients in K and 
= in T. The series have any type of ordering compatible with the ordering 
ype of I. 

“Loc. cit. (2). 
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There arises the problem whether a similar simplification of the series 2;(t) 
can be carried out for fields of more than 2 variables. In particular, one should 
like to find a method which enables one to determine the value group I'(V) just 
by inspection of a set of defining power series. Any result in this direction will 
surely indicate structural properties of the singularities on n-dimensional alge- 
braic varieties. 


HARVARD UNIVERSITY AND 
Tue Jonns Hopkins UNIVERSITY. 
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A CLASS OF ORTHOGONAL FUNCTIONS ON PLANE CURVES’ 


By DunHam JACKSON 
(Received March 20, 1939) 


1. Introduction 


From the beginning there is a close but not complete parallelism between the 
theory of approximation by ‘polynomials and that of approximation by trigo- 
nometric sums. This is true both for the orthogonal developments in Legendre 
and Fourier series and for approximation by more general linear combinations 
of the fundamental monomials. From another point of view, the Legendre and 
Fourier series may be regarded as special cases under a theory of polynomials 
orthogonal on curves in the plane of a pair of real variables, the curve being 
a line segment in one case and a circle in the other.’ 

The notion of orthogonal polynomials on a plane curve may again be varied 
by replacing the polynomials by trigonometric sums. The purpose of the 
following pages is to clarify some of the changes in the theory that are brought 
about by this replacement. A natural procedure would be to pass directly from 
polynomials in two variables to double trigonometric sums. It is somewhat 
simpler, however, to deal with expressions which are trigonometric sums in one 
variable and polynomials in the other. Such an expression, a trigonometric 
sum in z with coefficients which are polynomials in y, or a polynomial in y 
with coefficients which are trigonometric sums in z, will be called here simply 
a mixed sum. The next sections will be concerned mainly with the beginnings 
of a theory of orthogonal mixed sums on a curve which is itself characterized 
by the vanishing of a particular mixed sum, the analogue of an algebraic curve 
in the case of ordinary polynomials. 

By another change in point of view the problem can be regarded as pertaining 
to polynomials in three variables on an algebraic curve in space.’ If u = cos 2, 
» = sin z, a mixed sum S(z, y) is a polynomial P(u, v, y), and the curve 
S(z, y) = 0 corresponds to the curve defined by the simultaneous vanishing 
of P(u, v, y) and u” + v* — 1. It will be convenient however to work with the 
formulation in terms of two variables. 

The discussion of mixed sums will be followed by a brief indication of some 
of the novel features which are encountered for the first time when the orthogonal 
functions are trigonometric with respect to both variables. The double trigo- 





' Presented to the American Mathematical Society September 6, 1938. 

*See D. Jackson, Orthogonal polynomials on a plane curve, Duke Mathematical Journal, 
vol. 3 (1937), pp. 228-236. 

*See D. Jackson, Orthogonal polynomials in three variables, Duke Mathematical Journal, 
vol. 4 (1988), pp. 441-454. 
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nometric sums which are orthogonal on a curve can naturally be regarded as 
polynomials in four variables orthogonal on a one-dimensional curve in four- 
dimensional space, but that aspect of the theory will not be further de. 
veloped here. 


2. Constitution of systems of orthogonal mixed sums 


A mixed sum is a linear combination of a finite number of the monomials. 
. . e 2 
(1) 1, cos z, sin x, y, cos 2x, sin 2%, y cos 2, y sin z, y,:--. 


The terms y‘ cos pz, y“ sin pz will be said to be of rank (p,q). Of two ranks (p, q), 
(p’, q’), the latter will be said to be higher if p’ + q’ > p+ 4q, orif p’+q' = 
p + qand q’ > q; the monomials (1) are arranged in order of non-decreasing 
rank. The term or pair of terms of highest rank in a mixed sum will be called its 
leading term or terms. This highest rank will be called the rank of the mixed 
sum; if it is (p, g), the sum is of orderp +q. Ifasum of rank (p, g) and order n 
is multiplied by a sum of rank (p’, g’) and order n’ the product is of rank 
(p + p’, a + q’) and order n + n’. There will be occasion also to speak of 
the order of a mixed sum with respect to the single variable zx; this order is 
not necessarily the same as either p or n. For brevity, when no confusion is 
likely to result, a sum will sometimes be said to be of order n when it is of 
order n at most. A coefficient will be omitted on occasion in applying the 
designation “leading term.”’ 

The construction of a system of mixed sums orthogonal over a two-dimen- 
sional region is a mere matter of the application of Schmidt’s process to the 
monomials (1), and offers no significant novelty from the point of view of the 
present discussion. The same is true for orthogonality along a curve on which 
no mixed sum is identically zero, i.e. a curve on which there is no relation of 
linear dependence connecting a finite number of the monomials. 

To proceed to the case which is of immediate interest, let C be a curve on 
which a mixed sum %%(z, y) vanishes identically. For simplicity let C be of 
finite length, and contained in the strip —x < x < x. Even in this period 
strip it is not assumed necessarily to constitute the entire locus of the equation 
(%(z, y) = 0. The leading term, or one of the leading terms, of {% or of any 
mixed sum divisible by % is linearly expressible on C in terms of monomials 
preceding it in the sequence (1). It is to be inquired what monomials from 
(1) retain their linear independence, to serve as basis for the construction of an 
orthogonal system. Integration is to be performed with respect to arc length, 
and the integrals are to be thought of as involving a weight function p(s) which 
is non-negative, integrable, and positive on a set of positive measure. 

The transformation 
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associates with C a finite curve C’ in the (z, y) plane. Any mixed sum S(z, y) 
which is of order r as a trigonometric sum in x has the form P(z, y)/(1 + 2°)’, 
where P(z, y) is @ polynomial of degree 2r at most in z; and any such fraction in 
which the degree of the numerator with respect to z does not exceed 2r is expressible 
as a mixed sum in x and y. In particular, if % is of order rp in x, % has the 
form wo(z, y)/(1 + 2’). The polynomial wo(z, y) vanishes identically on C’. 
Among all polynomials vanishing identically on C’ there is one and essentially 
just one which is of lowest degree in the two variables together. Let this poly- 
nomial, with some determination of the constant factor, be denoted by w(z, y). 
Let its degree with respect to z, even or odd according to circumstances, be 2r 
or 2r — 1. Every polynomial which vanishes identically on C’ is divisible by 
w(z, y). The expression 


_ (2, y) 
Q(z, y) = G+ 2) 
is a mixed sum in x and y vanishing identically on C. 

Let 2(z, y) = wi(z, y)/(1 + 2°)” be any other mixed sum vanishing on C, 
of order 7; with respect to z. Suppose first that the degree of winzis2r. In the 
factorization w:(z, y) = ¥(z, y)w(z, y), the polynomial y(z, y) is of degree 2(r; — r) 
(at most) in z. The function 


(z, y) 
(2) W(z, y) = Ve _ 
(1 +2)" 
is a mixed sum in z and y, and Q(z, y) = W(z, y)Q(z, y). The sum Q, is divisible 
by 2. 


Let the leading terms of 2 be Ay* cos px + By" sin px, A* + pB’ = 0, 
p+q=N. If Q is of order n its rank (h, k) must satisfy the conditions 


hap, k24, h+k=n, h=n-ksn-q=pt+n-—-N. 


So h must have one of the values p, p + 1,---,p +”-— N. Furthermore, 
if h = p then the leading term of W can not involve z, and for p > 0 the term 
y"” sin px is necessarily present or necessarily absent in Q according as 
B#0or B=0. Im either case one and just one of the terms y” ” cos pz, 
y"” sin pz is linearly dependent on terms preceding it in sequence (1). If 
h > p> 0, on the other hand, and if 


v = yA’ cos (h — p)x + B’ sin (h — p)a], 
the product ¥ has leading terms 
4y*((AA’ — BB’) cos hx + (AB’ + BA’) sin hz]. 


For any A and B it is possible to choose values of A’ and B’ (not both zero) 
tomake AB’ + BA’ = 0, and other values of A’ and B’ to make AB’ + BA’ ¥ 0; 
the vanishing of YQ on C means in one case that y* cos hx and in the other 
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case that y* sin hz is linearly dependent on earlier terms in (1). The corre. 
sponding facts when p = 0 are obvious. There are just 2(n — N) + 1 mono- 
mials of the n™ order in (1) which are linearly dependent on earlier terms, 
while the remaining 2N monomials of the n“ order lead to the construction 
of 2N mixed sums of the n* order in the orthogonal sequence for each value 
of n= N. 

If w is of degree 2r — 1 inz, and if w, = Yu, the degree of y with respect to z 
may be 2(r, — r) + 1, but can be no higher. While it can not be asserted 
now that WY as defined in (2) is a mixed sum in z and y, both of the functions 


v(z, y) zy (z, y) 
a+2 a+" 


are such mixed sums. They satisfy the identities 


Vi(z, y)Q(x, y) = 3(1 + cos z)%(z, y), 
W2(z, y)Q(x, y) = § sin 20,(z, y). 


The sums 2,(1 + cos x) and Q; sin x are each divisible by 2. They are of rank 
(h + 1, k) and order n + 1 if the rank and order of Q are again denoted by 
(h, k) and n. It is deduced at first that h + 1 2 p,k 2 gq. But further ex- 
amination shows that the value h = p — 1 is inadmissible. For 0,(1 + cos z) 
and Q, sin x would each be of rank (p, n — p + 1); neither Y% nor ¥ could 
have as leading term anything but (a constant multiple of) y” “*’; and so 
the relation ¥, sin x = W.(1 + cos x), implied by (3), would be impossible. 
It is true again that h must have one of the values p, p + 1,---,p+n-—N. 
In the present case, however, zw/(1 + 2°)’ = 2Q is a mixed sum in z and y; 
if the leading terms of Q are y‘(A cos pr + B sin px), then those of 2 = 
Q sin z/(1 + cos z) are y*(— B cos pr + A sin pz); since A, B are not both 
zero, y* sin px on C is linearly dependent on earlier terms in (1), while the 
vanishing of (A — Bz)2 on C means that y* cos pz is linearly dependent on 
terms of lower rank. The same is true of y” ” sin px and y” ” cos pz for any 
value of n > N. (Under the present hypothesis 2 = w/(1 + 2’)’ vanishes 
identically in y for z = ~, and so for = x, which would be impossible if its 
leading term were y”; it is certain that p ~ 0.) There are 2(n — N + 1) 
monomials of the n** order in (1) which do not meet the condition of linear 
independence, and the orthogonal system contains 2N — 1 sums of the n* 
order for n 2 N. 

If the particular arrangement in sequence indicated in (1) for monomials of 
like order is not prescribed, the sums of the n“ order in the normalized system 
are determined on the curve except for an orthogonal transformation among 
themselves, as in similar cases of orthogonal polynomials. 

Recursion formulas are obtained in the usual way. If Sa:(z, y) is one of the 
sums of order n, each of the functions cos S,;(z, y), sin 2Sa:(x, y), ySns(2, ¥) 
is linearly expressible on the curve in terms of the sums of orders n + 1, ”, 


v2(z, y) = 
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and n — 1. From these expressions it is possible to proceed to corresponding 
forms of the Christoffel-Darboux identity.‘ 


3. Convergence of series of orthogonal mixed sums 


The theory of convergence will be treated here only to the extent of showing 
by a non-trivial example that such a theory is possible of development. 
Let C consist of the two loops of the curve 


1 + 2 cos 2x + 4y* = 0, 


ie. y? + cos’ x = 3, which are contained in the strip —x < x < x. Here 
N = 2, and the corresponding equation in z and y is of the fourth degree in z, 
so that for general n the orthogonal system contains four sums of the n* order. 

Let it be noted first that a form of Bernstein’s theorem is valid for mixed sums 
on, the curve C. Let S(z, y) be a mixed sum of the n* order, and suppose 
that | S(z, y)| S LonC. Because of the symmetry of C with respect to the 
y-axis it is true also that | S(— z, y)| S$ L. If 


Si(z, y) *- 4[S(2, y) ot S(-— z, y)|, S:(z, y) - 4{S(z, y) ve S(—z, y)I, 


then | Si(z, y) | S L, | S2(z, y)| S L, on C. With respect to z, S,(z, y) isa 
cosine sum, and S,(z, y) is a sine sum. Both S,(z, y) and S,(z, y)/sin x are 
polynomials in cos z and y, of the n** (or lower) degree in these two variables 
together. Let 


sin t = 2y, cos t = 2 cos z. 


The functions T;(t) = S,(x, y), T2(t) = S2(z, y)/sin x are trigonometric sums 
of the n‘* order in t. As |cosz| < } on C, and hence | sin z| = 3°/2, 


|Ti)| SL, | T(t) | < 2L/3* 


dt Th ‘ dt 


If s denotes length of are on C, 
ds’ = da* + dy’ = 3{(sin’ t/sin’ x) + cos’ t] dt’ = 3 de’, 
so that | dt/ds| < 2, and 





| ra y)| = 2nL, @ [Se(x, y)/sin x]| < 4nL/3', 





‘See D. Jackson, loc. cit., pp. 235-236. 
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from which, together with the observation that |d sin z/ds| < 1, it follows 
for the original sum S = S, + S; that when n 2 1 


4 S(c, y) | < 2nL, + 4nL/3! + 2L/3' < kn. 


on C, with k = 2(1 + 3°); for brevity, | dS/ds| < 6nL, for all n. 

Let f(z, y) be a function defined on C, but not necessarily defined elsewhere, 
and satisfying, for example, a Lipschitz condition with respect to s on each 
loop of C. If 


f(z, y) = Hf, y) + f(-2,y)], fae, v) = a, v) — f(—2, y)), 


the functions fi(z, y) and f2(z, y)/sin z, in which the denominator sin z has a 
positive lower bound on C, also satisfy Lipschitz conditions with respect to s. 
Being even functions as to their dependence on 2, they are single-valued func- 
tions of y and cos z, and so are single-valued functions of t, which furthermore 
satisfy Lipschitz conditions with respect to ¢, since ds’ < }dé’/sin’ x < dé’/3, 
| As| < | At|/3*. Consequently they can be approximately represented by 
trigonometric sums of the n“ order in ¢ with errors not exceeding a constant 
multiple’ of 1/n. As a trigonometric sum of the n™ order in ¢ is a mixed sum 
of the n* order in z and y, and as multiplication of an approximating sum 
for fe/sin x by sin x gives a mixed sum of order n + 1 in z and y approximating 
fo(x, y) without increase in the magnitude of the error, it follows that f(z, y) 
can be approximately represented on C by mixed sums of the n* order in 
and y with errors not exceeding a constant multiple of 1/n. Clearly theorems 


on trigonometric approximation involving other hypotheses on the function to 


be represented can be made effective on C in a similar manner. 

It is possible then to demonstrate the convergence of series of orthogonal 
mixed sums on C, under suitable conditions on the function to be represented 
and on the weight function, by a method depending on the least-square property 
of the development, and used elsewhere in connection with problems of similar 
character.° 

With certain special types of weight function it is possible to obtain results 
more closely comparable with the ordinary theory of convergence of Fourier 
series. 

In conjunction with the notation of the preceding paragraphs let s be taken 





5 See e.g. D. Jackson, The Theory of Approximation, American Mathematical Society 
Colloquium Publications, vol. 11, 1930, p. 2. 

For theorems on approximation by means of mixed sums over a two-dimensional region, 
which can be used as basis for an alternative demonstration here, see E. L. Mickelson. 
On the approximate representation of a function of two variables, Transactions of the Ameri- 
can Mathematical Society, vol. 33 (1931), pp. 759-781; pp. 769-770. 

6 See e.g. D. Jackson, Certain problems of closest approximation, Bulletin of the American 
Mathematical Society, vol. 39 (1933), pp. 889-906; pp. 898-903. 
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as increasing with ¢, and let the weight function associated with ds for integra- 
tion on C be taken as 


y’ eub t 
p(z, y) = pee + cos | =... 





If F(z, y) is any function such that F(—z, y) = —F(z, y), / pF ds = 0 
c 


when the integration is extended over both loops of the curve; if F(—z, y) = 
F(z, y) = &), 


[ ove, wre, ») ds = 2 “s #(t) at, 


since the point (x, y) traces one or the other loop of the curve when ¢ goes from 
0 to 2x, according as z in the relation cos x = } cos ¢ is taken positive or negative. 

Let So(z, y) = 1/(4r) * and for n = 1 let Sai(z, y) and Sy2(z, y) be expressions 
for cos nt/(2x)* and sin nt/ (2) as mixed sums in x and y. These functions 
are normalized and orthogonal to each other for integration over C with weight 
function p. Let U,(é), n = 0, 1, 2,---, and V,(é), n = 1, 2,---, be nor- 
malized orthogonal trigonometric sums’ over the interval (0, 27) with respect 
to sin’ = } — } cos 2¢ as weight function. The combinations S,3(z, y) = 
sin 2Up(t)/2*, Sns(z, y) = sin tVn1(t)/2* as mixed sums of the n“ order in x 
and y are normalized and orthogonal over C with respect to p. Any sum S,, 
or S,2 is orthogonal to any sum S,3 or S,4, because one is even and the other 


odd with respect to xz. So these sums Sy, --- , Sn4 constitute the orthogonal 
system’ for the curve C and weight p. 
The sums Syi(x, y), --- , Sna(z, y) are uniformly bounded on C as n becomes 


infinite. The functions cos nt, sin nt are of course bounded; and the same is 
true’ of U,(t), V(t), since the weight function sin’ z is a positive trigonometric 
sum in ¢. With modifications in the reasoning appropriate to the somewhat 
greater complexity of the problem, the boundedness of the orthogonal sums can 
be used in connection with the representation of the partial sum of the series 
by means of the Christoffel-Darboux formula for the treatment of convergence 
in the same manner as in the case of orthogonal polynomials” or orthogonal 
trigonometric sums” in one variable. 

When the property of boundedness has been established for the normalized 
orthogonal sums belonging to a particular weight function, it can be extended 





"See D. Jackson, Orthogonal trigonometric sums, Annals of Mathematics, (2), vol. 34 
(1933), pp. 799-814. 

* A corresponding observation has been used by Mr. Fulton Koehler in another con- 
oe see Bulletin of the American Mathematical Society, vol. 43 (1937), p. 772, Abstract 

0. 402. 

* See D. Jackson, Orthogonal trigonometric sums, loc. cit., pp. 805-807. 

” See e. g. D. Jackson, Series of orthogonal polynomials, Annals of Mathematics, (2), 
vol. 34 (1938), pp. 527-545. 

4 Orthogonal trigonometric sums, loc. cit. 
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to those corresponding to any weight function obtained from the first by multi- 
plying it by a mixed sum which is everywhere positive on the curve. 


4. Double trigonometric sums 


In a double trigonometric sum, the terms 
(4) COS PX COS Gy, COS px SiN gy, SiN px COS gy, SiN px sin gy 


will be said to be of rank (p,q). Ranks will be compared as higher and lower in 
accordance with the convention already used. The highest rank found among 
the terms of a sum will be the rank of the sum, and the terms having this rank will 
be the leading terms. If the rank is (p, q), the order of the sum is p + g. When 
there is occasion to recognize an order of precedence among the terms (4), they 
will be taken in the order indicated. For the initial application of the process 
of orthogonalization the monomials will be taken in the sequence 


5) 1, cos 2, sin 2, cos y, sin y, cos 2z, sin 2z, 
5 
COs Z COS y, COS x SiN y, SIN Z COS y, SIN Z Sin y, Cos 2y, sin 2y, --.. 


There are 4n monomials of order n when n > 0. 
The order of a product of two double trigonometric sums is not necessarily the 
sum of the orders of the factors. For example. 


(cos px cos gy + sin px sin gy)(cos px cos gy — sin pz sin qy) 
= cos (px — qy) cos (px + gy) = 3(cos 2px + cos ry). 


If a sum of rank (p, q) is multiplied by one of rank (r, s), the order of the 
product can not of course be higher than p + gq + r + s, and the rank of the 
product can not be higher than (p + r, g + 8s). An examination will presently 
be made of the special circumstances under which the rank of the product can 
be lower. If a sum of rank (p, g) is multiplied by any one of the four monomials 
cos rx COS sy, COS rz SiN sy, sin rz cos sy, sin rz sin sy, the rank of the product 
is (p + r, g + 8) in each case. 

A closely related question which is important in studying the make-up of a 
system of double trigonometric sums orthogonal on a curve is whether, if a 
sum of rank (p, g) vanishes identically on a specified curve, every monomial 
in the sequence (5) which is of order higher than p in z and at the same time 
of order higher than q in y is on this curve linearly dependent on terms pre- 


ceding it in the sequence, and so to be left out of account in the formation of 


successive members of the orthogonal system. This question will be discussed 
before that of the preceding paragraph, incompletely to be sure, but far enough 
to permit a form of definite statement. 

Suppose that on a curve K a double trigonometric sum Q(z, y), of rank (p, 9); 
with leading terms 


A cos px cos gy + B cos pz sin gy + C sin px cos gy + D sin pr sin qy, 
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vanishes identically, p > 0, g > 0; some, but not all, of the coefficients A, B, 
C, D may be zero. The product 
40(z, y)(a cos rx cos sy + B cos rz sin sy + 7 sin rz cos sy + 4 sin rz sin sy), 
with r > 0, s > 0, has leading terms 

(Aa — BB — Cy + Dé) cos (p + r)zx cos (q + 8)y 
+ (Ba + AB — Dy — C6) cos (p + r)x sin (¢ + 8)y 
+ (Ca - Dp + Ay — Bé) sin (p + r)zx cos (q + 8)y 
+ (Da + CB + By + Aé) sin (p + r)zx sin (g + 8)y, 


if this combination of terms is not identically zero. It is possible to choose a, 
8, y, § so as to reduce any one of these coefficients to 1 and the rest to 0, if the 


(6) 








determinant | i bi “i 
A -—-B -C D s 
B A -D -C 
A= 
. C -D A -B 
D C B A 








is different from zero. That is to say, if A ~ 0 each of the monomials 

cos (p + r)z cos (q+ 8)y, cos (p + r)xsin (q + 8)y, 

sin (p + r)zcos(qg+s)y, sin (p +r)zsin q + 8)y 
is linearly dependent on monomials of lower rank whenQ = 0. Ifp+q=WN, 
and ifp +q+r+s = nis given, r can have any of the values 1, 2, --- , 
n— N — 1, and (at least) 4(n — N — 1) monomials of the n™ order are linearly 
dependent on earlier terms. The number of sums of the n™ order in the or- 
thogonal system does not exceed 4n — 4(n — N — 1) = 4N + 4, which is 


independent of n. 
For r = 0, s > 0 the product 


20(z, y)(a cos sy + 8 sin sy) 
has leading terms 
(Aa — BB) cos px cos (q + s)y + (Ba + Af) cos pz sin (q + 8)y 
+ (Ca — Df) sin px cos (q + 8)y + (Da + Cf) sin px sin (q + 8)y 
if these terms do not all vanish. Here arbitrary values can be given to the 
last two coefficients by suitable choice of a and 8, unless C = D = 0, in which se 
case A and B are not both zero, and arbitrary values can be given to the first fet ou 4 


two coefficients. So at least two of the monomials in (7) are linearly dependent 
on earlier terms in (5) on the curve K. A similar argument, with slight though 


(7) 
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not purely formal modification, applies if r > 0, s = 0. The upper bound 
4N + 4 is thereby reduced to 4N. 

Combination of rows with rows in the multiplication of the determinant 4 
by itself gives for A’ the expression 





A’+B’+C?+D’ 0 0 2(AD — BC) 
0 A+ B!+C?+D? —2(AD — BC) 0 | 
0 -~2(AD — BC) A?+B°+C?+D? 0 | 
2(AD — BC) 0 0 A+B ++) 


= [(A’ + B’ + C’ + D’)’ — 4(AD — BC)’. 
The vanishing of A accordingly means that 
A’ + B+ C’ + D’ + 2(AD — BC) = (A + D)’ + (BF C)’ = 0, 
C=+B, D=+A. 
The leading terms of Q(x, y) then have the form 
A cos (px + gy) + Bsin (px + gy), 


the + sign being the same in both terms. In every other case the orthogonal 
system contains not more than 4N sums of the n“ order for any n. The same 
conclusion holds naturally if z and y are interchanged in the definition of rank, 
i.e. if the terms which are of highest order in z among the terms of maximum 
order in the two variables together do not have the indicated special form. 

If the leading terms of Q(x, y) are A cos gy + B sin gy, with p = 0, q = N, 
the leading terms of 


22(z, y)(a cos rz cos sy + 8 cos rz sin sy + 7 sin rz cos sy + 4 sin rz sin sy), 
r > 0,s > 0, are 
(Aa — BB) cos rz cos (¢ + s)y + (Ba + AB) cos rx sin (q + 8)y 
+ (Ay — Bod) sin rz cos (q + s8)y + (By + Aé) sin rz sin (q + 8)y 


if any of these terms are present. Arbitrary values can be assigned to all four 
coefficients by choice of a, 8, y, 6, without any restriction on A and B except 
that they do not both vanish; each of the monomials involved is linearly de- 
pendent on earlier members of the sequence (5); and the orthogonal system 
on K contains not more than 4N + 4 sums of the n“ order. Special considera- 
tion of the cases r = 0,s > O andr > 0, s = 0 again reduces this upper bound 
to 4N. Similar reasoning obviously applies if p = N, q = 0. 

The discussion is left unfinished for the time being as regards the special 
cases ruled out above. 
To return to the question of the order of a product, let T1(x, y) and T.(z, y) 
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be any two double trigonometric sums of ranks (p, q) and (r, s), with leading 


terms 
A cos px cos gy + B cos pz sin gy + C sin px cos gy + D sin pz sin qy 


and 
a cos rx cos sy + 8 cos rz sin sy + y sin rz cos sy + 6 sin rz sin sy. 


The leading terms of the product 7:7; are given except for a factor } by the 
expression (6), if that expression does not reduce to zero. For the simulta- 
neous vanishing of the four coefficients in (6) with values of a, 8, y, 6 not all 
yero it is necessary that A = 0. Similarly, if the coefficients are regarded as 
linear combinations of A, B, C, D it is seen that the corresponding determinant 
in terms of a, 8, y, 6 must be zero. The rank of the product is (p + r, q + 8), 
unless both factors have leading terms of the special form previously discussed. 
This is on the assumption that p, g, 7, s are all positive. If pgrs = 0 the rank of 
the product is (p + 7, g + 8) without further restriction on the coefficients. 

The theory of orthogonal systems can now be extended from mixed sums to 
double trigonometric sums with limitations corresponding to the points of 
difference that have been noted. 

Let T(z, y) be a double trigonometric sum which is of order r in x and of 
order sin y. Let 


z= tan 5? w = tan 3° 
Then 7'(z, y) is of the form P(z, w)/[(1 + 2°)'(1 + w’)’], where the numerator 
isa polynomial in z and w of degree 2r at most in z and of degree 2s at most in w. 
And any fraction so constituted is a double trigonometric sum of corresponding 
orders in x and y. 

Let K be a curve in the (2, y) plane, restricted for simplicity to the period 
square —r <2 <a, —@ < y < a, and forming a part of the locus of an equa- 
tion (x, y) = 0, where % is a double trigonometric sum. The corresponding 
curve K’ in the (z, w) plane is a part (or the whole) of an algebraic locus. Let 
w(z, w) be the polynomial of lowest degree vanishing identically on K’. If w 
is of even degree in each variable, 2r with respect to z and 2s with respect to w, 
and if 


w(z, w) 


(1 + 2*)°(1 + w*)?’ 


Qis a double trigonometric sum vanishing on K , and every double trigonometric 
sum which vanishes identically on K is divisible by 2, as may be seen by reason- 
ing similar to that used in connection with mixed sums. If © is of rank (p, q) 
and of order p + g = N, and if its leading terms are not of the form recognized 
above as exceptional, a monomial of rank (p’, q’) and order n in the sequence 
(5) is on K linearly dependent on monomials preceding it in the sequence if 


Q(z, y) "= 
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p’ > p,q > q, and only if p’ = p,q’ 2 q. It has been observed that the 
number of sums of the n** order in the orthogonal system on K can not exceed 
4N forn > N. Further examination of the cases p’ = p and q’ = qg shows that 
the number is 4N exactly. If the degree of w in either variable is odd, supple- 
mentary considerations are called for as in the case of mixed sums. 

It is possible then to work further along lines corresponding to those followed 
in the earlier sections, for the derivation of recursion formulas and Christoffel- 
Darboux identities, and the development of an illustrative theory of convergence 
associated, for example, with the curve 


cos’ + + cos’ y = }, 2 cos 2x + 2 cos 2y + 3 = 0. 
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’ ON SUMS OF POSITIVE INTEGRAL k*" POWERS } 
d By H. Davenport AND P. Erpis ) 
l- (Received February 20, 1939) 

. 1, Let k = 3 be an integer. Let Ns*(n) denote the number of integers not 





exceeding n that are representable as the sum of s positive integral k™ powers. 
We are concerned in this paper with inequalities of the form 


N(n) > 2", a = alk, 8), bie 


valid for all large n. Such inequalities are of great importance in the applica- 133 
tion of the Hardy-Littlewood method to Waring’s Problem. 
Until recently, practically the only such inequality known was that of Hardy 


and Littlewood 


(k) @\—€ ‘aii 2 seis 1 se 
(1) Nz (n) > n**™, a=1-(1-)(1 t) , 


valid for any « > O and n > m(e).’ | Bi fi 

This has been improved upon independently by the two authors of the present iui it 
paper, using different methods. We give here an account of the method of A 
Erdés, with modifications due to Davenport.’ 


2. DEFINITION. 8 positive numbers \i, --- , dr. Satisfying 1 2 2x > +--+ 2X, 
are called admissible exponents for k*” powers if the number of solutions of 


(2) ite +e=yit-- ty 
in integers subject to 
(3) P™ <m,y<2P™;.--; P*<2,,y, < 2P™ 


is O(P™*****) as P — @, for any « > 0. 
It is easily seen* that if X41, --- , A, are admissible exponents for k*"s, power 
then 
Ate +A, 


(4) a a—e ms 
Nz (n) > n*“, a oe : 








forany e > O and n > m(e). 





‘See, for example, Landau, Vorlesungen tiber Zalentheorie, (Leipzig, 1927), 1, Satz 348. 

*For s = 2, Erdés and Mahler (Journal London Math. Soc., 13 (1938), pp. 134-139) have 
proved that N{"(n) > cn2/*, where c > 0 depends only on k. 

*The results of Davenport are in course of publication in the Proc. Royal Soc. An 
me of the particular case k = 4, s = 3 has appeared in the Comptes Rendus, 207 (1938), 

‘A formal proof is given in Davenport’s paper in Proc. Royal Soc. 
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In what follows, c: , cz, - - - denote positive numbers depending only on k and s. 
TurorrM 1. Let? =1—k*. Then 1, d, dO, dO, --- , dO” are admissible 
exponents for k** powers, provided } satisfies 


(5) ky — (k — 1) S 0”. 


Proor. (1) Suppose that s = 2. It is well known that the number of 
representations of an integer m as yi ~ Y> with positive integral y; , y is O(m‘), 


‘for any « > 0. Hence any two positive numbers are admissible exponents for 


k™ powers. Thus the theorem is true for s = 2. 
(2) Suppose that s = 3, and that the theorem is true with s — 1 in place of s. 
Let 21, --+,%, Y1, °°: , Ys Satisfy (2) and (3), where \; = 1, Ax = X, ds = 
NO, +++ ,As = AO”. Since 
jer-— wi | > P| -— mI, 


we have 
p* oF 
Iu—ml<apm SaPY a 


by (5). Hence the number of possible pairs 1, y: is O(P'*™™”’). The 
number of possible sets of values for %1, y1, %, %%,--+,% is therefore 
O(pit*+ +--+") For fixed values of these variables, (2) has the form 


A=ytyst---+y¥—2 
a y2 + ovP™™), 
where A is fixed. This has only O(1) solutions y2 with P* < y: < 2P”, since 
e+ 1)" - b> (PY = PM. 


For fixed y:, the argument can be repeated (if s = 4) and shows that there 


are only O(1) possibilities for y; , and so on generally. Finally, (2) takes the 
form 


B=yi-d2z, 


which has only O(P*‘) solutions, unless B = 0. Hence the total number of 
solutions of (2), subject to (3), with z, # y, is O(PhTTM Tt **9, 
For the solutions with z, = y, , we observe that, since 


kk — (k — 1) S 0” S 0**, 


1, X, \6, --- , 46” are admissible exponents for k*" powers (by the case s — | 
of the theorem). Hence the number of solutions with z, = 4y is 


orn sr: . age hat ills 


This establishes Theorem 1. 
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CorotLaRY. For any « > 0, and n > m(e), 











1 1 
ag—€ gt 2 1 a2 
(6) Ni (n) >n” ’ agnae (1 ay (1 -7(1 -t) . 
Kk k; 
Proor. Taking \ = (k — 1)/(k — 6°”), we have 
1 k-1 1-6" 
l - ese eh = — 
FEA + Mt +0) i(1+ AS —) 
1 
pee 
k 2 1\e* 
ci ata 
k he 
on simplification. 


Comparing (1) with (6), it is plain that a2 > a (provided s > 2). 


3, TazorEM 2. 1,1 — a 1- : - aare admissible exponents for k*” powers. 
PROOF. Let %1,Y1,%1, Te, Y2, 22 satisfy 
(7) tityita=utyta, 


Pin, m<2P, PM <% wor 
| alias di <4 » 22 < i Eee 


The number of solutions of (7), (8) with 2 = 2 is 
OF lial ead Kae 


(8) 


Hence we need only consider solutions with z; > 2,. By a similar argument, 
we can also suppose that 21 ¥ 22. 
Writing rz. = 2, + t, (7) becomes 


(9) (i+ -a+y—-yi=a- a. 
Plainly 
(P< (a, +t) — at < yi +2 < 202P'*’), 

whence 
(10) 0<t<aP*. 

For fixed ¢, y: , y2, (9) has the form 
(11) (x, + t)* — at + A = O(P***’). 
Since 


(@+1+* — @+1)"} — (eto — ai} > otP™, 











Eo epee 
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the number of values of 2; satisfying (11) is 


po es —_~1 
oF +1) = 0 +1). 


Hence the number of sets 21, t, yi, y2 satisfying (9), (10), (8) is 
on > (Fs + 1)) oi | pected de Xda aaa 
0<t<cgPi—k! 








t 


Also, for fixed values of these variables, (9) has only O(P*) solutions in z, , z 
with ZF 2. 
Hence the number of solutions of (7), (8) is 
ees He rte 


b 


which proves the theorem. 
Coro.uary. For any e > 0Oandn > n(e), 


age 3 k 2 
N$”(n) >n" ; a = 5-4 
The value of a2 given by the Corollary to Theorem 1 in the case s = 3 is 
3 k+1 





ag= 


k kk —k +1)’ 
It is easily verified that as > ae. 


4. The results above obtained for N‘(n) are not as precise as those of 
Davenport when k < 5, but are at any rate more precise when k 2 6 and s = 3. 
It may be remarked that the case k = 4, s = 4 of the Corollary to Theorem 1, 
namely 


N{?(n) > 88/110) —¢ 
is sufficient for the proof that G(4) = 16, though not for the further results 
announced by Davenport.’ 


Victoria UNIVERSITY, MANCHESTER, ENGLAND, AND 
INSTITUTE FOR ADVANCED Stupy, Princeton, N. J. 





5 Comptes Rendus, loc. cit. 
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ON POLYNOMIALS WITH ONLY REAL ROOTS’ 


By P. Erpés anp T. Grinwatp Mi 
(Received December 19, 1938) 4 | 
1 a 


We start from some well known elementary properties of the parabola of ie 
second order. Denote its axis by ¢, the vertex by C; in any point C; of the baby 
axis draw the perpendicular to it, meeting the parabola at A; and A; respectively. bE ; j 
If the foot of the perpendiculars from A; and A: to the tangent at the vertex de tae 
are denoted by B; and Bz respectively and the point of intersection of the ni 
tangents at A; and As by T (Fig. 1) then we have 


TC, = 2CC, 


and 
F= 2AA, A2T = 2 rect Ai A2B2B, 


where F denotes the area of the parabola above A; Ae. il 

It is evident that these properties do not hold for polynomials of degree a 
n > 2. ° We shall now enquire if for n > 2 the ratio of the above distances 
and areas remains between certain limits. 

Let g(x) be a polynomial of degree n with n = 2, p and g (p < q) two consecu- 
tive real roots and suppose g(x) to be positive throughout the interval (p, q). 
Let g(x) assume its maximum value in (p, qg) at b. The tangents at p and q 
meet at a point 7’ with ¢ as ordinate. In general ¢ > 0 and for g’(p) = g'(q) = 0 
we assign to ¢ the value 0. Throughout this paper ApgT will be referred to as 
the “tangential triangle’’; its area is given by 3(q — p)t. The part of the curve 
between p and g may be included in the “‘tangential rectangle” of area (q — p)g(b), 


qd 
and / g(x) dx defines the ‘‘area of the curve.” 
Pp 


The ratio ¢/g(b) and that of the area of the tangential triangle to the area of the 
curve which, in the case n = 2 take the values 2 and 3/2 respectively, may in 
the general case, assume any value. They may be less then any number we 
may choose, however small; they may even equal 0, e.g. if p is a multiple root, 
ie. if g’(p) = 0 and thus also ¢ = 0. But they may also be larger than any 
number we may choose, however large; as, e.g. in the case g(z) = 1 — 2°”. 
Herep = —1,q¢ = +1, b = 0, g(0) = 1, t = 2n, hence 





t/g(0) = 2n and Pi / g(x) dx > 2n/2 =n. 


nega lntiecintteinsipnte Se 


‘In this paper we consider only polynomials with real coefficients. 
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This example at the same time illustrates that the ratio of area of the curve to 
the area of the tangential rectangle may approach unity as close as we like. But, 
as the example g(x) = (1 — 2°)" shows, the same ratio may assume values less 
then any preassigned number however small. 

Thus we see that, for any polynomial the above ratios cannot be enclosed 
between definite limits (trivial ones disregarded). But for polynomials with 
only real roots we proved the following theorems. 

TuHEeorEM I, ¢ S 29(b). 

THEOREM II. The area of the curve is greater than or equal to } the area of 


the tangential tria ngle: 


T 



































Fie. 2 


THEOREM III. The area of the curve is less than or equal to 3 the area of the 
tangential rectangle: 


[ g(x) dx S 3[(q — p)g(b)). 


In all cases equality holds only for n = 2. 
Theorem I and its proof under 2 is due to G. Szekeres.” 





2 Oral communication. 
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Theorems II and III may be written 
2/q-—P : we Baz. 
(152 ) s i g(x) dz S 5 [(q — p)g(d)]. 


Hence 


2(qa-pP 2 
5 (3 ) = =[(@ — p)g(b)], 


ie. the area of the tangential triangle is less than or equal to the area of the tangential 


rectangle. , 
From this inequality we immediately obtain 


t S 29(b) 


ie. theorem I is a consequence of II and III. Nevertheless we give Szekeres’s 
proof as it leads to the result immediately and by very simple means. 
In 3 we prove two lemmas required and in 4 and 5 our theorems II and III. 


2. Proof of theorem I due to G. Szekeres 


Let 
g(x) = A(x — a)(x — az) --- (& — ay) (n = 2), 
where for the real a,’s 
h2a2>--- >Hi >a2=--- Sa. (25k Sn). 
Assume 


p=a@ and g = @&1. 


At a certain ne in (a; , des) g’(x) vanishes and, if we suppose g(x) to be 
positive in (a; , 2x1), the function assumes at b,_, its maximum. Thus g(x) > 0 
(a, <2 < ay4), b = by and if we denote by 7;_; the point of intersection 
of the tangents at a,_1 and a, , we have to prove 


ths S 2g(be-1), 


where ¢,_; denotes the ordinate of Ty: . 

If one of the values g’(az_-1) and g’(a,) equals 0 then &_; = 0 and our theorem 
is a trivial one. (The same holds for g’(ax1) = g’(ax) = 0 for in this case, 
according to our definition, t,.. = 0). For = 2 we have, by simple computa- 
tion 41 = 29(b.1). Hence we may assume 


(1) g'(ax-1)9'(ax) #0 and n2 8B. 
By easy computation 


| g’(ax-1) | | g’(ax) | _ UA %, 2 
| 9’(ax—1) | + | g’(ax) | 2 1 4 1 
|9’(ax-1)| ~ | g’(ax) | 





ta = (ar1 — a,)- 
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1—-@ ‘ 
ta SME (9's) | 19’) )* = ans 


since the harmonic mean of two positive numbers is not greater than their 
geometric mean. 
Now we prove 


28 (st) 


by which, properly said, we prove more than is contained in theorem I; for we 
prove that t,_: is less that the double of the value assumed at the bisection of 
the interval (a, , ax-1). 

Without loss of generality we may suppose 


G1=1 and a= -—l. 
Hence, by (1), according to which —1 and +1 are simple roots, we have 
(2) la:|>1 (@=1,2,---k —2,k+1,---,n) 


and 


wa=(9(-DIl'@D, Stoo. 


|g’(1) | = | AQ — a)(1 — a) «++ (1 — aes) (1 + 1) — aes) «++ (1 — a) | 
= 2| A(ai — 1) (a2 — 1) «++ (aye — 1) (Ges “2 -++ (a, — 1)|. 
|g’(—1) | = 2); A@ + 1) + 1) +++ (Que + 1) (Qiu + 1) ++ Ga + 1)|. 
i.e. by (1) and (2) 
sia = (4A°(ai — 1) (az — 1) «++ (ata — 1)(aiys — 1) --- @, — 1)? 
< 2(A?ajas +++ at_eaiys ++ a2)? = 2| Aayae ~~ ay-2de41 ++ On| =2g(0). 
Q.e.d. 
3 
Suppose that the roots c , cz, --- , c, of the polynomial of degree v (v 2 3) 
h(x) = C(x — e1)(4 — c2)(x — €3) -- +» (x — ©) 


are all real; c: > c: > cs; = --- = Cy, i.e. the two greatest roots are simple. 


Further let h(x) be negative in (cz , c:) and positive in (cs , ¢2) ie. C > 0. Then 
we prove 


¢1 
LemMA 1. If co — cs; S 1 — oe, then | h(x) dx S 0 and 
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Lemma 2. If 


< 
(2—C3 Co— % Co—C Cy — Ce 








1 de 1 


? 


then 
cl 
/ h(a) dx = 0. 
cg 


In both lemmas equality holds only for v = 3 with co — c; = | — &. 
Without loss of generality we may assume 


c= 1, oq = 1, Ce = 0. 
Puty; = —c:for3 Si Sv. Then 
ha) = (@ — Ieee + we +) --- @ +) 
and 
(3) O<yvS%u5--- Sy. 


Proor oF LEMMA 1. 


1 
We have to prove that for y; S i, / h(x) dx = 0. It will be sufficient 


73 


to prove that 
| A(—z) | S | h(a) |. (0 < z < ¥3(S 1)). 
By (3) and ys; S 1, forO < x < ys we have 


|h(z) | = (1 — a)a(a + ys)(2 + v4) +++ (2 +) 
= (1 — x)a(x + ¥s)(—2 +) --- (—2@ +) 


(equality only for » = 8). 
From 0 < « < ys S 1 it is easy to verify that 


(1 — z)(@ + vs) 2 (1 + x)(—2 + 8) 
(equality only for ys = 1). Hence 
|h(z) | = (1 + 2)a(—2 + ys)(—2 + 1) --- (—2 +) = | h(—2) | 
(0 <a < ys), 


which establishes lemma 1. 


rs the argument it is immediately clear that equality holds only for » = 3 
and yz = 1, 


Proor or Lemma 2. We have to prove that if 


(4) S gedg witathoy 8 yy 
3 74 Yr-1 Yv 
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then 


[ h(x) dx = 0. 


By (4) vs 2 1; thus it will be sufficient to prove that 


| h(x) | S | A(—2) |. (0<2<1), 


For v = 3 we have 


(. — Dae 4 H* a 


= - Dale + (1 +21) 


+1 
: h(x) dx = 0. If ys > 1 then 


h(x) = (x — 1)a(a + ys) = 





If ys = 1 then | h(x) | = | h(—z) | hence 








we 1 vs —1 
vied z+1 dia z+1 
hence | h(x) | < | hA(—z) | (0 < x < 1). 
Thus the theorem is true for »y = 3 and we shall prove that if it holds for 
vy — 1 it also holds for v (v 2 4). 
Let us consider the number y for which 


(0<2z<1), 


(5) 1 cdi eB 
7 Yr-1 Yr 
By (4) 
6) Eoeh--- So eae 
¥3 74 Yr—2 Y 
and thus 
(7) l<7<w1 BS. 


In the polynomial of degree v — 1 


so ike zr+y¥ 
h*(x) = h(z) (2 + Y-1)(a + Yr) 


the coefficient of x” * equals 1, each root is real and by (6) they satisfy (4), 
hence according to the hypothesis 








| A¥(z) | S | h*(—2) |. (0<« <1). 
By (5) and (7) we easily verify 
tt+y7 —t+y7 
Giedets) * Cate **<” 
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hence 
ne) | = [a*G@) | + ae +) 
< |h*(—2) | (-—z+ toalt-# +) _ |n(—2)|. O<2<}), 


which proves lemma 2. 
4 
Applying the notations of 2 theorem II may be written 
_s 2 (r-1 — 
= 5|—a~— bea}. 
[ o(e) da = 3 ( 5} ti :) 
If g’(ax) or g’(@x-1) vanishes, %1 = 0 and the theorem becomes trivial, hence 


we suppose g’(ax)g’(ax-1) # 0. 
In this case, according to 2 


1— 2 —1 ~~ ’ 
ogo S22 < S21 ® (| 9'(ays) | |g’(qa) |)* = sua. 
2 RE a 2 
|g’(ae-s1)| | g’(ax)| 


Now we prove that 


| Ks g(x) da = : (“> ax 2.1) - : (> 3] (| g'(ax-s) | | g’(ax) ']. 


For n = 2 we have equality i.e. our statement holds for n = 2. We now 
suppose that it holds for numbers less than n (n > 2) and prove that it also 
holds for n. 

a/ If2 < k < m then ay_1 and a are at least double roots of the polynomial 

















2 g(x) 
h(x) = Gales a) (a — ays) (a — ax) 


the degree of which is n, hence 


(8) h'(ax1) = h'(ax) = 0. 
On the other hand it is easy to see that 
(9) 0 < h(z) < g(z). (a, < x < ay). 


In the polynomials h(x) and g(x), x” has the same coefficient, hence the degree 
of the polynomial 


gi(z) = g(x) — h(x)(# 0) 
does not exceed n — 1, 
The values az , a3, ++ , dy are roots of g(x) as well as of h(x) thus they are 
at the same time roots of g(a) hence, its coefficients being all real, all roots of 
(2) must be real too. 


oy ee 
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By (9), throughout (a; , ax) gi(z) > 0 thus g(x) satisfies the conditions 
of theorem II hence according to the hypothesis 


 & g(x) dx = S| (3-7) + eg a 


But by (8) 
gi(ax1) = g’(ax-s), — gi(ax) = g'(an), 


ak 
hence, as by (9) / h(x) dx > 0, we have 
a, 


/ site g(x) dx = | ae, gi(x) dx + ha h(x) dx > [ get gi(x) dx 


| = 3[ (a) doa lied p'| = 3] a4] 


b/ Of the cases k = 2 and k = n it will be sufficient to deal with one of 
them for this one applied to the polynomial g(—-z) settles the other. Then 
let k = 2. 

Without any loss of generality we may assume a; = 1, a2 = —1. In order 
to satisfy g(x) > 0 throughout (a2, a1) we must suppose A to be negative. 
Let A = —1 and denote a; = —a; (¢ = 3, 4,---,n). Then 


gz) = —(@ — 1I)(@+1)@ + a3) --- @ + ay), 
lSa,SuS---Sm% 


Ae = (9D | 19-9) DI 


But as, by the hypothesis, g’(a:)g’(az2) = g’(1)g’(—1) # 0 we. have 
(10) l<agSauS--- Say. 

+ 
Now consider the polynomial of degree n — 1 


hth it se) ~~ Dee Se eae tS 0. 


gi(x) is positive throughout (—1, +1) and all its roots are real. 
Now we choose X so that 


(11) (1g’(+1) | |9’(—1) )* = (gi(+0 | | gi(—1) D*. 
Now 
g’(+1) = —(1 + 1). + ay) --- (1 + ana)(1 + an), 
gi(+1) = —d(1 + 1)(1 + ag) --- (1 + an). 








en 
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Hence 
, _ , lg'(+1) | 
\gi(+1)| =A rE 
Similarly 
’ _ , lg (-—1) | 
|gi(—1) | =) at 
hence 


’ , » 
|9(+1) |lg(—D) | = oa IoD I 19"(-0) | 





(11) will be satisfied if (a, > 1!) * = a, — 1(> 0) ice. if 


A= +(o2 — 1)4. 
In this case 
(12) Qn —~1<X < aa. 
Now form the polynomial h(x) = gi(z) — g(x). Its degree is n, its n — 1 
roots: +1, —1, —as, —a4,--+ , —@n—_1 and consequently also the n** one are 
all real. We prove that the n* root must lie in (—1, 0). 
By (12) 
9) (0) = gx(0) — 9(0) = »2 ~ g(a) <0 


and, as g’(—1) > 9, 


(1) = o(-1) - o(-1) = 5 o(-0) - 9-0 


-9(-»( . (-1)>0. 


an — 





By this and by h(—1) = 0, it follows that somewhere in (—1, 0) A(x) must 
vanish. Denote this root by —a (0 < a < 1). 

h(z) satisfies the requirements of lemma 1 as 1 and —a are simple roots of 
Kz), 1 — (—a) > (—a) — (—1) and as, by (13), throughout (—1, —a) 
h(t) > 0 whereas throughout (—a, 1) h(x) < 0. Hence by lemma 1. 


+1 
h(x) dx < 0. 
-1 
Consequently 


[ g(a) dz = ii 4 gi(x) dx — x h(a) dx > [ x g(x) dz. 
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But gi(x) is of degree n — 1. Thus by the hypothesis 


[" ese) ae = High +0 INoK(—D D>, 


which with (11) gives 
[a ae > Hig +0 IIo Ds 


which proves theorem II. 


5 
By applying the notations introduced in 2, we write theorem III in the form 


ak—1 
[ o@ dz < Has — aor». 
ak 
We prove it by induction. Theorem III holds for n = 2 (equality). We shall 
prove that if it is true for numbers less than n (n > 2) then it also holds for n. 
a/ If 2 < k < n then a; and a, are at least simple roots of the polynomial 
of degree n 


at g(a) 2 

h(x) = Lae (x — bya) 
whereas by-; is exactly a double root. Thus h(by1) = h’(b.1) = 0. In the 
interior of the intervals (a, , ax-1), with the exception of by , h(x) is less than 0. 
The coefficient of x” in h(z) and in g(z) is the same, thus the degree of the poly- 
nomial g;(x) = g(x) — h(x) does not exceed n — 1. All roots of g:(x) are real, for 
it vanishes at a2, @3, --- , @x-1, Ge, «++ Gn. and thus the eventually resulting 
(n — 1) root cannot be complex. Hence, as gi(bs-1) = g’(be-1) — h’(be-1) = 0 

we have by hypothesis 





[ osGa) de S Hous — ax)gu(b.-). 
But as 
gi(bea) = g(be+) — A(de+) = g(be-+) 
and since throughout (a; , ax-1) (with the exception of z = by_1, when equality 


holds) gi(z) > g(x) we may write 


i ae g(x) dx > [ Bin g(x) dz, 


/ =e g(a) dx < (ax — ax)g(bi-). 


ak 


b/ Just as in 4 we have to consider only one of the cases k = 2 and k = n. 
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Let k = 2. Consider the polynomial of degree n — 1 


g(x) = d fs. (A > 0). 


We choose \ such as to make the maximal value of gi(x) in (a2, a:) (positive 
in this interval as well as that of g(z)) equal to that of g(x). Such a d exists. 
Hence, denoting the root of g1(z) lying in (a2, a) by b, we have 


(14) gi(b) = gibi). 
From the equations 


g’ (bi) a gi(b) _ 
oe” ° 





we obtain 


1 1 1 1 1 
bi — Ge gca* ek koa ak 











and 


(18) (a ees oe mk 








By which 
b< bd. 
The polynomial A(x) = gi(x) — g(x) is of degree n. Its n — 1 roots are 


@;, 42,3, -++,@,-1. Furthermore, it musv vanish in the interval (b, b:) too, 
since by (14) 


h(b) = gi(b) — g(b) > O and h(bi) = gi(bi) — g(bi) < 0. 
Denote the root of h(x) lying in (b, b:) by a. By (15) 


Biwege, Mpg ac iylpt! A 1 


< , 
a— & a— a a — Gn-1 a—a 








hence, a, and a being simple roots, h(z) satisfies all the conditions of lemma 2. 
Hence 


[ na@)az > 0. 
From this we obtain 
I. g(x) dx = . g(x) dx — a h(x) dx < gi(x) dx. 


But according to the hypothesis, the degree of gi(x) being less than n, 


[ ose) dx = Ha — aot, 


.s 
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hence by (14) we have 


[ ss g(x) dx < }(a, — az)g(bi), 


and thus theorem III is completely proved. 
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TRANSFORMATIONEN VON ALGEBRAISCHEM TYP 
By Hermann Koper 
(Received August 4, 1938) 


1. Sei &(a, 0), -~7 Sa <b S ~&, der Hilbertsche Raum, der aus allen 
komplexwertigen Funktionen von L*(a, b) besteht, mit dem inneren Produkt 


b 
(7,9) = [ f(a)9(2) dz, 


§ irgendein Hilbertscher Raum mit entsprechend festgelegter Metrik, sei 
\f\l=(,0)' 2 0; f. ~ f bedeute lim || f — f, || = 0 firn— ©. Die Han- 
kelsche' Transformation g = Tf, 


(1) g(x) = Liam. [ 7 J etx) ~/ (tx) f(t) dt, R(a) > —1,fe%&(0, 0) 


ist involutorisch, es ist also T°f = f, und aus dieser Beziehung algebraischer 
Art lassen sich wesentliche Eigenschaften von 7 folgern. Ahnlich ist es z.B. 
bei der Fourier-Transformation g = Sf, 


A g(a) = Lim. | eso at, fe%l-<, @) 


fir welche f(—x) = Sg(x), also S*f — f = Oist. So gelangt man zur Betrachtung 
folgender Klasse von Transformationen 7’: 

(A) Der Bereich (“domain’’) set Dr, T sei linear, habe nur endlich viele ver- 
schiedene Eigenwerte l, (q = 0,1, ---,k — 1;k = 1), und die Eigenfunktionen 
sollen die, ersichtlich lineare, Mannigfaltigkeit Dr in S bestimmen.’ 

Ersichtlich miissen Integraloperatoren, durch welche Transformationen 
dieser Art sich darstellen lassen, singular sein. Man kommt weiter zu folgender 
Definition und zunachst zu folgenden Satzen: 

(B) Dermnitrion: Sei g = Sf eine lineare Transformation in § von folgenden 
Figenschaften: 








'E. C. Titchmarsh, Proc. Cambridge Phil. Soc. 21 (1923), 463-73, a 2 —}, und J. of 
London Math. Soc. 1 (1926), 195-6. Ausdehnung fir alle a ausser fir Ra = —1, —3, 
~5,++. Verfasser, Quart. J. of Math. (Oxford) 8 (1937), 186-99. Ferner Verf. II und 
III, Proc. London Math. Soc, (2) 44 (1938), 453-65, u. 45 (1939) 229-42. Es ist l.i.m. 
Abkiirzung fiir limes im Quadratmittel. In (2) hat ite aus Bequemlichkeitsgriinden nicht 
das tbliche negative Vorzeichen. 

*M. H. Stone, Linear Transformations in Hilbert Space, New York 1932, Def. 1.4, 2.1, 
ae Null Eigenwert ist, sind die zugehérigen Eigenfunktionen die Lésungen 
von Tf = 0, 
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(i) Fr jede Funktion f aus Ds , dem nicht leeren Bereiche (“domain’’) von S, 
gehért auch g zu Ds . 

(ii) Es gibt ein Polynom Pp(x) = 2” + Omaz 
lauter einfachen Nullstellen, der Art, dass P,,(.Sf) fiir jedes f ¢ Ds Null ist, 


Pr(Sf) = S"f + dmaS” "f+ +--+ uSft+taSf=0, feds: 


m—1 


+e + aye’ + age mit 


dann ist S eine “Transformation von algebraischem Typ.” Der “Grad” von S sei 
der eines der Bedingung geniigenden Polynoms P,, von kleinstméglichem Grade. 

Bedeute S° die identische Transformation J, also S°*f = If = f. 

Satz I. Jede Transformation der Art (A) ist eine der Art (B) vom Grade k 
und umgekehrt. 

Satz II. Jede Funktion aus Ds (Def. B) ist eindeutig als Summe von héchstens 
k zu verschiedenen Eigenwerten gehérigen Eigenfunktionen darstellbar, andere 
Funktionen nicht. 

Dann werden hier solche Transformationen behandelt, die ausserdem abge- 
schlossen oder beschrankt (stetig) oder unitar sind u.s.w.’ (Abschn. 3), Fragen 
der Umkehrbarkeit und des Spektrums (Abschn. 4) sowie abgeschlossene 
Systeme im Raume der einem festen Eigenwerte entsprechenden Eigenfunk- 
tionen (Abschn. 5). Zum Schlusse werden Beispiele gegeben, darunter sehr 
einfache Transformationen, die man als k. Wurzel (k = 2, 3, ---) aus der 
Fourier- bezw. Hankel-Transformation auffassen kann, und die bisher nicht 
bekannt sind. Die hier sich ergebenden Satze iiber abgeschlossene Systeme in 
einem Raume von Eigenfunktionen scheinen auch im Falle der gewohnlichen 
Hankel-Transformation neu zu sein. Die Konstruktion aller in § vorhandenen 
Transformationen von algebraischem Typ wird durch Satz VII (Abschn. 7) 
ermoglicht. 


2. Bewris DER SAtTzEIunpII. Sei S vom algebraischen Typ, seien l,l, ---, 
lm—1 die, simtlich verschiedenen, Nullstellen des Polynoms P»(x) (Def. B), dann 
ist wegen P,,(Sf) = 0 und der Linearitaét von S bei beliebiger Reihenfolge der 
Faktoren, mit Riicksicht auf SJ = IS” u.s.w., 


‘m—1 


(2.0) Pa(Sf) = iO (s WD} Like Locate cncdiee Soff = 0. 


Mindestens eine der Nullstellen 1, muss ein Eigenwert sein: seien etwa l,, l, --- 
In-1 eS nicht, so hat keine der Gleichungen (S — 1,J)¥ = 0, (q = 1, 2,--:, 
m — 1), eine von Null verschiedene Lésung yeDs. Aus (2, 0) wiirde daher 
schrittweise folgen, dass jede der folgenden Transformationen, deren Bereiche 
gleich Dz sind, 


(Hs ~~ LDN {ls a LDN aes HT (S — DN = Sf — hf 





*M. H. Stone, Def. 2.5, 2.4, 2.18, 2.11, Theor. 2.21. Spektrum: Chapter IV, §2 u.s.w. 








(2.2 
(a) 


(v) 
(6) 
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den Wert Null hat, dass daher Sf = lf, lb sicher ein Eigenwert ist. Seien also 
bhy-s bea, < k S m, genau diejenigen /,, welche Eigenwerte sind, P;(z) 
-T[(c¢ -— 1), @ = 90,1,---, k — 1), Px(x) somit ein Teiler von P,,(z) und 
p,(Sf) Null fir alle f aus Ds , sei R, die, der Linearitét von S wegen sicher 
lineare, Menge der zu J, gehérigen Eigenfunktionen yg, mit Hinzunahme des 
Flementes Null. Zwei Raume %, und ®, , m ¥ q, haben nur das Element Null 
gemeinsam ; denn aus Sp = 14g und Spy = lw folgt (I, — 1,)e = 0, also ¢ = 0. 

Hurssatz Ia. Seien S, Pi(x), Rg wie oben definiert, f aus Ds beliebig gegeben, 


a1) Qu) =e Pala)/(e — Bice =(LPi@)) 5 g=0,1,--)k— 1. 


(2.2) Yo = Q.(Sf) — co{ II(S bike L,I) }f, a 0, 1, ++: ’ k— 1, n # q. 

(a) Dann ist , eine zum Eigenwerte |, gehdrige Eigenfunktion oder Null. 

(6) f=vtut--: + ven, vee Re. 

(y) Die Darstellung von f in der Form (8) ist etndeutig. 

(8) Jede Funktion von der Form go + ¢: + --- + or-1(Gq € Re) gehort zu Ds. 
Bewets VON Ia. Es ist mit Riicksicht auf (2.2) 


k-1 
Sy, = S - le Dbq + lehe = ed TT (S — LDN + love; 
(a) Sq oe Ca P(Sf) + lghq = laa, 


also y, aus ,. Identisch in z ist bekanntlich >> Q,(x) = 2’, (¢ = 0,1, ---, 
k — 1), daher folgt durch Vergleichung der Koeffizienten 
f = SF = QSf) + QS) + --- + G-(S/), 

also (8). Umgekehrt sind durch f aus (8) die Funktionen y¥,, day, « R, gefordert 
wird, eindeutig bestimmt; denn aus (8) folgt dann 

QalSf) = Qa(Syo) + a(S) + --- + Qa(Syes) = ve, 
weil 
(2.3) Q.(S¥n) = ¥, fir n = q, Q.(S¥n) = 0 fir n ¥ g 
ist; .B. ist wegen (S — 1,J)~, = 0 beaw. (S — nD) bq = (lg — Inve 


k—1 


Sy.) = «(Hl ($ — nn} mes co{ TI (s nn} (S — LD vs =0, 


Qe(So) = co il (S — lal } Yo 


k-1 


= co{Tl (s - ID} (lo — hve = oi}, miei EL Gas Lode. 


n=1 


Die Behauptung (6) ist wegen 9, C Ds einleuchtend. 
Die Transformation Q,(Sf) kann man als Projektion von Ds auf Rt, auffassen. 
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Hitrssatz Is. Die Transformation S des Hilfssatzes Ia hat ausser ly , |, , - 
l,-1 keine weiteren Eigenwerte. 
Ware namlich J von allen J, verschieden und Eigenwert, so wire Sp = ly, 


k-1 k—1 k—1 
P,(Sg) = { (S — ine ~ \ (S — in) (l—b)e=--- = ell (i -1,), 


also ¢ = 0 wegen P;(S¢) = 0 und II @ —1,) ¥ 0, ein Widerspruch. 

Aus Hilfssatz Ib, der Verschiedenheit der Eigenwerte l,l, --- , 1 und aus 
Ia, (8) und (8) folgt die Identitat der Transformation S mit einer von der Art (A), 
aus (8), (y) und (6) dann Satz II. 

Ist umgekehrt 7 von der Art (A), ¥,¢R.(q = 0, 1, ---,k — 1), also Ty, 
= l,W,, so ist 1, endlich, ferner jede Funktion f aus Dr als lineare ganze Ver- 
bindung endlich vieler Eigenfunktionen darstellbar, weil die Eigenfunktionen 
die lineare Mannigfaltigkeit D7 bestimmen sollen, f also sicher schliesslich in die 
Form (8) zu bringen. Durch mehrfache Anwendung der linearen Trans- 
formation 7' folgt 


(2.4) T'S =leyotlivit --- t+hawwien, n=0,1,---,k. 


Aus ¥, € Dr und der Linearitaét von T folgt Tf ¢ Dr (n = 0,1, ---,k). Durch 
Elimination der Funktionen Yo , ¥1, --- , Ye-1 aus den k + 1 Gleichungen (2.4) 
folgt nach bekannten Satzen der Algebra 

T*f + apal*f + --- + aiT'f + aT f = 0, 


k—1 


wenn P,(x) = 2° + ayy? + --- + ao das Polynom mit den, simtlich ver- 
schiedenen, Nullstellen  , i , --- , 4-1 vom Grade k und mit a; = 1 ist. Also 
ist T’ von algebraischem Typ. Der Grad von T ist k; wire P,(7f) Null fii alle f 
aus Dr und wire n < k, so hatte T nach Ib nur n Eigenwerte, gegen die Vor- 
aussetzung. Somit sind die Saitze I und II bewiesen.—Aus Ia (7) folgt 

Zusatz Ic. Die linearen Mannigfaltigkeiten Ro, Ri, --- , Rea sind “linear 
unabhdngig,”’ d.h. eine Funktion go + g1 + --- + Gea mit go, € Ry kann nur fiir 
~1 = G2 = gs = --- = 0 verschwinden. 


3. Satz III. Wenn die Transformation g = Sf in von algebraischem Typ mit 
dem Grade k und 
(a) abgeschlossen ist, sind Ro, Ri, --- , Re-1 abgeschlossene lineare Mannig- 
faltigkeiten; mindestens ein R, ist dann ein Hilbertscher Raum, wenn nicht Ds 
nur endlich viele linear unabhdngige Elemente enthdlt. 
(8) beschrdnkt (stetig) ist, dann und nur dann gibt es eine feste positive Zahl A 
der Art, dass fiir go «Mo, gie Ri, --- stets || g_|| S A || go +o +--+ ver ost, 
q=0,1,2,---k—1. Der bestmégliche Wert von A ist dann und nur dann Eins, 
wenn je zwet Réume Ry, und R, zueinander orthogonal sind. 
(y) unitdr ist, dann und nur dann sind alle Eigenwerte vom Absolutwert Eins 
und je zwei Réume R, , Rz zueinander orthogonal und Ds = GH. 
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(s) selbstadjungiert ist, dann und nur dann sind alle Eigenwerte reell und je zwei 
Riume Rn , Re 2ueinander orthogonal und Ds = H. 

Bewets. (a) Sei S abgeschlossen, also fiir f,~f, gn ~g und Sf, = gn dann 
gf =g. Sei {gq.n}, m = 0, 1, 2, --- , irgendeine Funktionenfolge aus ®, , die 
gegen eine Grenzfunktion y im Quadratmittel konvergiere, also Syyn = lgee.n, 
tan ~ ¥, folglich Sy = lw, d.h. pe R,, R, ist abgeschlossen. Falls jedes R, 
nur endlich viele linear unabhingige Elemente enthiilt, gilt wegen Satz II das 
Gleiche fiir Ds (cf. Stone, Theor. 1.19). 

(3) Sei S stetig (beschrankt), also || Sf || < B || f || fiir alle f aus Ds ; ersichtlich 
ist dann jede Transformation Q,(Sf) (s. Ia, 2.1, 2.2) beschrankt, || Q,(Sf) || < 
Allf|l,g=9,1,--: ,k-1. Seinungat+at---+gi=f, %, €R(g = 0, 
1, +++), 80 ist gg = Q,(Sf), also Il ¢¢ II =A lf Il =A ler tee + ducks + gr ||. 

Sei umgekehrt f « Ds beliebig gegeben, f = yo + o: + --- + ge4 (Satz ID), 
daher Sf = logo + hor + --- lesweara, Gee Re. Aus || gy||S Alla ter 
+++» + ges || folgt || Sf || = max | 1, | {|| go || + ll a || + --- } S max 
\l,|kA || go + oi +--+ || = max|J,| kA ||f ||, also ist Sf beschrinkt. Sind 
1B. je zwei Riume ®, , RR, zueinander orthogonal, so ist || go +o + --- + ga 
P= llooll* + ileal? +--- + ileal? = lleell*, A = 1, S stetig; der 
Beweis der Umkehrung soll nicht ausgefiihrt werden. 

(y) Sei S unitdr in §,* und daher sei Ds = §, ferner fiir alle f; und f aus 
§ (Sfi, Sfo) = (fi, fa); so ist fir Pn € Rr, Pq € Re, g ~ 0: (On ’ Pa) -” (Sgn ’ Sy.) 
= (Inn , leg) = lnle(n 5 %q)- Hieraus folgt fiir g = n, dass | 1, | = 1, fiir g ¥ n, 
dass (gn , gg) = 0, also R, orthogonal zu R, ist. Umgekehrt folgt aus Ds = §, 
\l,| = 1 und aus (gp, , gg) = 0 fiir n ¥ q, dass S unitar ist: Fir fi e Ds, fe € Dz ist 


f= 01+ 114+ ++: + peat, Se = 0,2 + o1,.2 + +--+ + Get, 


$q,1€ Re, $q,2€ Ry ? 
(Sfi, Sfz) = (logo,1 + Lagsa + +++ , logoe + hyie + -+-) 


k-1 k—-1 
= Dilla |? (eer, Gea) = Lo (ee.1, 0.2) = (fi, Sa) 
q=0 q=0 


Danun Ds = § ist, ist auch der Vorrat (“range’’) gleich © (Satz IV), S unitar. 
Der Beweis von III (8) ergibt sich durch entsprechende Uberlegungen. 


4. Die Fragen der Umkehrbarkeit und des Spektrums beantwortet 

SatzIV. Sei S von algebraischem Typ, S: = S —U. Wennlvonallen Eigen- 
werten von S verschieden ist, dann und nur dann ist S, umkehrbar, dann und nur 
dann der Vorrat (“‘range’”’) von S; gleich dem Bereiche Ds von S. Die Umkehrung 
Sv ist dann und nur dann beschrankt, wenn S es ist. 

Hirssatz IVa. Wenn in einer Transformation S von algebraischem Typ kein 
Eigenwert Null ist, dann und nur dann ist S umkehrbar, dann und nur dann der 





‘C.f. M. H. Stone, Theorem 8.2. 





1 ind pte ae 
ae 


evanes. fe 


Se eae a 


— gate wise 

















552 HERMANN KOBER 


Hitrssatz Is. Die Transformation S des Hilfssatzes Ia hat ausser ly , 1, , «. 
l,-1 keine weiteren Eigenwerte. 
Ware namlich / von allen J, verschieden und Eigenwert, so wire Sp = ly, 


" 


k-1 


P,(S¢) = {Il s— ue = va (s 40} I—h)eg=--. = ell @-1), 


also ¢ = 0 wegen P;(Sv) = 0 und J] (i — 1,) ¥ 0, ein Widerspruch. 

Aus Hilfssatz Ib, der Verschiedenheit der Eigenwerte ly , 1, , --- , Jp: und aus 
Ia, (8) und (6) folgt die Identitaét der Transformation S mit einer von der Art (A), 
aus (8), (vy) und (6) dann Satz IT. 

Ist umgekehrt 7 von der Art (A), ¥, € Ro(q = 0, 1,--- ,k — 1), also Ty, 
= 1,W,, so ist 1, endlich, ferner jede Funktion f aus Dr als lineare ganze Ver- 
bindung endlich vieler Eigenfunktionen darstellbar, weil die Eigenfunktionen 
die lineare Mannigfaltigkeit D, bestimmen sollen, f also sicher schliesslich in die 
Form (8) zu bringen. Durch mehrfache Anwendung der linearen Trans- 
formation 7' folgt - 


(2.4) T’f=Wvotlihit---+laven, n=0,1,---,k. 


Aus ¥_ € Dr und der Linearitat von T folgt Tf «Dr (n = 0,1, ---,k). Durch 
Elimination der Funktionen Yo , Yi, --- , We-1 aus den k + 1 Gleichungen (2.4) 
folgt nach bekannten Satzen der Algebra 


T*f + ayaT’f + --- + aT'f + aTf = 0, 


wenn P;(z) = 2° + aysz* + --- + ao das Polynom mit den, simtlich ver- 


schiedenen, Nullstellen  , li, --- , 4-1 vom Grade k und mit a, = 1 ist. Also 
ist T von algebraischem Typ. Der Grad von T ist k; wire P,(7f) Null fir alle f 
aus Dr und wire n < k, so hatte T nach Ib nur n Eigenwerte, gegen die Vor- 
aussetzung. Somit sind die Saitze I und II bewiesen.—Aus Ia (y) folgt 

Zusatz Ic. Die linearen Mannigfaltigkeiten Ro, Ri, --- , Rea sind “linear 
unabhdngig,” d.h. eine Funktion go + g1 +--+ + ges mit gy € Rq kann nur fiir 
1 = G2 = os = --- = 0 verschwinden. 


3. Satz III. Wenn die Transformation g = Sf in S von algebraischem Typ mit 
dem Grade k und 
(a) abgeschlossen ist, sind Ro, Ri, --- , Re1 abgeschlossene lineare Mannig- 
faltigkeiten; mindestens ein R, ist dann ein Hilbertscher Raum, wenn nicht Ds 
nur endlich viele linear unabhdngige Elemente enthilt. 
(8) beschrdnkt (stetig) ist, dann und nur dann gibt es eine feste positive Zahl A 
der Art, dass fiir go «Ro, vie Ri, --- stets ||y,|| S A || go + or +--+ Ge-s| at, 
q=0,1,2,--.k—1. Der bestmégliche Wert von A ist dann und nur dann Eins, 
wenn je zwet Réume KR, und R, zueinander orthogonal sind. 
(y) unitdr ist, dann und nur dann sind alle Eigenwerte vom Absolutwert Eins 
und je zwet Réume Rn , Rq zueinander orthogonal und Ds = H. 
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(3) selbstadjungiert ist, dann und nur dann sind alle Eigenwerte reell und je zwei 
Riume Rn , Ne zueinander orthogonal und Ds = §. 

Beweis. (a) Sei S abgeschlossen, also fiir f,~/, gn~g und Sf, = gn dann 
Sf = 9- Sei {gn}, m = 0, 1, 2, --- , irgendeine Funk‘ionenfolge aus ®, , die 
egen eine Grenzfunktion ¥ im Quadratmittel konvergiere, also Sgy.n = lggg.n, 
Gan ~ Vs folglich SY = ly, d.h. ye R,, Ry ist abgeschlossen. Falls jedes R, 
nur endlich viele linear unabhangige Elemente enthalt, gilt wegen Satz II das 
Gleiche fiir Ds (cf. Stone, Theor. 1.19). 

(8) Sei S stetig (beschrinkt), also \| Sf || s B|| fF || far alle f aus Ds; ersichtlich 
ist dann jede Transformation Q,(Sf) (s. Ia, 2.1, 2.2) beschrankt, || Q,(Sf) || s 
Allfll@a= 0, 1,-:: »k—1. Sei nun go + 41 + --- + ¢%4 =f, $c € Re(q = 0, 
1, «++ ), 80 ist gy = Qe(Sf), also || y¢|| SA IIf|l =A lle tort --- +ee4l. 

Sei umgekehrt f « Ds beliebig gegeben, f = yo + vi + --- + gu (Satz II), 
daher Sf = loo + ligr +--+ Leswer, Gee Re. Aus || ye|| S All oo + vr 
+--+ + get || folgt || Sf || S max | 2, | {|| go |] + ll gi |] + --- } S max 
\I,|kA || go + or + +++ || = max|l,| kA ||f ||, also ist Sf beschrinkt. Sind 
1B. je zwei Riume R, , R, zueinander orthogonal, so ist || go + gi + --- + Gea 
P= loll? +llall?+--- +lleall? = lleell*’, 4 = 1, S stetig; der 
Beweis der Umkehrung soll nicht ausgefiihrt werden. 

() Sei S unitadr in §,* und daher sei Ds = §, ferner fiir alle f; und fe aus 
§ (Sf, Sf) = (fi, fa); so ist fiir gn € Rn, o, € Ra, o HO: (Yn, Gq) = (Sen, Soy) 
= (lngn » lee) = lnlg(Gn , Yq). Hieraus folgt fiir g = n, dass | 1, | = 1, fir g ¥ n, 
dass (yn , g¢) = 0, also R, orthogonal zu R, ist. Umgekehrt folgt aus Ds = §, 
\l,| = lund aus (¢, , gg) = 0 fiir n ¥ gq, dass S unitar ist: Fiirf, e Ds, fe € Dz ist 


1= 91+ G11 +++ + oe-11, fe = 0,2 + 91,2 +--+ + Gere, 
$a,1€ Re, Ga.2€ Re, 


(Shi, Sfe) ‘a (logo, 1 + hyi,1 + :-: ? logo, 2 + hyi,e +.:- +) 
= p> [le |? (Get) a2) = > (0,1, a.2) = (fi, fa). 


Danun Ds = § ist, ist auch der Vorrat (‘‘range’’) gleich (Satz IV), S unitir. 
Der Beweis von III (6) ergibt sich durch entsprechende Uberlegungen. 


4. Die Fragen der Umkehrbarkeit und des Spektrums beantwortet 

Satz IV. Sei S von algebraischem Typ, S: = S —U. Wenn1von allen Eigen- 
werten von S verschieden ist, dann und nur dann ist S, umkehrbar, dann und nur 
danin der Vorrat (“‘range’’) von S; gleich dem Bereiche Ds von S. Die Umkehrung 
Sv ist dann und nur dann beschrankt, wenn S es ist. 

Hirssarz IVa. Wenn in einer Transformation S von algebraischem Typ kein 
Eigenwert Null ist, dann und nur dann ist S umkehrbar, dann und nur dann der 





‘C.f. M. H. Stone, Theorem 8.2. 
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Vorrat gleich dem Bereiche Ds. Die Umkehrung S™ ist dann und nur dann 
stetig, wenn S es ist. 
Brewers. Sei k der Grad von S, sei kein Eigenwert Null, 


(4.1) PASf) = SftaiS f+ ---+aS8ft+af=0, feds, 
dann ist a = (—1)‘Ih --- ks ¥ 0, fir g = Sf gehért g auch zu Ds (Def. B), 
(4.2) f = — ap'(S*"g + aeaS*“g + --- + ag), 


also existiert Sg = f. Die rechte Seite hat aber fir alle g aus Ds Sinn, fir ein 
aus (4.2) bei beliebigem g « Ds bestimmtes f folgt wegen P,(Sg) = 0 


(4.3) Sf = — ap'(S'g + aS" "g + --- +a,Sg) = — ap'(—ag) = 9. 


Ist andrerseits S umkehrbar, so gibt es keine von Null verschiedene Lésung 
f von Sf = 0, also ist Null nicht Eigenwert. 

Ist der Vorrat Ds , so muss 2.B. auch eine Lésung f von Sf = y, fiir irgendein 
von Null verschiedenes y, aus , vorhanden sein. Ausf = g +¢,+.---+ 
Pk-1 , Po € Ry, folgt dann 


ve = Sf=lothat-:--- + biwea, 


aus Hilfssatz Ia (y) dann y, = lw, ; daher ist 1, ~ 0, kein Eigenwert Null. 

Wenn S stetig ist, || Sf || < B\|f ||, und umkehrbar, folgt aus (4.2) sofort 
| Sg Il =IlF || S$ Allg ||; umgekehrt, wenn || S“g|| < A || g|| ist, folgt 
aus (4.1) 


Sf + aeaf + a,2S “f +...4 aS’ *f = 0, 
I Sf |] = || aeaf + anoSf + --- + aS *f || < BI fll. 


Somit ist der Hilfssatz bewiesen. Sei nun S; = S — II, 1 beliebig, dann haben 
S und S, denselben Bereich, dieselben Eigenfunktionen, S und S;, sind beide 
stetig oder beide unstetig; seien J, die Eigenwerte von S;, so ist 1, = |, — |, 
l, = I, + 1, S und 8; haben daher (s. 4.4) denselben Grad, und die Eigenwerte 
von S; sind dann und nur dann simtlich von Null verschieden, wenn / von allen 
1, verschieden ist. Fir alle f aus Ds ist: 


k—-1 


(44) P,(Sf) = i (§ — hD)} Pie ve 2. op} f = P,(Sf) =0. 


So ergibt sich leicht der Beweis des allgemeinen Falles, des Satzes IV. 

Mit Hilfe von Satz II folgt unschwer der 

Zusatz 1Va. Ist S vom allgebraischen Typ mit den Eigenwerten lo, i, --- l- 
und S, = S — ll, so ist der Vorrat von S,, die lineare Mannigfaltigkeit, welche 
durch die Vereinigungsmenge von Ri, Re, --- Res bestimmt ist. 


5. Satz V. Sei S vom algebraischen Typ, Grad k und beschrankt, {ga}, 
= 0 


n ,1,2.--- eine Funktionenfolge aus R, (q = 0,1, --- , & — 1), set die Folge 
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{gy,0} (P = 0, 1, cos ,k = k; n= 0, 1, 2, 2 ), also go. , P10, *** » Pk-10 ; 
cody Gil y 1 yp PRAA FOR, PLA, °° Ph 30,3, --- ein in Ds abgeschlossenes 
System. Dann ist die Folge {gn}, n = 0, 1, 2, --- , ein in R, abgeschlossenes 
System fiir jedes q,q=0,1,---,k—1. 

Hurssatz Va. Set S wie oben, {®,} ein in Ds abgeschlossenes System, d.h. 
wenn f aus Ds beliebig gegeben ist, sollen zu jedem « > 0 Zahlen a, a, ---, 
dm, m = 0, vorhanden sein der Art, dass || f — ao® — a4 — --- — Gn Pn || S € 
it, Dann ist die Folge {X%?} = {Qq(S®,)} (s. 2.2), n = 0,1, ---, ein in Ry 
abgeschlossenes System. 

Nach Hilfssatz Ia (a) ist X ‘@ eine zu 1, gehérige Eigenfunktion oder Null, 
die Transformation Q,(Sf) ist auch beschriinkt, also || Q.(Sf) || < A ||f ||. Sei 
y,aus R, gewahlt, m, do, di, --- , dmSo bestimmt, dass ¥, — dohy — a1% — --- 
— dnPn = 7, || 7 || S €/A ist. Hieraus folgt: 


Qa(SHa) ao), (S Bo) €: aiQ,(S 1) wieiheticeaae 4 OmQa(S hm) = Q,(Sn). 
Aber Q,(Sy) ist He (8. 2.3), Qe(SBz) ist Xe’, | Qc(Sn) || S A ||n || S ¢, also 
Ile — oP tel? = ---. ~ ak? tt S<, 


(X} ist also ein in R, abgeschlossenes System. 

Sei {4;} nun die, nach Voraussetzung in Ds abgeschlossene, Folge {¢,,n}, 
p=0,1,---,k-—1,n =0,1,2, --- , dannist Q,(S¢,,,) = 0 oder g,,, fiir p ¥ 
beaw. p = q (s. 2.3), also die Folge {¢,,n}(q fest, n = 0, 1, 2 --- ) identisch mit 
{X!?} bis auf Nullelemente und daher ein in R, abgeschlossenes System.— 
Man beweist schliesslich unschwer: 

Zusatz VB. Wenn die Doppelfolge {yp,n} des Satzes V ein vollstdndiges ortho- 
normales System des als ein Hilbertscher Raum vorausgesetzten Bereiches Ds ist, 
ist {gon}, q fest, ein solches der abgeschlossenen linearen Mannigfaltigkeit KR, . 


6. Satz VI. Seien S und T Transformationen in $ von algebraischem Typ mit 
den gleichen Eigenwerten ly, l,, --- , ler, seien R, bezw. Ri (q = 0, 1,---, 
k — 1) die entsprechenden Réume der Eigenfunktionen. Eine lineare Trans- 
formation W in © bildet dann und nur dann jedes R, auf R;, oder einen Teil von 
Rt, ab, wenn ihr Bereich den von S enthdlt und fir alle f aus Ds ausserdem TWf Sinn 
hat und WSf = TWyf ist. 


Dieser Satz liefert fir involutorische Transformationen die sogenannten 
Beziehungen zwischen selbstreziproken Funktionen’ und wird ganz entsprechend 
wie dort bewiesen (s. Verf. III). 





*G. H. Hardy, and E. C. Titchmarsh, Proc. London Math. Soc. (2), 38 (1981), 225-32. 
E. C. Titchmarsh, Introduction to the Theory of Fourier Integrals, Oxford 1937; dort auch 
vollstindige weitere Literaturangabe. 
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7. Buisprece: Mogen H,(x) beaw. L‘,”’(x) die Hermiteschen bezw. Laguerre- 
schen Polynome bedeuten, ©, bezw. Y, fortan stets folgende Funktionen: 
eH, (x) . d’e* 
(2"-+/1)*’ dg ’ 

(ayy — Qn!e™ ) aH (a2). p(n) > (" + x)" 
(7.2) Vv, (x) =(Qoes 1) zx Ln (2°); n (x) x a—?F rl 
n = 0,1, 2,3, --- ; sei stets R(a) > —1. 


(7.1) $,(z) = H,(2) = (—1)"e™ 





A. Die Fourier-Transformation g = Swf, f(x, +++, 2s) €%(—@, 2), 
h21, 


g(x1, v2; intel. Ln) 


my, mh | 
= (2r)™ Lim. i f res eo 
—™m) —m);, 


m 1,mM2,°** > 
Bekanntlich ist S,) unitar, also auch stetig und abgeschlossen, 
(7.3) Sa, = (¢)"%, 
(7.4) Swf = If =f. 


Die Nullstellen des Polynoms P,(z) = 2‘ — 1 sind 1, = (2)*, g = 0, 1, 2, 3, also 
treten héchstens die 4 Eigenwerte 7° auf. Nun sind die Funktionen 


&(2, 9*t*,UMh Myers, Mn) Be Pn, (21) fn, (X2) ,,, (x3) pest) $,,(2n), 


wenn 7, %,---, unabhangig alle ganzen nicht negativen Zahlen durch- 
laufen, ein vollstindiges orthonormales System des Raumes g{”; wegen (7.3) ist 


L *nytnet:-:- 2 
SrP(a1, +++, ej MM, --+ , Mn) = 7" ne "*D(a1, +++, 2h jM1,-+*, MM); 


aiso treten alle 4 Eigenwerte auf, Sy) ist vom algebraischen Typ und Grad 4 
& ist fiir m: + me + --- +, = q (mod 4) eine zum Eigenwert 7* gehorige Eigen- 
funktion. Jedes , ist ein Hilbertscher Raum, da es nach IIIa eine abgeschlos- 
sene lineare Mannigfaltigkeit ist und es nicht bloss endlich viele linear unab- 
hingige Elemente enthalt. Es gelten alle oben bewiesenen Satze, insbesondere 
ist die Folge 


{ Ba, (21) Bay (22) +--+ Bay (aa)}, ImM+m+---+m=9 (mod 4)] 


ein vollstindiges orthonormales System des Hilbertschen Raumes 2, by 
Die Transformation Q,(Sf), welche &{” auf 9, projiziert, ist (s. 2.1) 


QS) = HF + (—1) Sf + Sf + (—1)*8%f}. 
B. Die Hankelsche Transformation g = Ty, f ¢ &(0, «) (s. 1). 





* Der Fall h = 1, g = 0 ist fiir andere Raume bei E. Feldheim, Bull. Sci. Math. 2, 61 
(1937), 10-18 behandelt, C.f. N. Wiener, The Fourier integral . . . (Cambridge 1933). 
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Da Tf —f = Oist, ist hier P,,(z) = z* — 1, Nullstellen sind = 1,1, = —1. 
Beide Eigenwerte treten auf, 7’ ist also vom algebraischen Typ, Grad 2, denn 


(7.5) TY” ™ (—1)"%5”, r= 0, 1, 2, a 
Durch Q,(7f) = 3{f + (—1)*Tf} wird %(0, ©) auf R, projiziert. Bekanntlich 


ist die Folge VS" ein in &(0, ©) abgeschlossenes System, daher sind {¥$* 

beaw. {Vac}, m = 0, 1, 2,---, nach Satz V abgeschlossene Systeme in den 
Hilbertschen Raéumen Sto bezw. 9: der “‘selbst-” beaw. “schiefreziproken”’ 
Funktionen. Wenn a reell ist, dann und nur dann ist 7 unitir, dann sind auch 


ww} bezw. {W32’}, {Wanis} vollstandige orthonormale Systeme von & bezw. 


Ro , Mi . 
C. Bedeute ((u)) die Differenz zwischen u und der nachsten ganzen Zahl, sei 


rreell. Die Transformationen 


g(x) = S,f = C, Lim. exp e _ : (x? + #’) cot 2nr | S(t) dt, 


no J—n sin 2ur 
(76) f(z) «&(— ©, @), 2r nicht ganz: S,f(x) = f(+2) fir r = 0 baw. } (mod 1). 
C, = (2r| sin 2rr |) exp [fix((4 — 2r))]. 
gz) = T.f=c Lim. io) exp| -3 (x? + ¢’) cot r| (tx)* f(t) dt, 
(7.7) f(z) €&(0. ©);r nicht ganz, S, = I fiir ganzes r; 
cy = |sin xr |~ exp [ix(1 + a)((4 — r))]. 


cos rt — cos r(x + 2r) 
cos mt — cos r(x — 2r) fit) dt 


+ $f(2r — x) + $f(2r + 2), 


r reell; f(x) € %(0, 1), gerade und periodisch, Periode 2, 

sollen die gemeinsame Bezeichnung V,, die Folgen {%,} bezw. {V,} bezw. 
{1, /2 cos rx +/2 cos 2rz, --- } die Bezeichnung {F,,} tragen. Firr = 1/4 ist 
S, die Fouriersche, fir r = 1/2 ist 7, die Hankelsche und U, die Transformation 
g(x) = f(1 — x). In einer anderen Arbeit® werden nun folgende einfache 
Gesetze bewiesen: Alle diese Transformationen existieren, sind, T, allerdings 
nur fir reelles a, unitdr, 


Y=, Vina = Vr; VeVe = Vrae; algo V;' = V_-; Vi = Vir 











id f* 
(78) g(x) = Uf = am | log 





"Das folgt, da &,(8) {w{(z)} far reelles 6 ein vollstandiges orthonormales System von 
%(0, ©) ist, fir a = 8 + iy leicht aus 


Ln (2) = > (" si sli ‘) L,((2) 


s=0 n—s8s 


*Quart. J. of Math. (Oxford) 10 (1939), 45-59. Dort Beweis von (T.5). 
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fir beliebiges ganzes k; seien r = m/k, m und k ganz, positiv und teilerfremd, so 


folgt 
r k 4 


Ferner ist exp (2ixrn)F, = V,F,. Daher ist Vm vom algebraischen Typ, 
Grad k, die Eigenwerte sind exp (2irgm/k), q = 0,1, --- ,& — 1, nach Satz V ms 
ist die Folge F, , Faiz, Foi2x , --- ein im Hilbertschen Raume , abgeschlossenes 
System, sogar fiir alle unitéren V ein vollstandiges orthonormales System von 
®,. Der Raum & wird auf ®, projiziert durch p 


OV = hE mV (-=") 


Sei & positiv und ganz, so ist S, fiir r = (4k) beaw. 7, fir r = (2k)™ eine k. 
Wurzel aus der Fourier- bezw. Hankel-Transformation, weil dann S* = S,, 
= Sis bezw. Yh = T er = Tye ist. 

D. Satz VII. Seiten Do, Di, --- ,Mesr beliebig gegebene lineare, linear 
rie unabhdngige Mannigfaltigkeiten in 9, ly, h,---,le+ beliebige voneinander 
‘ ate verschiedene endliche Zahlen. Dann gibt es stets genau eine Transformation von 

‘a algebraischem Typ, welche genau die Eigenwerte ly, li, --- , 4+ und als Réume 
der zugehérigen Eigenfunktionen Wo, Mtr, --- , Mer hat. 

Sei D, die durch Vereinigung aller Mengen Nt, bestimmte lineare Mannig- 
faltigkeit, dann ist sicher jedes fe D, in der Form f = fp + fi +--: + fi, 
faeM,, darstellbar, eindeutig wegen der linearen Unabhiangigkeit der M,. 
Man ordne nun f folgende Funktion zu: 


(7.9) g=Tf=hfrthhit+--- thafia. 


Die so definierte Transformation T ist sicher linear, es ist Tf, = 1,f, , die Schluss- 
weise von (2.4) u.s.w. ergibt die Behauptung. 

Sei 2.B. S = &(—~, ~);h, li, --- , k4 beliebig gegeben, Mt, sei der Hil- 
bertsche Raum mit dem vollstaéndigen orthonormalen System ,, ®4:, 
$,,2 , --+ , dann ist die gewiinschte Transformation, stetig nach Satz III, 

k—1 C 


(7.10) g() = TH = Lily DU, Sern) Peren(), fe, 
q=' n= 
welche sich durch folgenden Integraloperator darstellen lasst: 


k—1 —1 
g(a) = © Zu fi-9 SF (i 


i ie — > | 




















k= 
+ Lis. " [> l, > K,,(2, ») |p dy, 
y. 
on Raa = (ae in 2)" ew [ifs (1 2) — 24 











2 2 
(wy ety a=) 
vt (5 Qnr/k-—(iti uals 
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Pir gerades k ist hier in 2)’ das Glied mit r = 4h, fiir ungerades k ist das Glied 
KY4f(—2) > (—1)'l, fortzulassen. Man gewinnt (7.11) entsprechend wie (7.6), 
hier unter Benutzung einer leicht aus Mehlers Formel’ fiir |t| < 1, ganzes 
positives k und « = exp (2ix/k) beweisbaren Gleichung 
k—1 —ra . 2 2 2 2r 
¢ 4xyte’ — (x py eT 
Late) exp| 2(1 — te) 








r=0 


¥ rs.@)eW) = 7 


nwa (mod k) 
Tus University Epapaston, BrrMINGHAM, ENGLAND. 


er se ee 
*N. Wiener, l.c.; G. N. Watson, J. of London Math. Soc. 8 (1933), 194-9. 
Die Anregung zu dem letzten Beispiele verdanke ich Herrn H. Lewy, Berkeley. 
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fiir beliebiges ganzes k; seien r = m/k, m und k ganz, positiv und teilerfremd, so 


folgt 
. k/’ 


Ferner ist exp (2irrn)F, = V,F,. Daher ist Vm vom algebraischen Typ, 
Grad k, die Eigenwerte sind exp (2ixqm/k), q = 0,1, --- ,& — 1, nach Satz V 
ist die Folge F, , Faiz, Foio , --- ein im Hilbertschen Raume , abgeschlossenes 
System, sogar fiir alle unitéren V ein vollstandiges orthonormales System von 
®,. Der Raum & wird auf ®, projiziert durch 


Q.(V-f) = +. orrv.y'f, (- = *). 


Sei k positiv und ganz, so ist S, fiir r = (4k)~* beaw. 7; fiir r = (2k)~ eine k. 
Wurzel aus der Fourier- bezw. Hankel-Transformation, weil dann S* = S,, 
= Si bezw. 7 = T ker = Tye ist. 

D. Satz VII. Seiten Do, Du, --- , M+ belsebig gegebene lineare, linear 
unabhdngige Mannigfaltigkeiten in 9, lo, l,--- ,le+ beliebtge voneinander 
verschiedene endliche Zahlen. Dann gibt es stets genau eine Transformation von 
algebraischem Typ, welche genau die Eigenwerte lo, i, --- , 1 und als Réwme 
der zugehérigen Eigenfunktionen Mo, Dt, --- , Mea hat. ; 

Sei D, die durch Vereinigung aller Mengen Yt, bestimmte lineare Mannig- 
faltigkeit, dann ist sicher jedes fe D, in der Form f = fp +fit+---+ fin, 
fa ¢«M,, darstellbar, eindeutig wegen der linearen Unabhangigkeit der M,. 
Man ordne nun f folgende Funktion zu: 


(7.9) g=Tf=hbft+hfit--- + haf. 


Die so definierte Transformation T ist sicher linear, es ist Tf, = l,f, , die Schluss- 
weise von (2.4) u.s.w. ergibt die Behauptung. 


Sei z.B. = &(—~%, ~);h,h, --- , 1 beliebig gegeben, M, sei der Hil- 
bertsche Raum mit dem vollsténdigen orthonormalen System 4,, %4:, 
10%, --- , dann ist die gewiinschte Transformation, stetig nach Satz III, 

k—1 C) , 
(7.10) g(x) = Tf = > le D> (f, Beten) Pg4kn(2), fe, 
= n= 


welche sich durch folgenden Integraloperator darstellen lasst: 


g(x) = ee x l, oS > (—1)*, 





nfk—1 k—1 
+ Lim. b bps KoA, |p dy, 
(7.11) no J—n | s=0 r=] 


1 “a 
K,,. = k (2. sin — 


=) ee [{a(-2))- 3} 


k 
+ ( m. 2+ oo %)| 
"\sin Qar/k 2 i 
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ist hier i i itr = i k ist das Glied 
. des k ist hier in }>’ das Glied mit r = 3k, fiir ungerades 
oa > (-))L fortzulassen. Man gewinnt (7.11) entsprechend wie (7.6), 
hier unter Benutgung einer leicht aus Mehlers Formel’ fiir |¢| < 1, ganzes 
positives k und e = exp (2ix/k) beweisbaren Gleichung 
azo ee > * eas pre 4zyte’ — (2? + y*)(2 + 2 
dt Baa) = Ee He — Bey OP 2(1 — fe”) 


nzwa(mod k) 








Tus University Epepaston, BirMINGHAM, ENGLAND. 


_—_ 


*N. Wiener, l.c.; G. N. Watson, J. of London Math. Soc. 8 (1933), 194-9. 
Die Anregung zu dem letzten Beispiele verdanke ich Herrn H. Lewy, Berkeley. 
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ON THE EXISTENCE OF A MEASURE INVARIANT UNDER A 
TRANSFORMATION 


By J. C. Oxtrosy anp 8. M. ULam 
(Received April 12, 1939) 


1. Introduction 


“Transformations which leave a measure function invariant are of importance 
in many branches of mathematics, notably in dynamics and in the theory of 
probability. It is therefore of some interest to investigate under what circum- 
stances an invariant measure is possible. This may be considered part of the 
general problem of determining conditions under which there exists in a space 
a measure which is invariant under a group of transformations acting on the 
space. This problem has been solved only in special cases. Thus in case the 
space is a locally compact separable topological group, considered as acted 
upon by the group of right (or left) translations by its own elements, Haar’s 
theorem’ asserts the existence of an invariant measure. We consider the case 
of a general complete separable metric space acted on either by a group con- 
sisting of an automorphism and its powers, or by a one-parameter group of 
automorphisms. We shall set up a method which yields a finite invariant 
measure whenever such a measure is possible. 

One must, of course, specify what measure functions are to be admitted. 
In all cases they will be required to be completely additive, defined at least for 
all Borel sets, with real values 2 0, and not identically zero. For the most 
part, we shall be concerned with finite measures, that is, measure functions in 
which the whole space has finite measure. Only in §4 shall we consider infinite 
measures. A measure is said to be invariant under a transformation T' if 
m(TA) is defined and equal to m(A) whenever m(A) is defined. A measure is 
said to be invariant under a group of transformations if it is invariant under 
every transformation of the group. 

In the case of a compact metric space, Kryloff and Bogoliouboff’ have shown 
that every automorphism (that is, one-to-one bicontinuous transformation), and 
every one-parameter continuous group of automorphisms, possesses a finite 





1A. Haar, Der Massbegriff in der Theorie der kontinuerlichen Gruppen, Annals of Math. 
(2), 34 (1983) pp. 147-169. See also the note by 8. Banach in Saks, Theory of the Integral, 
Warsaw-Lwéw 1937, pp. 314-319. Also J. von Neumann, The uniqueness of Haar measure, 
Recueil mathématique Moscou, (1), vol. 43 (1936). 

? N. Kryloff and N. Bogoliouboff, La théorie générale de la mesure dans son application a 
Vétude des systémes dynamiques de la mécanique non linéaire, Annals of Math. (2), 38 (1937) 
pp. 65-113. Theorem 1, p. 92, states the result for a continuous group, and the same con- 
siderations apply to a single automorphism. 
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invariant measure. But in general, the existence of such a measure imposes a 
restriction on the transformation, and even in the compact case the only in- 
variant measures may be quite trivial ones, confined to a finite set of points. 
By using & somewhat more general method than that of Kryloff and Bogoliou- 
boff, we shall obtain a theorem which contains their result as a corollary, and 
shall also find necessary and sufficient conditions for the existence of non-trivial 


invariant measures. 


2. Finite measures invariant under a transformation 


TaeorEM 1: Let T be an automorphism of a complete separable metric space E. 
In order that there exist a finite invariant measure in E it is necessary and suffi- 
cient that for some point p and compact set C C E, we have 

_ ies 

lim = 2) fe(T"p) > 0, 

no 1 k=l 
where fc is the characteristic function of C. It is sufficient that the limit superior 
be positive. 

In words, the condition means that there exists a compact set some point of 
which returns with positive frequency (or superior frequency) under iteration 
of T. 

Suppose such a measure exists. If m(A) is any finite measure in a complete 
separable space, defined at least for Borel sets, there exists a compact set C 
with positive measure.* Since the measure is assumed invariant under 7, it 
follows from the ergodic theorem of Birkhoff* that the limit 


aii hk = 
f*(p) = lim - D) fe(T*p) 
no 1 k=1 
exists for almost all p, is measurable (m), and that 


[ #@) amp) = mo). 


Hence the integrand must be defined and positive for at least one point p. 

To prove sufficiency, it is convenient to make use of a notion of generalized 
limit due to Mazur and Banach. Namely, there exists a real-valued functional 
Lim , , defined for all bounded sequences {£,} of real numbers, such that 

1) Lim (ag, + bmn) = a Lim &, + b Lim 9, a, b real 

2) Llimt, 20 if & 20 for n=1,2,--- 





: 8. Ulam, Sur la mesure dans un espace séparable et complet, to appear in Comptes Rendus 
(Paris). The proof runs briefly as follows. Let 2, 22, --- be a sequence of points dense in 
n=N 


k 
E. Let Sn denote the closed sphere with center z, and radius 1/k, and let Fv = om Sn- 
Suppose 0 < « < m(E) given. Define successively N;, N2, --- where N; is the least 
positive integer such that m(LIi Fy.) > m(E)—e. Theclosed set C = Il? Fy, is totally 
bounded, therefore compact, and m(C) = m(E) — «. 


‘See e. g. E. Hopf, Ergodentheorie, Ergebnisse der Mathematik und ihrer Grenzgebiete, 
Berlin 1987, §14. 
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8) Lim é ayi= Lim &, 
4) lim inf + (&, + --- + &) S Lim &, S lim sup = (& + «++ +6). 


no 8-0 


The generalized limit is thus an extension of the limit by first means. In addi- 
tion, it can be so defined that for any prescribed bounded sequence {z° } we have 
5) Lim & = lim sup > +++) + £8). 


The existence of a generalized limit with these properties is an immediate 
consequence of a theorem of Banach on extension of linear functionals.’ We 
shall take ¢, = f-(T"p), so that under our hypotheses Lim fc(T"p) > 0. For 
every open set G C E define F(G) = Lim fe(T"p). Following the procedure 
of Carathéodory, for every set A C E define m*(A) = inf hy F(G,), taking 
all sequences of open sets G, such that A C }-*G,. The resulting set func- 
tion is then an outer measure in the sense of Carathéodory, and hence defines a 
completely additive measure whose domain of definition includes all Borel sets. 
The measure is invariant under T in virtue of condition 3), it is always < 1 
since F(Z) = 1. Furthermore m(C) > 0, because any covering of the compact 
set C contains a finite subfamily which covers C, and from the linearity of the 
functional Lim £, it follows that m*(C) 2 Lim f-(T"p) > 0. Hence m(E) > 0, 
and the measure can be normalized so that m(H) = 1. It may be remarked 
that the set function m*(A) could be defined starting with an arbitrary point p. 
The sufficient condition stated in the theorem merely plays the réle of insuring 
that the resulting measure be not identically zero. 

If the space is compact, the condition is trivially satisfied by taking C = E 
and an arbitrary point p, so that in this case an invariant measure always 
exists, as was shown by Kryloff and Bogoliouboff. The condition is also satis- 
fied if p is taken to be a periodic point and C the set of its images. But in this 
case the measure obtained is quite trivial, being confined to p and its images. 
Even in the compact case, however, the only finite invariant measures may be 
confined to a finite set of points, as is seen by considering the automorphism 
Tx = x’ of the interval 0 < x <1. To obtain a condition for the existence of 
a non-trivial invariant measure, we distinguish two cases according as there 
are countably or uncountably many periodic points. We shall see that in the 
latter case a non-trivial invariant measure always exists, and in the former case 
a condition similar to that given in Theorem 1 is necessary and sufficient. 

Suppose first that there are non-denumerably many periodic points. Let 
E,,n = 1, 2, --- , be the set of points p such that T"p = p. At least one of 
the sets Z,, must be non-denumerable, since their union is. Let Ey be the first 
such set. Then the set Ey — >>!’ E, is a closed, non-denumerable subset 
of a complete separable space, and hence, by the theorem of Cantor-Bendixson, 





* Banach, Théorie des opérations linéaires, Warsaw 1932, p. 27 Theorem 1. In the ter- 
minology there used one need merely take p({£,}) = lim sup A (fi ++ +++ Eq), and f({tén}) = 
nao nN 


t p({én}) in the linear manifold determined by the element {£2}. 
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contains a non-void perfect subset. This, in turn, contains a subset C homeo- 
morphic to the Cantor set. Let m(A) be a finite measure in C which is zero 
for points.” The measure m(A) = )-} m(C-T"A), defined for all Borel sets, 
is a finite measure, zero for points, and invariant under T. The measure is, 
in fact, confined to C and its N — 1 disjoint images. 

Suppose now that there are only countably many periodic points. The com- 
plementary invariant set E, of non-periodic points is G; , and therefore homeo- 
morphic to 2 complete space EY? Let 7; denote the transformation T 
considered as operating only within Z,, and let 7; be the corresponding auto- 
morphism of Ej. A non-trivial measure in E must be confined to Ey, since 
the rest of the space is countable. Thus 7 will admit a non-trivial invariant 
measure if and only if T; does. Buta measure invariant under 77 is necessarily 
zero for points, since a non-periodic point cannot have positive measure if the 
measure of the whole space is to be finite. Thus Theorem 1 applies to 71, 
and since the condition stated there holds in E} if and only if it holds in F,, 
our conclusion can be stated thus, 

TuroreM 2: In order that an automorphism T of a complete separable metric 
space E admit a finite invariant measure which is zero for points, tt is necessary 
and sufficient that one of the following conditions hold, 

1. T has non-denumerably many periodic points. 

2. There is a compact set C consisting of non-periodic points some one of which 
returns to C with positive frequency (or superior frequency) under iteration of T. 


3, Finite measures invariant under a one-parameter group of transformations 


The above methods can be adapted to the treatment of steady flows as well 
as transformations. By a steady flow we shall mean a one-parameter group 
of automorphisms 7,27, —2© < X < +o, of E such that T)7T,x = Tyi,2, 
TX =z. Weshall assume further that the dependence of 7')x upon ) is Borel 
measurable for each fixed x. In other words, for each z and each closed set 
FC E the set of numbers A such that 7,2 ¢ F is a Borel subset of the real number 
system. From these assumptions it follows that 7x is a Borel measurable 
function of \ and z simultaneously.” It is therefore measurable in the sense 
of Hopf” with respect to any Borel measure, and the ergodic theorem can be 
applied in any such invariant measure. 

THEOREM 3: Let Tx be a steady flow (in the sense just defined) of a complete 
separable metric space E into itself. There exists a finite invariant measure in E 





‘See e.g. Kuratowski, Topologie I, Warsaw-Lwéw 1933, p. 228. 

"Such a measure may conveniently be defined by mapping C homeomorphically onto a 
Cantor set of Lebesgue measure one on the interval 0 < z S 2 and taking the relative 
Lebesgue measure. It may be assumed further that the measure is positive for non-void 
relatively open subsets, a remark we shall use later. 

* See e.g. Kuratowski, op. cit., p. 200. 

* See e.g. Kuratowski, op. cit., p. 180. 

E. Hopf, op. cit., p. 9, Definition 3.4. 
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if and only if for some point p and compact set C C E the limit (or limit superior) 
t 
as t— © of the expression 3 [ fc(Typ) dd ts positive. 
0 


The necessity of the condition follows immediately from the ergodic theorem 
and the existence of a compact set of positive measure, just as in the proof of 
Theorem 1. To prove sufficiency, we define a generalized limit Lim f(,) for 
all bounded Lebesgue measurable functions f(A), — © <A’ < +, fulfilling the 
conditions,” 

1) Lim [af(A) + bg(A)] = a Lim f(A) + 6 Lim g(A) a, 6 real 

2) Lim f(A) 2 Oif f(A) 2 0 

3) Lim f(A + Ao) = Lim f(A) Xo real 


t t 
4) itm inf ; [ f(s) dd < Lim f(a) S lim sup : [ f(r) ad 
t—0o 0 t—0 0 


5) Lim fo(A) = lim sup ; [ fo(d) dd where fo(A) = fc(Txp). 


We define F(G) = Lim fe(Typ) for every open set G C E, and m*(A) = 
inf >“? F(G,) for all sequences of open sets G, whose union contains A. By 
an argument exactly similar to that in the proof of Theorem 1, we conclude 
that m*(A) is a Carathéodory outer measure which defines a finite measure 
invariant under the group 7’. 


V ll 


4. Infinite invariant measures 


A simple example of a transformation which admits no finite invariant 
measure is the automorphism 7x = x + 1 of the real number system. A 
more interesting example is the following. Let 7 be a rotation of the circum- 
ference of the unit circle through an irrational angle. Let C be a nowhere dense 
perfect set on E with positive linear measure. The set Ei = E — “2 7'C 
is then an invariant set of measure zero. Since it is Gs, it may be supposed 
re-metrized so as to be complete. Let 71 be the transformation 7’ considered 
as an automorphism of Z,. 7 admits no finite invariant measure, for such 
a measure would yield at once a measure in E invariant under 7’ and positive 
for the set E,. But the ordinary linear measure in E is the only finite measure 
invariant under 7’, and in this measure EZ, has measure zero. 

The first of these examples, of course, admits an infinite invariant measure, 
and one may ask whether such a measure always exists. We proceed to show 
that this is the case, and indeed that the measure may be made to satisfy 
certain additional requirements, 

Turorem 4: Let T be an automorphism of a metric space E, complete, separable, 
and dense in itself. There exists in E a finite or infinite measure m(A), which 
is invariant under T, defined for Borel sets, zero for points, positive (possibly 
infinite) for non-void open sets, and such that there is a set Ao of finite measure 





t 
11 See footnote 5. Here we take p[z(d)] = lim sup ; [ z(d) dd and f[txo(A)] = t plzo(d)] 
t—0 0 
in the linear manifold determined by (a). 
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; hose images T*Ao, kK = —®, ---, +, are all disjoint and together exhaust ¢ 
ror) w ; he n EB” 

all but a finite amount of t measure in E. gh. 

Let us prove first of all that if S is any open sphere in which non-periodic i 

points are dense, we can find a set C C S which is homeomorphic to the Cantor 


oo set and whose images under powers of 7’ and 7” ‘ are all disjoint. Let us con- 
; ‘as sider the open set E,; = b Boe T*S as our space. This will likewise be separable, 
? ‘ ‘ dense in itself, and can be re-metrized so as to be complete. In it, non-periodic 
the 





points form a dense G; set, therefore residual, and therefore non-denumerable 
in every neighborhood. We wish to define closed spheres Sj,...;,; 1, --- , in = 
1,2;n = 1,2, --- , such that 1) the sets 7"S,,...;,,4 = 0, 1,---, &(n— 1); hu 
i, +++, in = 1, 2 are disjoint, 2) S;,...4,C Si,...;,-,, and 3) Sj,...;, has radius Abs 
less than 1/n. This is easily done step by step. S, and S2: may be taken et i 
to be any two disjoint closed spheres of radius less than one. Suppose S,,...:,-, , ti bi 
ij, -++,%n-1 = 1, 2, already defined. In the interior of each of these spheres ofat | 
choose two points 2j,...:, , tr = 1, 2, such that the 2” points 2;,...;, are distinct ; 
together with all of their images. This can be done, since, as we have seen, | 
non-periodic points are non-denumerable in every sphere. Any sufficiently 








ed small spheres about the points 2;,...;, will serve to define the spheres S;,...;, . 
are From the conditions 1), 2), and 3) it follows that the set 
= i hah 
C= II tn Si;.. +t es | 
nm=1 41,°°*,t,=1,2 , i. 
ant is homeomorphic to the Cantor set and that all its images are disjoint.” i 
A We are now ready to prove the theorem. Let S,, S2,--- be a sequence ij 
m- of open spheres which constitute a base for open sets in E. Let Sx, , Si, , --- bi 
ise be the subsequence of all spheres S, in which non-periodic points are dense, 
CO and let S:, , Si, , --+ be the subsequence of spheres S, which consist of periodic 
ed points only. These two subsequences, of which one or the other may be void, 
ed together constitute a base for open sets in EZ. For consider any sphere S,,. 
ch If the periodic points in it form a set of first category in E, it belongs to the 
ve subsequence S;, , and otherwise it contains one of the spheres S;,. For the 
re present let us assume that neither subsequence is void. Let C, be a Cantor 
set contained in S;, whose images are all disjoint. Supposing Ci, C2, --- ,Cr4 
e, defined, let C,, be a Cantor set with disjoint images and contained in the first 
) 
y " The condition that the space be dense in itself is clearly necessary, since an isolated 
point is itself an open set. This assumption can be dropped if it is required that the meas- 
, ure be positive only for non-denumerable open sets, but then it must be explicitly assumed 
é, that the space is not countable. It may be remarked that non-void open sets may neces- 
h sarily have infinite measure. In the case of the automorphism 7; of the space E, just 
ly considered, every non-void open set has a finite number of images which cover the space, 
ws and therefore must have infinite measure. In this space no open set is compact, but one Bi: 


cannot strengthen the theorem even to require that compact open sets have finite measure, 
48 18 seen again by the example 7'z = 2? on the interval 0S z <1. 

)] “From what has just been proved it follows that there exists a Cantor set on the cir- 
cumference of the circle whose images under a given irrational rotation are all disjoint. 
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sphere S;,, which overlaps no image of Ci,---,Cn1. We thus arrive at a 

finite or infinite sequence of sets C; which are disjoint together with all their 

ome images. Let m;(A) be any normalized measure in C; which is zero for points 

ee | and positive for non-void relatively open subsets. The measure 
{ 


+00 
mo(A) = » 2 = m(T* A-C;) 

k=—co Ot 
will be an infinite invariant measure, defined for Borel sets in EZ, zero for points 
and positive for all S,,. Now let G; = )>*57"S,,. This open invariant 
set may be considered a complete space, and since periodic points are non- 
denumerable in it, we can apply Theorem 2 and get a normalized invariant 
measure y;(A) which is zero for points. The measure u(A) = p>; 2 *ui(A -G4), 
defined for Borel sets, will be finite, zero for points, positive for all S;, , and in- si 
variant under 7. Finally, the measure m(A) = mo(A) + u(A) will satisfy 
all requirements of the theorem, with Ay = > C;. If the sequence S,, is 
void, the measure m(A) alone suffices. If the sequence S;; is void, the measure (L 
u(A) suffices, with A» taken to be the void set. 
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ON AN INEQUALITY OF MARCEL RIESZ° 


By L. C. Youne 
(Received February 13, 1939) 


1. Introduction 


The object of this note is to give a new proof of the inequality of Marcel 
Riesz.’ In its original statement, this inequality, which has important applica- 
tions in the theory of Fourier series and in the general theory of linear operations, 
concerns a bilinear form. We prefer the equivalent statement” as a theorem 
concerning the maximum 





av Fs (2) 
(1.1) Mag so Max F,(2) 
of the ratio of two expressions, F3 (x) and F(x) defined when 0 S a S 1 and 
0 < B < 1, each of which may be regarded as a kind of generalized “magnitude” 
of the n-dimensional vector z. 

In the form in which we shall prove it, the theorem is made up of two parts: 

(i) a general inequality involving several kinds of perfectly general ‘‘magni- 
tudes” of the vector x (the inequality (3.4) below). 

(ii) a special property of the particular expressions F.(xz) and F3(x) with 
which Marcel Riesz’s theorem is concerned (the property stated in (5.2) and 
(5.5) below). These particular expressions, which we shall speak of as “Hélder 
functions,”’ are defined by the relations 


[Siya(x)]* when 0<a Xl, 


(1.2) F.(@) = lim [Sye(2)|" when « = 0." 


(1.3) F53(a) = Fo(a-A) (0 <6 31) 





‘Since this paper was written, the author’s attention has been drawn to an extremely 
important extension of M. Riesz’s original theorem in a different direction from that of 
the consideration of the present paper. Cf. G. O. Thorin, ‘‘An extension of a convexity 
theorem due to M. Riesz”, Kungl. Fysiografiska Sallskapets. I, Lund Férhandlinger, Bd. 
8, No. 14 (9 Mar. 1938). 

‘Cf. M. Riesz, Acta Mathematica 49 (1927), pp. 465-497; Hardy, Littlewood, and Polya, 
Inequalities, pp. 214-221; and Zygmund, Trigonometrical series, pp. 192-200. 

* Actually this is a little more general. The original form of the theorem would corre- 
spond to the case in which the matrix A [in (1.3) below] fulfils additional conditions which 
render it equivalent to a complex N-dimensional matrix, where N = }3n. 

*For the existence of this limit, ef. Hardy, Littlewood and Polya, loc. cit. 
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568 L. C. YOUNG 

where A is a square n-dimensional matrix and where 
2N 

(1.4) S,(z) = D> | xen + izen|’ when r> 0, 
h=1 


the dimension n of the vector z being now restricted to be even and equal to 2N. 
[Actually, slightly different ways of choosing S,(x) are possible* and these give 
rise to minor variants of the theorem.] 

With these definitions, Marcel Riesz’s theorem asserts that 


(1.5) The expression 
log Mag 


is a convex function of a, B in the triang™leO SB Sa Sil. 

By combining (i) and (ii) we obtain this theorem apart from the usual minor 
simplifications which are permissible by continuity.’ More precisely we obtain 
the following assertion in the case in which Mg is defined by (1.1)-(1.4) where 
we now suppose that A is a matrix with non-vanishing determinant: 


(1.6) Given any two points (a1 , B:) and (az , Be) of the triangle 

(1.7) 0<B<a<l, 

there exists on the open segment 

(1.8) a = ta; + (1 — fae, B= tii + (1 — th, (0<t< }), 
which joins (a , Bi) and (az , Be), at least one point (a, B) such that 

(1.9) Mop S (Mayp,)'(Mazs,) 


2. Notions connected with magnitude of a vector 


In the sequel we employ the usual vector notation: z and y denote the vectors 
(m1, ---,%n) and (y:, --- , yn), e + y denotes their sum (a1 + y1, «++ , Xn + Yn); 
x-y their scalar product, the number zy; + --- + 2nYn ; While for real t, tz 
denotes the vector (t1, ---, tn). We write, further, 0 for (0, --- , 0), 2° for x-z. 

The “‘magnitude’’ of a vector z, just like the “distance” of two points x and y, 
is to some extent an arbitrary notion which we need not link in any way with the 
theorem of Pythagoras. Following Minkowski, any function F(x) may be 
interpreted as the magnitude of the vector 2, if 

( (i) F(z) > 0 when z # 0, 


(2.1) (ii) F(z) = tF(xz) when ¢ 2 0, 


(iii) F(z) + Fy) = F(@ + y). 





4 We require only (4.1) and (4.2) below, and homogeneity of degree r, together with the 
condition that (1.2) defines a function subject to (2.1) forO Sa 1. 
’ Hardy, Littlewood and Polya, loc. cit. 


* In the rest of this note this hypothesis about the matrix A will be made wherever A 
occurs. 
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Any such a& function is termed’ also function of distance of a convex body K 
containing the origin, and K is the set of vectors z such that F(x) < 1. 

The validity of (2.1) when F(z) is the Hélder function (1.2) is little more than a 
restatement of “Minkowski’s inequality.” Similarly (2.1) holds when F(z) is 
the Holder function (1.3), provided that’ the matrix A has a non-vanishing 
determinant. 

With the function F(x) there is associated a second function G(y), called its 
polar function, defined by the relation 


(2.2) Gy) = Max Fe) 
In the theory of convex bodies,”® the function G(y) is known as the “Stiitz- 
funktion” of the convex body K. It may be defined geometrically by means of 
the transformation of reciprocal polars with respect to the unit sphere 2” = 1. 
The notion of polar function is due to Minkowski who showed” that G(y) 
fulfils the same relations (2.1) as the function F(x), and that the relationship of 
the functions F(x), G(y) is a symmetrical” one, a fact which is almost evident 
from the connection with reciprocal polars. It follows that 


23 F(z) = Max =. 
(2.3) (x) lax Cy) 
Finally, we observe that either of the relations (2.2), (2.3) implies 
(2.4) t-y S F(z)Gy). 


The inequality, together with its converses (2.2) and (2.3), is implicitly contained 
in the work of Minkowski. Its first explicit use, as an inequality, in this general 
form, is due to Mahler,” who makes important applications to the theory of 
numbers. We shall call it the Minkowski-Mahler inequality. 

It follows at once that Mag , defined by (1.1), is also given by 


(28) Mug = Max ae 








"Cf. Bonnesen and Fenchel, Theorie der konvexen Kérper, pp. 21-23. 

*Cf. Hardy, Littlewood and Polya, pp. 30, 31. 

* This restriction is needed for the validity of (2.1) (i). 

Cf. Bonnesen and Fenchel, loc. cit., pp. 23-28 and Mahler." 

It is easy to see that, by homogeneity of F(z) [i.e. by the relation (2.1) (ii)], the defini- 
tion (2.2) of G(y) given in the text is equivalent to what Bonnesen and Fenchel call the 
“maximum property” of the Stiitzfunktion [cf., loc. cit., p. 24, lines 3-5). 

"Cf. Bonnesen and Fenchel, loc. cit., p. 24. 

® Thidem, p. 28. 

“Mahler, Uber polare convexe Kérper, Casopis, Praha, (not yet appeared). 

Dr. Mahler very kindly communicated his results to the writer while they were still 
unpublished and made a number of important suggestions regarding the present note. 
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where G,(y) and G3(y) are the polar functions of F.(x) and F3(z) respectively. 
In fact, by (2.2) and (2.3), 


F5 (2) ry Galy) 
= Max Max —2-¥ eile OO 
Mg) eee gi (y) 
If we restrict F.(x) and Fs(x) to be“ the Hélder functions (1.2) and (1.3), 
(2.6) Galy) = Fi-a(y),  G@s(y) = Ga(Az”) 


where A’ is the inverse matrix to A. The second of these formulae is an imme- 
diate consequence of the definition (2.2) when we make the substitution 


X = 2A", Y=A’'y, 





which leaves the scalar product X - Y = x - yinvariant. While the first of the 
relations (2.6) is only another way of saying that when F(z) is the Hélder 
function (1.2), the relations (2.2)—(2.4) reduce to ““Hélder’s inequality” together 
with its converses.” 


3. A transformation of the same type as that of poles and polars 


Given any differentiable function @(x) of the vector x, we write 


ob _ (2 Z ) 
ax i, Oe 
for the gradient of ®(z). 


Let us suppose that (x) is the function of distance of a certain convex body 
containing the origin. The transformation 


ae 
(3.1) y = {&@)}-— 


may be regarded as generalizing that of poles and polars, since it associates with 
any 2 the coefficient yo of a certain plane (hyperplane) x - yo = 1, where, if 2 
lies on the boundary ®(x) = 1 of our convex body, ryo = 1 is the corresponding 
tangent plane (hyperplane). 

This being so, the relation G(y) S 1 may be written 


wcofo(*)I" «1 


and in this form the left-hand side is homogeneous of the first order. 





4 The relation (2.5) is valid when these two functions are quite arbitrary functions of 
distance of convex bodies containing the origin, and Mag is defined by (1.1). 

* Hardy, Littlewood and Polya, loc. cit., p. 26, theorems 14 and 15. 

Incidentally we see that the inequality of Minkowski-Mahler generalizes that of Holder. 
Other generalizations are studied in Hardy, Littlewood and Polya’s book, pp. 81-83. But 
that of Minkowski-Mahler is perhaps the simplest and most elegant, especially as it links 
up the inequality with a subject apparently far removed from it, namely with the geometry 
of poles and polars. 
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ON AN INEQUALITY OF MARCEL RIESZ 571 


Writing & for 1/A, we consider the function 


6.2) fla) = ®(2) {e (*)\ 


This function may be regarded as a transform of the function F(z) when F(z) 
and G(y) are polar functions. It may be observed that, when k = 1, and when 
4(z) is chosen to be the function of distance of the unit sphere, the transform 
f(z) reduces to G(z). 

Suppose now that, together with (x), F(x) and the transform f(x), we con- 
sider two further functions of distance of convex bodies containing the origin, 
6*(z), F*(x), and that we form the corresponding transform 





/ap*\ )* 
(3.3) f*(x) = &*(z) \o* (=) 
We assert that the following simple inequality holds: 
f*(z) F*(x)\* @*(z))1** 
(3.4) {Max FO) tax F eh > {Max ea : 


In fact, denoting by M the maximum of ®*(x)/#(z), we have, at a point 2 for 
which this maximum is attained 


ob* ob 
Kia sla He = Myo, say. 


Consequently, if we remember that, exactly as in (2.5),”° 
F*(z) Gy) 
Max —-— = Max ~—., 
z F(a) y G*(y) 
we find that the left-hand side of (3.4) is not less than the number 
sh (xo) { G(yo) \ = mit 
S(%o) \G*(yo) 
This completes the proof of the inequality (3.4). 





4. Elementary lemmas concerning the function S,(x) 


We observe that the function S,(z), defined in (1.4), has the property that, 
forr > 1, 

















1| aS, , .aS,| . ; ae! 0S. , . Se 
a fag + Se = | Loni + ire | Slims. + “ie 
= | a1 + ion | 
Hence, for s > 0 and t > 0, 
(411) : 261) = S.(2). 
S: s+1 ax Sis(z) 





* Cf. footnote fourteen. 
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Another property of the sums S,(x) that we shall require, is that if 0 S$ a <1, 1 


r>0,t > Oand ra + t(1 — a) = 8, then” P 
(4.2) Si(z) S {8,(z)}* - {8.(z)}**. 6, 
It is convenient to express (4.2) a little differently as follows: Le 
(4S) ‘Pinsent? 0 1S OXF 5S : > 0, and that the function (. 
e(z) = {S,(a)}*{Si(z)}" 6. 
ts homogeneous of degree linz. Then | wh 
(4.4) gy(z) = {S.x)}"" fd, w are both positive while (5. 
(4.5) g(x) S {S.(x)}"" af d, uw are of opposite signs. 
Suppose first that \ = 0, » = 0, and write a = Xs, so that ws = 1 — aand F. 
0SaZ1. Then (4.4 4) is equivalent to (4.2), which is satisfied since an 
ra + t(1 — a) = s(rAX + tu) = 8 (5. 
on account of the relation rs + tu = 1 which follows from the fact that ¢(z) is let 
homogeneous of degree 1. (3: 

Suppose now that \ and uw have opposite signs, and without loss of generality, 
let} S$ 0 <u. In this case (4.5) may be written (6. 
(4.6) {Si(a)}"" S {S.(@)}"" Sw) NP ‘ 
whi 

and is a consequence of (4.4) since the exponents are now positive on the right, 
their sum being (5. 

ree err 

gut ut ut\s le 
and since the a side of er is ere in x of degree - 
+r Pat —r) = =1. af 


= Pa 
This completes the proof. 
5. Transforms of Hélder functions 


Suppose that ®(x) and F(x) are the two Hélder functions F(z) and F.,(z). 
The transform f(x) exists, if 0 < a < 1, since F,(z) is differentiable, and we 


find, by (4.1), 
" 1 @Sya\\"* I 
{ F(x) }***-*/ {Sua-eo(2 )} 


id { S,(ar)} 9 *-*§ S (2) }Pa* 
where r = 1/aandt = (a — 1)/(1 — a). 


f(@) 





(5.1) 





1” Hardy, Littlewood and Polya, loc. cit., p. 27 (6 lines from the bottom). 








wh. 3: 
$i 
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y Writing ag = a + k(@ — a) for the sum of the exponents of S,(x) and S;(x) 
| on the right of (5.1), we deduce at once from (4.3) the following result. 

(5.2) Suppose that0< am <10<a<1,k > 0, anda, =a+ ka — a)."* 

Let (rz) = Fa(x) and F(x) = Fa,(x), and let f(x) be their transform defined in 


be Me ery eae? “ 
a AO sn ANS OAR A LTT AL LLANES AL GO 
bad 


(3.2). Then F 
Pr k y 
63) fla) 2 Fale) f aB 4, i! 
while ad 
k I 
vile (54) f(z) SF. (t) ff as i+k’ ; 4 | 
: Exactly the same property as is expressed by (5.2), for the system of functions i . | ) 
nd F,(z) (0 < @ < 1), holds also for the system of functions Fs(z) (0 < B < 1), 4f 


and may be stated as follows: 
(5.5) Suppose that0 < Bi < 1,0 <6. < 1,k > Oand Bp = B+ kip — B:). 


is Le $*(x) = F3(x) and F*(x) = F3, (x), and let f*(x) be their transform defined in ‘ . 
ty, 4 . j val 
(5.6) f*(z) = Fs, (z) af B= i+k’ ie | 
while ; 
ht, ‘ 
* | 
(5.7) #£@) SFs,(2) f BS; Tre a 


To deduce (5.5) from (5.2) it is sufficient to remark that if we write *(x) = 

(z . A) and F*(x) = F(z - A) then f*(x) = f(x - A) where f(x) is defined by (3.2). 
This is so, since the polar functions of F*(x) and F(z) fulfil the relation G*(y) = 
G(A~'y) and therefore, writing X for rA, 


o (Ge) (ate) (44) 


t). = G (=. 


ve 
6. Proof of Marcel Riesz’s theorem 





Let us now write 


k f*(z) 
i= ——. m = Max—— 
k+l’ 2 fiz) 
SS 
'® These relations evidently imply 0 < a < 1 since a may be written (ka; + as)/(k + 1) 
48 mean of a and ae. 
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so that k > 0 becomes 0 < ¢ < 1, and the relations between a , a2, and a, and 


between #; , Bz , and 8 become identical with (1.8). 
Choosing %, F, &*, F* as in (5.2) and (5.5) it is clear on the one hand that 


(3.4) gives 
(6.1) (Ma,s,)'m’ ‘= Mag, 
while on the other hand, from (5.3) and (5.7), 
(6.2) ms M,,, if azt2B. 
Hence to establish (1.6) it is sufficient to show that there exists at least one 
value of ¢ such that a 2 ¢ 2 B where a and B are the linear functions of ¢ given 


by (1.8) and where 0 <¢ <1. Now for everytin 0 <t <1, wehave0 <p < 
a <1. If therefore we choose ¢ = a = az/[a2+(1 — a)], the conditions are 


satisfied. 
This completes the proof of (1.6) and so of (1.5). 


Trinity COLLEGE, 
CAMBRIDGE, ENGLAND. 
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LINEAR TOPOLOGICAL GROUPS ny 


By E. W. Paxson Lek 
(Received November 3, 1938) al | 
We wish to demonstrate the following . x ii} 
Turorem. Every Abelian, convex, connected, and sequentially complete topologi- i! 
cal (Hausdorff) group, which possesses no elements of finite order, is a pseudo- 
normed linear topological space. 
A group so conditioned may be called linear topological. For the notion of 
pseudo-norm see [1] p. 18. 


1. Let G denote an abstract set of elements called points subjected to a 
Hausdorff neighborhood topology ([2] pp. 228-9) and supporting a group com- 
posed additively with identity written 0. Following [3] we formulate continuity 
of the group operations in the following convenient fashion (neighborhoods of 
ae@ being written Uz, Va, Wa etc.): 
81. For every Uass there exist U, and U» such that bees ie 


Ce + U; b i Ua ” 
82. For every Uo there exists Vo such that 
—Vy, CUp. 


We suppose further that © is connected. If © satisfies also 
83. For every Uo and each positive integer n 


Us Cn, 


then © is said to be convex. Under convexity it is clear that Ug = nUo. 

Lemma 1. For every Uo there exists Wo such that + Wy C Up. 

For we have —Vp C Up, anda Wo C Vo tf) Uo. Then —Wo C —Voete. 

Lemma 2. The topologies {Ua}, {Uo + a} and {a + Uo} are equivalent. 

By [3] (Lemma 1) each a ¢ G and each U» determine U, such that U, Ca + Up 
ad U, C Uy + a. Also for a = a and b = —a we have for any U, by the 
same lemma Uz. = Uy such that Up C U, — a, (Uo + a C Uz) and Up C —a + 
Us, (a + Uo G U,). P 

This uniformization permits us to topologize © entirely through neighborhoods 
of 0, now to be written U, V, W ete. 

Lemma 3. The operations a + b and —a are continuous. 

We have by S1 for any U, V, and Vzsuch that Vit V.2CU. AlsoW CViN 
Vand hence W + WCU. Continuity of + isimmediate. Hence continuity 
of the inverse need be proved only at 0 and S2 makes this clear. 








'A + B means the set of alla + b,a¢A,beB. nA (na positive integer) means the 


etofallna=a+ta+--.-+a (n summands) withaeA. A*meansA+A+:--+A 
(n summands). 
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In the sequel © shall be taken Abelian. 

DeriniTion 1. A set S C @ is said to be bounded af for every U there exists q 
positive integer n such that S C U". 

Lemma 4. If G is connected then every (a) € G is bounded. 

For by [3] (Theorem 3) a connected group is covered by all finite iterations of 
any neighborhood of the identity. 

TuHEeoREM 1. © is a regular topological space. 

We have only to show that for every U there is determined V such that 
V CU, where the bar denotes closed hull. Asin Lemma3W+WcuU. 
Choose V such that + V C W. Take pe V. Then there exists g ¢ V such 
thatqep+V. Hence -pe-q+Vorpeq—-VCV—VCW+WcU, 
whence V C U. 

Lemma 5. The sets U + V and U" are open. If & is conver U" = J = 
nU = nU. 

These relations follow without difficulty. 


2. In the presence of convexity we can introduce formally in © a notion of 
rational linearity relative to any designated neighborhood of the identity. 
That is, the multiplier domain shall consist (for the present) only of real rationals. 

DEFINITION 2. (1/n) p = q means p = ng where n is a positive integer. Thus 
mng = mp is written mg = x = (m/n)p. 

THEOREM 2. The space & is closed under such multiplication. 

Take pe U. Let m, n be any positive integers. By convexity there exists 
q¢U such that p = nqgsince U CU" = nU. Thus (1/n)p = qand (m/n)p = 
mq, so that (m/n)p is well defined. This may be extended to any pe@. For 
by [3] (Theorem 3 and Lemma 6) p = Nq where g « U and N isa positive integer. 
Then (mN/n)q exists as above and so also (m/n)p. To continue this to the 
negative rationals we observe that since @ is connected @ = limy.. N-U. 
Hence for any —pe, (m/n)(—p) is well defined. This may be written 
(—m/n)p to complete the argument. 

THEOREM 3. If p «@ and (m/n) is an arbitrary rational number, the element 
q = (m/n)p is independent of U (is unique) if and only if © has no elements except 
the identity of finite order. 

Let gu = (m/n)p relative to U and gy = (m/n)p relative to V. Then 
nQvu = mp = ngy. Thus ngv = ngy. This implies gv = qv if and only if 
qv — Qv is not of finite order n. 

Notice that (1/n) 0 is not uniquely 0 in groups with non- 0 elements of finite 
order, as in, for example, the group of all rotations of a triangle where elements of 
all orders exist. Hence in what follows we take (m/n)p unique by stipulating 
that the group be of the type of the theorem. 

TuEorEM 4. For each U there exists W such that BW C U for B rational and 
-13 86841. 

Choose W with +W CU. By convexity B*'W C W, §* rational and 0 Bp" 
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<1. For if for some 6", say y, YW ¢ W, we have (y = (m/n), m <n) mW ¢ 
nW, W" & W" which is a contradiction. 

TazoreM 5. The product (m/n)p is continuous in p and rationally continuous 
in (m/n) (in an obvious sense). 

Since addition is continuous we may discuss the situation at the identity. 
Fix m/n and take aon = 0. Let N be the smallest integer such that 2” > m/n. 
Choosing Vi 2 V2, -:: as in Lemma 3 we have, using convexity, for any U, Vy 
such that 2.Vw C U. Then peV, implies (m/n)péeU since (m/n)V, = 
g*.2"V, C 2"Vw by Theorem 4 with 0 $ 8* S 1; m/n being taken with no loss 
of generality positive. Next fix p and choose indadicn 0. By Lemma 4 there 
exists N such that for any W, pe W* = N.W. By Theorem 4 take this W 
such that BW C U for an arbitrary U and —1 S 6 S +1, B rational. Then 
choosing 6 = (1/N) we have | a| < (1/N), a rational, implying ap e U. 

TuEorEM 6. @ is rational linear under the group sum and the multiplication 
above. 

We need be concerned only with multiplication and, in fact, with multiplica- 
tion by positive rationals of the form 1/n. Now (1/n)(f+ 9) = porf+g = np. 
Also n(1/nf + 1/ng) = f + 9 = mp or (1/n)f + (1/n)g = p. Consider next 
I/n(1/sf). Then f = sp and p = ng. Thus f = nsq or 1/nsf = g. But 
i/f = p = ng. Hence 1/n(1/sf) = =q. Lastly take (i/n + i/s)f =q. Now 
n+ sf = nf + sf = nsqand gq = 1/ns(nf + sf) = 1/sf + 1/nf by the properties 
above. 

THrorEM 7. For all rationals a, 8,0 S a < B (orB < a S 0) and for any U, 
al C BU. 

Choose V so that (+V)" C U. Take pe U(npenU). Then there exists 
geU so that gep + V or ngenp + nV ornpeng — nV. Thus npenU + 
U =n + 1U by convexity. Hence nU Cn + 1U. Next it follows that 
al + (1 — a)U = U fora = m/n(n = m2 0). For mU + (n — m)U = 
U" = nU by convexity and the result follows from the rational linearity. Since 
0¢U we have from the above aU C U for every rational a,0 S a 3 1. These 
remarks apply also to U. Finally, choosing n large enough so that (6n/n + 1) 
> a we have 

aU C (Bn/n + 1)U CBU. 


3. Theorem 7 permits us to induce in G a pseudo-norm. 

TaxoreM 8. There exists a continuous function (written || p||> following 
[I] p 18) that is on U to [0, 1] and is such that || 0 |\5 = 0 and || p||t = 1 for 
pethe frontier of U. 

By Theorem 7 we have for each n a sequence {m/2"U} where m = 0, 1, , 
2" such that 

(m’/2")U & (m’"/2")U (m’ < m”). 
By the same theorem for any m < 2” there exists (m + 4/2")U such that 


(m/2")U & (m + 4/2")U C (m + 1/2")U. 
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Thus for all dyadic rationals a sequence {m/2*U} with the closure inclusion 
property is defined inductively (tacit appeal being made to the Zermelo axiom), 
Now the sets 


A=JI]aU and B=TU OI pU 


a>0o B<1 
(a, B rationals) are closed sets, the first as the intersection of closed sets’ and the 
second as the frontier of U (remembering regularity). Now all details of the 
celebrated Urysohn Lemma (as in [4] p. 74) follow for U (considered as a relative 
space). Thus the existence of a continuous function is assured with value 0 
over A and 1 over B. It is monotonic throughout U in the sense that 


|| Pp llc = g.l.b. pe av{a} (rational a) 
referring again to Theorem 7. That is, this Urysohnian construction is equiva- 
lent to the attitude of v. Neumann (([1], p 18). 

THreorEM 9. There exists a continuous function || p ||v defined throughout & 
with the properties: a) || p ||v = 0, = 0 af and only if p « A (as above); b) || ap |\y 
= |a|-|| p||v (a rational); c) ||p + @|lv S || ilo + |l allo. 

For any qge@ by convexity and connectedness we have peU such that 
q = np for some positive integer n. Define || ¢ ||> = -|| p |[5. The continuity 
is evident. In a fashion analogous to the process of Theorem 7 construct 
\| p ll>o = gb. p.-av{a} (@ positive rational). Define finally 


l| p Ilo = max {|| p|[z, || p lla}. 


As the maximum of two continuous functions || p ||y is continuous. It is 
defined throughout G. It satisfies 


lp ilo = || —Pllo- 

From the definitions a) and b) now becomes obvious. It remains to prove the 
triangular inequality. To this end choose positive rational numbers as and az 
such that for an arbitrary 6 > 0, 

Ip lle +8<ay <||pllv +25,  |l gle +8 <az <|lq|lu +26. 
Then 
peta,U, getazyU, pt+qe+ (ap +a7)U 
by convexity. For from aU + (1 — a)U = U we have 


(8/8 + 7)U + (y/8 + 7)U = U. 
Then 


Ip + allo Sap + ay < || pllo + ll g|lv + 46. 
But 6 is arbitrary, giving the result. 


We remark particularly on the relativity of this norm concept. One should 
compare [1] p. 18, to which this discussion is parallel. It is to be noted that 





* Cf. Hilbert space weakly topologised as in [1] p. 15 where the notion of orthogonality 
makes (+0)U = A contain elements other than 0. 
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peU does not necessarily imply that || p||v <1. For then we would always 
have p « U implying —peU. That this is not necessarily true is seen from the 
example of the plane with neighborhoods taken as proper ellipses with one 
focus at the origin. That is, qualitatively speaking, the pseudo-unit-sphere is 
uniformly full. 

TazoreM 10. If © is sequentially complete a meaning can be assigned to 
-p where B is irrational and p ¢ @ such that G is closed under such (and rational) 
multiplication, such that B-p is continuous in the pair, and such that under it & is 
completely linear. 

We show first that if {a} is a sequence of rationals with irrational 6 as limit 
then for any p the sequence {amp} is fundamental. Let U be arbitrary. Then 
by the rational continuity of the product a - p there exists 6 > 0 such that 
ial <b,a rational, implies ape U. Since a», — B, {am} is a real fundamental 
sequence and hence for a chosen 6 there exists N such that n, m > N imply 
‘dn — Gm | < 6 where an — @mis rational. Thus (an — an)p = anp — amp ¢ U 
for n,m > N(U). Assuming sequential completeness a», p — gq which we shall 
wite8-p. This is unique. 

We next show that U determines V so that BV C U for all 8, -1 S$ B S 1. 
Choose W as in Theorem 4. Select V through regularity so that V C W. 
Then aV CaW°C U (arational, -1 Sa <1). Let pe V and take a, > vy, 
a» rational, y irrational, -1 S an,y $1. Then {amp} is a sequence from aV 
with y - p as limit. Thus ype V. Hence BV C U for all 8, —1 < B S 1. 
Now exactly as in Theorem 5 we prove that 6 - p is continuous in @ (in an ordi- 
nary sense. Continuity of 8 - p in the pair is also immediate. 

It is easy to see that 8 - p has the requisite properties of the product in a 
linear space. One uses sequences of rationals and continuity. We notice also 
that || Bp ||v = |B|-||p || for all 8. For || anp||v = | an|-|| p ||v and the 
result follows from the continuity of the pseudo-norm. 

The main Theorem of the paper may now be considered proved. It is further 
clear that the set of pseudo-spheres || p — po|| < 6 is a complete neighborhood 
system for G. 


4. A word with regard to the coalescence of these ideas with the customary 
ones in more common situations is to the point. Let now @ be a metric group 
with neighborhoods U taken as open spheres about 0. Then the pseudo- 
spheres || p ||y < 1 clearly coincide in extent with the spheres p(0, p) < 6 where 
6 > 0 determines V (the base neighborhood U being p(0, p) < 1 and of course 
T.s00U = (0)). But we can only say that the pseudo-norm topology is equiva- 
lent to the pre-existent metric topology. That is || p ||v and p(0, p) are not 
necessarily equal for all pe@. For consider the space E, (Fréchet) of ail 
sequences + = (4, %2,---,2n,---) under the metric 


* = 1 | tn — yn| 
p(z, y) = aac 1)!1+|an — yal 
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E,, then has placewise convergence, is bounded, but not compact. Choose U/ 
as the sphere of radius 1 and construct || --- ||v. Then p(0, z) = 1 is equivalent 
to || z ||v = 1 but for all other non-zero elements y, p(0, y) ¥ || y ||v because the 
pseudo-norm has the homogeneity property and the Fréchet metric has not. 

This last example shows that in linear metric spaces which we do not know how 
to norm the pseudo-norm becomes a true, albeit non-effective, norm (in the 
sense that it is not explicitly exhibited) topologically equivalent to the metric. 
So in the space of all real uniform functions on [0, 1] it is possible to introduce 
effectively a metric and hence construct a norm.’ 

In the case of a complete normed vector space we have true coincidence in 
regard to linearity and norm. In what follows the subscript C will refer to 
entities constructed on the module of the space according to the above text. 
First (1/n)p = (1/np)c since (1/n-p)c is found by p = nq from || p || = n ll @ || 
(p « U implying || p || < 1). Similarly for m/np = (m/np)c. Again, limits of 
sequences being unique under the separation axiom, we have ap = (ap)c (a 
irrational) since the same approximating rational sequences are used. Finally 
Ilpll= (|p llc. For certainly ||q|| = 1 implies (||q||)c = 1. Take 
q = ||p\{"-p. Then ||q|| = 1, so that || p|| = || p|l-\/q|| = || p || and 
(lp ie = IlpiidlaDe =Ilpll. 


WayneE UNIVERSITY, 
Detroit, MIcHIGAN. 


BIBLIOGRAPHY 


[1] J. v. Neumann, On complete topological spaces, Trans. A. M. 8. 37 (1935), pp. 1-20. 
[2] F. Hausporrr, Mengenlehre, Berlin, 1927. 

[3] F. Lesa, Sur la notion du groupe topologique, Fund. Math. 10. 

[4] ALEXANDROFF AND Hopr, Topologie 1, Berlin, 1935. 





* We wish to discuss this at length elsewhere. 
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DIMENSIONALITY IN REDUCIBLE GEOMETRIES 


By Isrart Haurerin! 


(Received August 17, 1938) 
1. Introduction 


The dimensionality theory of projective and continuous geometries discovered 
by J. v. Neumann ({1], [2], [3]) depends in an essential way on the irreducibility 
of the geometry. The purpose of the present paper is to extend the dimensional- 
ity theory to the case of a reducible geometry which is however irreducible under 
a suitable group of automorphisms of the geometry. This will be done with the 
help of a general theorem on the superposition of decompositions.” In the 
last § a process of integration will be defined by means of which a general class 
of such reducible geometries will be constructed. 


2. Axioms and notation 


We shall consider a geometry which may be reducible or irreducible, that is, a 
system L of elements a, 6, c, --- which is partially ordered by a relation <, and 
iscomplemented, modular, complete, and continuous—in other words, it satisfies 
the Axioms I, II, III, 1V, V but not necessarily the Axiom VI (irreducibility) 
of von Neumann [1], [2]. The notation of [1], [2] will be used and those parts of 
[2] which depend only on Axioms I-—V will be assumed: in particular, the theory 
of independence,’ the theory of perspective mappings and the transitivity of 
perspectivity. Also, ® will sometimes be used in place of + when the sum- 
mands are independent, and if a 2 b then [a — bj] will denote some (fixed) 
element such that a = b @ [a — b]. The same symbols +, >., [J, 0, 1, will 
be used in different geometries or systems, but there should be no confusion. 


3. Superposition of decompositions 


We require the following lemmas.” 





‘This paper was begun while the author was Sterling Research Fellow at Yale Uni- 
versity. 

* The desire to find such a theorem arose from a remark of J. v. Neumann emphasizing 
the failure in general geometries of the usual superposition of decompositions in Boolean 
algebras. The writer is also greatly indebted to Professor von Neumann for many friendly 
discussions and helpful suggestions. 

*A set of elements ag, a J, is independent if (Scaes Ga) ( > aex 2a) = 0 for all 
mutually exclusive subsets J, K of I. Repeated application of Lemma 3.1 shows that az, 
al, are independent if and only if every finite subset of aa, a «J is independent. 

‘See [2], Part 1, Chapters I-V, Part III, Chapters I, II. See also [4]. 

‘Lemmas 3.1-3.4 are contained implicitly, in somewhat specialized form, in [2]. 
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Lemma 3.1. If bdoaesCa = 0 for every finite subset J of I, then b>~ a. ce = 0. 
Proor. If possible, suppose b>. ¢ Ce ~ 0 and let K be a subet of J of least 
cardinal power such that b> a.«xCa # 0. From the hypothesis, K cannot be 
finite. Hence we may assume K is the set of ordinals <@ for some limit ordinal ¢ 
such that the set of ordinals <y has cardinal power less than that of K for all 
y <Q. Then ows = 0 for ally <Q. By the continuity axiom (III), this 


implies 
b>» ca = BC De Dd ca) = 2 (6 2 ex) = 2 0=0, 


a<2 acy acy 7¥<2 


which contradicts the assumption on K. Hence b>) a Ca must = 0 as required. 
Lemma 3.2. If a.,aeI, are independent and a4 S a for all a, , then 


II (> a,.) ie bw (II Gar): 
PN aelr ael PN 
Proor. Since 2 is clear we may set 


b= [II (2 aaa) — 2 (TT aaa). 


ael 


We now show that for every finite set a, , +--+ , aw 


(1) II (> tes) ™ > (IT az,.,). 


r r=] r=1 oN 
By Theorem 1.2 of [2], Part I, or Lemma 2.8 of [4] we have 
(da,,r; + Ges,d;) (e,r2 + Gees, ro) = Dey,d4 Day,r2 + Das,dy Das,ro . 


Repeated application of this result and induction on M gives 


M 


II (aa, + esd,) = I (da,,) + I (Gaz,r,) 


r= 


for every finite set \1,---,Amw. Hence, using the continuity axiom, 
TE (aa. + a) = Hann (LT (0013) + I Can)} 
= TT Ga.) + TT @ey0)-" 
Repeated applications of this result and induction on N gives (1). 


Now (1) applied to the two elements a’ = )>¥1 de, , @” = Doapapirmty-+-¥ Ma 
shows that 


=6 2 (oa) $6 © (aaa) = 0, 





6 The continuity axiom implies that for a set of elements c, d, a eI, c [lee da = 


IT ant finite an, «++, an(¢ [I-41 e,): 
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that is, b 52-1 Ga, = 0 for every finite set a:,-+--,aw. Sinceb S \racr de it 
follows from Lemma 3.1 that b =0. This is equivalent to the statement of the 


resent lemma. ‘ 
Lemma 3.3. If decompositions da = Ga41 ® Ga are defined for all0 S a < 


some ordinal Q and da = <adg for all limit ordinals a S Q, then 
(2) a =a2®@ Dd @an. 
a<2 


Proor. The proof is by transfinite induction. (2) holds by assumption if 
Q = 1. Nowsuppose that (2) has been established for ally < 2. If Q has a 
predecessor, 2 = y + 1, then 

& = a,® Dd) @az, Ay = Ay41 @ a, 
a<y 
imply 
Qo = dy1 Oa, @ >), ©@a, =a @ d, @ az, 
a< 


a<7y 


and (2) holds for. If Qis a limit ordinal, then a, , a < Q, are independent and 


to( Ea) = a(S, Eat) = ¥ (a D a) 


<2 a<y 


=> (doa, 2, a.) = 20 = 0, 


7¥<2 


implying that ae, a,,a <Q, are independent. Furthermore, 
aw = DL (a47® Y Oa.) = DY (an + Dar) =a O DY Oar, 
7<2 a<y ¥<a2 a<y a<2 
and 


a= IJ (,@ © @a.) s I] (a+ d& Oat) 
1¥<2 a<y ¥<2 a<a 


= [1a,+ © @a.=a0 > Oar. 
¥<2 a<2 a<Q 
Thus @ = dg ® Daca @ ay and (2) holds for Qin this case also. By induction 
the lemma holds for all Q. 
Lemma 3.4. If ag = [aa — (Dopca 4s)Gal for all 0 < a <Q, then 


(3) LD aa = D @ay. 


a<Q a<Q 
Proor. Since ay = do , (3) holds for 2 = 1. Now suppose that (3) has been 
established for ally <Q. If @ has a predecessor y, then 
Dd Oa = ay + > ae = a, + oe @ aa 


a<oa a<y a<y 
= fa,-—(d @ai)a,]@ > Oa, = Dd Oag, 
a<y a<y a<a 
and if 2 is a limit ordinal, then 


2X a = b lh gx a.) = 2 (2 @a.) = 2 @as. 


¥<Q acy 
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Hence, in either case, the lemma holds for 2. By induction the lemma holds for 
all ©. 

THEOREM 3.1. (SUPERPOSITION OF DECOMPoSITIONS). If b = Yiaco, a, = 
Dos<a, Cs are two decompositions of the same element b, then there exist direct refine- 
ments of these decompositions b = ).4<a, ® & = like ® & with dy, S a, for 
some a = a(d) and & S< cg for some B = B(A), and & ~ &’ for alld < 0. 

Proor. Replacing aa by az = [ae — (Lir<a@y)Ga] for a < M%, and cy by 
cp = [cs — (> yep Cy)es] for 8 < %, we have, by Lemma 3.4, 

b= > O@a.= LY OG, 
a<Q; B<Qe 
and it is clearly sufficient to prove the lemma for these decompositions. Thus 
we may (and shall) assume that the given decompositions of 6 are direct de- 
compositions. ' 

We shall now define a set of decompositions for every a. , cs by transfinite 
induction. Suppose that for some 2 2 1 the following statements hold for all 
0Os7y<: 


Gar,Can aredefined forall OS XS, a<h, B<M, 


(), Gea, C3. are defined forall OSA<y, ax<h, B<M, 
Gad = Aarti ® Gar OSA<¥y, a<h, 

©), Can = Carri ® Cpr OSA <y7, B<%, 
Qe = Il Ga,» tf 18 a limit ordinal S y,a < %h, 

(6), 


Can = II Can if rts alimit ordinal S y, B < Q. 
p<r 


a2. 0 for exactly one «=a(d) for 0S <7, 


(7) 
. c3. * 0 for exactly one B = B(A) for OSA <y, 


and Geo) ~ C30) afor alo SX < ; 
(8)y b= 2) ® cma ® Ls @aa, foralO0 Susy. 
fn 


a<Q; 
If 2 is a limit ordinal, set aa,0 = [],<o Ga,y fora < and cso = I +<2 ¢.7 
for 8 <Q. It is clear that (4)o, (5), (6)a, (7)g then hold. Furthermore, 
for every y < Q, 
b= i ® CaO),a ® a: ® Gey = > ® CBO). + >. ® Ga,y- 
Ney X<a aca, 


a<Q; 





7a is perspective to c, in symbols, a ~ c, if there exists an element v such that av = 
cvu=0,anda+v=c+v. Suchavdefinesa (1,1), << — preserving mapping of the elements 
a’ Saontheelementsc’ Sc. This mapping is called a perspective mapping and » is called 
the axis of the perspective mapping. 
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Hence 

b= IT (2% ® cama + & ® Ga) = R> ® cpa + Il [C2 ® aay) 
1< = 
= > @cmat X @aaa by Lemma 3.2. 
4<2 

But 


(= ® 0,0) 24 cao. = p> (a ® a.,0) 2) cov} 


a<Q, 
= S 0=0. 
<a 
Hence b = Daca ® car ® Draco, ® Ga,g, and (8)g holds. Thus (4)o-(8)a 
hold. 

If Qis not a limit ordinal let y be its predecessor. If cg, # 0 for some B’ < Qe, 
then for this 6’ we have by Lemma 3.1 (using that cg, S b) and (8),, that 
y.»S # 0 for some S = roi ® Ga,,y ® ona ® CBOe) de , with suitable 
finite N, M, and a, < Q forr = 1,---,N, and, < y forr = 1,---,M. 
It is clear that N > 0 since 


M M 
’ , 
Cp’ ay L CBs) Ae = Cp’ Cpr >> CBr) Ay 
r=] r=] 


, 
S Cpr,y 2 Cen = 0, 


and we may assume that N is so chosen that cg,,7’ = 0, where T = 
1 ® Ga,.y @ Dorm ® C30,) a,: Now define 
Ga,Q = Qa,y Qe.y = 0 if a * ay, 
ae = (cp.y + T)day.r; dey.o = [Gay,y — eae | 
Cay = 0 Cpa = Cp,y if B ¥ £’, 
Cary = Cpr.yS, pa = [ep.y — Cpr,7). 


(4a, (5)a, (6)a are clearly satisfied. From its definition, cg-,, is not 0; and it 
is perspective to Gay, With 7’ as axis of perspectivity as shown by the following 
relations: 


Geyyl S GeyoT = 0 
(Ge,.7,7 = 1,---,N, cpa,a,,7 = 1, +--+, M are independent), 
Cy’,7T’ = 0 (by the choice of N), 
Gavin + T= (Cpry + T)dayiy + T = (Coy + T)(ay.r + 1) 
= T + cp y(Gayiy + T) = T + cp,yS = cp,y + T. 
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It then follows that (7) holds. Finally, 
b= dL) @ cma ® 2 ® Qa, 


A<¥ 


= 2. © cima @ > ® daa ® Gaya ® Gey n 
a<Q; 
aZan 


= phi ® csa).n © Aayy ® 2» @ aa, 


A<y¥ 


= py ® car ® py ® > ® a.0 


a<Q; 
¥ ® cama ® D> @ aaa, 
r1<2 a<Q; 


and hence (8)¢ is satisfied. 


Since (4)o-(8)o are satisfied by da = da, a < % , and cso = cg, B < %, 
it follows that we can continue to define dar, Gar, Csr, cs. by transfinite 
induction to satisfy (4)o—(8)o until, for some Q it happens that all cso = 0. 
And this must eventually occur since the cgq),, are distinct elements and hence 
their cardinal power cannot exceed that of L. ‘Thus for some Q, (4)o—(8)¢ hold, 
but cso = OforallB <Q. By Lemma 3.3 


py ® cg = > ® 2, © Ga = 2 ® cova. 


B<Qe B<Qe A<Q 


(8)g now implies 4,9 = 0 for all a < 2, and by Lemma 3.3 


pit ® dg = » & ® 2D, @ aaa = Le @ aaa. 


a<Q; acl; A<2 


Since Gar) ,r s Bair) » and CBr) rv s Cg) » for all A < Q, and Gar) rA ™ Ceam,r, 
the theorem is proved. 2 


4. Reducible geometries with automorphisms 


In this § we shall suppose that L is a (not necessarily irreducible) geometry 
as described in §2 and that a group G of automorphisms 7, S, --- is given 
such that every element of G maps L into itself in a (1, 1) way preserving the 
relation < (hence also 0, 1, +, -, independence of subsystems, and perspec- 
tivities). We shall assume that L is irreducible under G, that is, if a has a 
unique complement and 7a = a for all T in G, then a = Oora = 1.’ A con- 
gruence relation = depending on G will be defined and its properties studied 
in this §. 

DEFINITION 4.1. a = b if there exist direct decompositions a = > ® aa, 
b= p et ® b. such that Tada ~ ba for some T,, in G, for alla < 0.’ 





§ The irreducibility of L under G is necessary for Lemma 4.1 and Theorem 4.4, but it is not 
used in the proofs of Theorems 4.1-4.3. If G consists of only the identity mapping of L on 
itself, then the condition for irreducibility of L under G becomes the condition for irre- 
ducibility of L as formulated by J. v. Neumann (see [1]). 

* If G consists of only the identity transformation, a = b is a generalisation of the per- 
spectivity by decomposition used in [2], Part I, Chapter IV. 
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TurorEeM 4.1. The relation = is a congruence relation, that is, it is reflexive, 
symmetric and transitive. 

Proor. The reflexive (a = a for every a) and symmetric (4 = b implies 
> = a) properties are immediate from the definition of =. To see that a = b 
and b = c together imply that a = c (transitivity of =), let a = Daca, ® Ge, 
b= Deco, ® ba = Disco, @ bg, ¢ = Disco, @ cg where P.(Tada) = ba, 
a < %, and Ps(Tsbs) = cs, B < Q, for suitable perspectivity mappings 
P,, Ps. By Theorem 3.1, there exist direct decompositions b = Dace @ b = 
daca ® 6 such that 6, ~ 6, for all X < Q and b, < b, for some a = a(d), 
by $ bg for some 6 = (A). 

Now let a, = TomPeonon and q = Psa)Tsabr for’ <Q. Then 


a= ) @a= ), OT/PJ.= L O(T.P. YY Ob) 
a<Q; a<Q) a<Q, a(A\)=a 

=-Lo dv OTePeh= LO Y Oun= XY Oa, 
a<Q, a(k\)=a a<Q; a(A\)=a A<Q 


that is,a = Davce @ ay. Similarlye = Dyce @ oq. Finally PaayTaaa = 
hb ~ bk, PaarT sobs = cy, that is, Tga)T aoa ~ Tgabr, Trorbx ~ Tpoybr , 
Tya)d, ~ ¢,. Since perspectivity is transitive, Ta, ~ c, where Ty = 
TyayT'aa), 4 < &. By Definition 4.1 this implies that a = c, as desired. 

TaHeorEM 4.2. The relation = is unrestrictedly additive, that is, a., a < Q, 
independent, ba, a < Q, independent, and a. = ba for all a < Q, together imply 
Deca ® le = pee ® ba . 

Proor. If dg = Doar<are ® ae, and b. = Doar<ace ® baa with Tardea ~ 
ba, for’ < Q(a), a < Q, then 


b @ Aa = > ® Qa,r, > ® ba = >; ® bar, 


a<Q A<2(a) a<2 B<2(a) 
a<2 a<f 


and 7'o,da. ~ ba, for A < Qa), a < Q, which, by Definition 4.1, implies 
that Diaca ® da = Diaca @ ba. 

DerIniTIon 4.2. a « bif a = b; for some b; < b. 

TaeorEM 4.3. If a = b and a < a, then aq, « b. 

Proor. Leta = } gee. @ a, and b = p oe ® bo,« With PaT ado, = b,c, 
where the 7’, and the P, are elements of G and perspective mappings respec- 
tively. Let ag = [a — a] ¥ 0, and apply Theorem 3.1 to the decompositions 
€= 4 © a = Daca @ ao, to obtain 

a= 1 Ou,@ Zz; ® Q2,, = L, @ a, ® 2; @ ao 
€ v7 € 


yeJd yeJl 


with ay,» ~ a7, 7, a2,¥ ~ dy, ved, diy Sam, vel, a2, Sa, ved, 
%,y S d,« for some a = a'(y), ao,y S do,2 for some a = ay). Set bi, = 
Par Tar(7)G0,y » Ba,y = Parr(yyTa'(qQ7, and bh = Diver @ bi,y. Then 
b= yay ® bi,y ® » she ® bey, Qn = ) paiyh ® A175 and by = 
Leas ® biy <b. Since ai,y ~ ao,7 and Ta)40,, ~ bi,7, it follows from 
Theorems 4.1 and 4.2 that a; = b; < bas required. 
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Lemma 4.1. If a, b are arbitrary elements but both different from 0, there exist 
elements a, < a, bi S b, different from 0, such that a, = b, . 

Proor.” If possible, suppose the lemma false, and let B = >>, b, where 
b. runs over all elements d with the property 


(*) a’ =d', a’ Sa, d’ sd, togetherimply a’ = d’ = 0. 


Then B itself has the property (*). For if B did not have the property (*) 
there would exist elements a’, d’, # 0, such that Ta’ ~ d’, a’ S a,d' < B, 
for some T in G. By Lemma 3.1, d’ = d’ >>? ba, ¥ 0 for some finite n, 
We may suppose that the a, are chosen so that in addition, d’ }“?=)' b,, = 0. 
Then, since [ba, — (D rai ba,)ba,] < ba, has the property (*) along with b., , 
we may suppose that ba, >.r-1 ba, = 0. Ifwenowsetb” = ba,(d’ + be,), 

we have that d” is perspective to b” with axis of perspectivity }°?-7 be, , since 


n—1 n—l n—l n—l 


a” ba, = d' 2, ba, = 0, le ae "ear Se 2X ba, = 0, 
r=] r= 


r=1 
n—1 n—1 n—1 n—1 n—l 
a” + Lb, =a’ (bm + bu.) + 2 bo, = (d+ Z be.) (bo, + ba 


n—1 n—l 


=2 Da, + Dag (a + E bar) =>” + p> bie. 


Hence, if we set a” = T‘d” # 0, we havea” = d”, d” = b”, implying a” = b”, 
contradicting (*) for ba,. Hence B has the property (*), and along with it, 
every c S B has the property (*). 

Since TB, T~'B have the property (*) along with B, TB S$ Band TB < B, 
implying TB =‘B, for all Tin G. But B = b # O shows that B ¥ 0, and 
since B = a is impossible, for a does not have the property (*), B # 1. From 
the irreducibility of L under G it follows that B has more than one complement, 
that is, B © B, = 1, and B @ B, = 1, for elements B, # B,. If we set B; = 
[B2 — B,B:] and B’ = (B, + B:)B then Bz is perspective to B’ with axis of 
perspectivity B, , for 


B:B, < B,B,B,=0, B’B, S BB, = 0, 
B’ + B, = (B, + BB + B, = (Bi + B)(Bi + B) = Bi + Be = Be t+ Bs. 


Since By thus has the property (*) along with B’, it follows that Bz < B, which 
however contradicts the relations B; ~ 0, B:3B = B,B.B = 0. Thus the 
assumption that the lemma is false leads to a contradiction. 

TurorEM 4.4. The relation = is a comparability relation in L, that is, for 
any two elements a, b in L, at least one of the relations a « b,b « a,a = b holds. 





10 The proofs of Lemma 4.1 and Theorem 4.4 follow closely the proofs for the correspond- 
ing propositions in [2], Part I. 
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Proor. Suppose that for some ordinal the following statements hold for 
lO Sy < @% 
Ga, ba have been defined for0 S a S 7, 


@), a’, ~ 0, by ¥ O have been defined for 0 < a < y witha, = b, for0 Sa <y¥. 
(10), a= @a.0a,, b= > Ob. Od, 


a<7 a<y 

Then if 2 is a limit ordinal we can define ag = )°,<aa,, bo = )-y<ab, and 
(9)9, (10) will be satisfied. If @ has a predecessor y, and a,, by are both 
different from 0, then by Lemma 4.1 there exist elements ~ 0, a, s S a, and 
b, < b, with a, =b,. If we set ag = [a, — a,] and be = [b, — b,] it is clear 
that (9), (10)o will be satisfied. Since (9)o, (10)o are trivially satisfied by 
@ = a and b = b, it follows that we can continue to define az, @ 4, ba, be 
by induction, to satisfy (9),, (10), for ally S @, until at least one of ag, ba, 
say bo, = 0. And this must eventually occur for some @ since the ay are all 
distinct and their cardinal power cannot exceed that of L. Then by Theorem 
4.2 we have b = Daca ® bs = Diaca @ ay Sa, that is, b « aorb =a, 
This proves the theorem. 


5. Dimensionality in reducible geometries 


In this § we shall suppose that L is a geometry which is irreducible under a 
group G as described in §§2, 3, 4. We shall further postulate that L is finite 
under G, that is, 1 = a (see Definition 4.1) holds only if a = 1.” 

Lemma 5.1. If a = b anda S b thena = b. 

Proor. If we set c = [1 — b], Theorem 4.2 shows that] = b@c=a@e. 
Hencea +c = landb = b(a+c) =a+be = 

THEorEM 5.1. For any two elements a, b in L exactly one of the relations 
a«b,b « a,a = b holds. 

Proor. By Theorem 4.4 at least one of these relations holds. If more than 
one of them held, then Definition 4.2, Theorem 4.3 and Theorem 4.1 would 
imply that a = a; for some a; < a, which is impossible by Lemma 5.1. 

Lemma 5.2. If b # 0 anda,,1 Sr < p, are independent, then a, = b for 
1 Sr < p implies that p is finite. 

Proor. If p were infinite, Theorem 4.1 would give a, = a,4; for r = 1, 
and Theorem 4.2 would imply that 


2 a=) a<) Oa, 


r=2 r=] 


which is impossible by Lemma 5.1. Thus p must be finite. 





" Although the definition of the relation = involves both the group G of the transforma- 
tions of L and the perspectivities in L, the finiteness condition (which can be violated in 
some geometries, as shown by examples similar to the ones constructed in §6) is a condition 
on the transformations rather than on the perspectivities. This is due to the fact that 
perspectivity is unrestrictedly additive in reducible as well as irreducible geometries, as 
will be shown elsewhere. 
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We can now follow almost literally the method of von Neumann for defining 
a numerical dimension function. By means of Theorem 5.1, Lemma 5.2 and 
Lemma 5.1 we prove the following lemma. 

Lemna 5.3. If a, b are elements of L with b # 0, there exists a decomposition 
a= yi @ a; + a, with a, =bforlsrsin,n=0,1,2,---, anda, « b. 
The finite integer n = [a:b] depends only on the elements a, b and not on the par- 
ticular decomposition of a. 

Suppose now that there is an element b ~ 0 in L such that 0 < b; < b implies 
b; = 0 (such a b is called a minimal element). (Then a, = 0 in Lemma 5.4.) 
If, using this b we set D(a) = [a:b] we obtain a numerical function defined for 
allain L with 0 < D(a) S 1, and D(a) = 0(1) if and only if a = 0(1). From 
Theorems 5.1 and 4.2 it follows that D(a) <, >, = D(c) according as a « ¢, 
c « a,ora =c. From Theorem 4.2 it also follows that D(>. ® a.) = 
Ye D(a.), (Luda) = line D(SXpce as), D(L]« ae) = lime D(T]ece a), 
hence for all a, c D(a + c) + D(ac) = D(a) + D([e — ac]) + D(ac) = D(a) 
+ D(c). It is easily seen that in this case (existence of a minimal element) the 
range of D(a) is the set of real numbers 0, 1/N, 2/N, --- , N/N for some N = 
1, 2, 3, --- , and that L is a direct sum of a finite number of isomorphic projec- 
tive geometries under a group G which permutes the geometries. 

If there is no minimal element in L then every b ¥ 0 can be expressed as 
b = bk @ be with b; + 0, bho ¥ 0. It follows that if b ¥ O there is a b’ (one 
of b; or be will do) such that [b:b’] 2 2. Similarly, there is a sequence 
bi, be, --- with [bn:bayi1] 2 2 (such a sequence is called a minimal sequence). 
It can be shown that lim,... [a:b,]/[1:b,] exists for every ain L. If we set 
D(a) = this limit it can be shown that D(a) is a numerical function, 0 < 
D(a) S 1, defined for all a in L, that D(a) = 0(1) if and only if a = 0(1), that 
D(a) <, >, = D(o according asa « c,c « a, ora =c, and that D( > 2 @ a) = 
Lie D(az), D(Qoada) = lime D(Yipcaas), Dee) = lime D([]e<a as), 
D(a + c) + D(ac) = D(a) + D(c) for all a, cin L. From the completeness 
of L it follows that in this case (existence of a minimal sequence) the range of 
D(a) is the set of all real numbers in the interval 0 S x S 1. This case clearly 
arises for the direct sum of a finite number of isomorphic continuous geometries 
under a suitable group of permutations of the geometries. A less trivial reali- 
zation of this case is the integrated sum of isomorphic (projective or continuous) 
irreducible geometries as described in the next §. 

In both of the above cases it is clear from the construction of D(a) that it is 
the unique unrestrictedly additive dimension function which is invariant under 
G, normalized by the condition D(1) = 1. 


6. Integrated sums of geometries 


In this § L will denote an arbitrary geometry which is finite and irreducible 
under a group G, as described in §§2, 3, 4, 5, D(a) will be the normalized 
(D(0) = 0, D(1) = 1) dimension function as defined in §5, and S will denote an 
arbitrary space of points x with a Lebesgue measure function » such that 
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u(S) > 0, <*. By means of the metric d(a, b) introduced by von Neumann, 
we shall define measurable functions f(x) with values in L for z in S, of which 
the equivalence classes will again form a geometry—the integrated sum of L 
over S—which is finite and irreducible under a suitable group. If L is chosen 
to be an arbitrary irreducible (projective or continuous) geometry, this enables 
us to construct an extensive class of reducible geometries. 

Lemma 6.1." The numerical function d(a, b) = D(a + b) — D(ab) is a 
distance function in L, 1.e., d(a, b) = d(b, a) > 0 if a ¥ b, d(a, a) = 0, d(a, b) S 
d(a, c) + d(c, b), for alla, b,c in L. Furthermore d(a + c,b + c) S d(a, b) 
and d(ac, bc) S d(a, b) for all a, b, c in L. 

PROOF. 

d(a, ¢) + d(c, b) = D(a +c) + Dc +b) — D(ac) — D(cb) 
= D(a) + D(b) — D(ab) + 2{D(c) + D(ab) — D(ac) — D(cb)} 
= d(a, b) + 2{D(c + ab) — D(ac + cb)} 
2 d(a, b) 
since ac + ch S c + ab. 
Let c. = cla + 6) Sa + band ce = [c — gq]. Then c(a + b) = 0, and Bait 11 
dia+c,b+c) = Dic+a+b) — D((a+c)(b+ 0) 
= D(ce + a + b) — D(ce + (a + 1)(b + y)) 
= D(cr) + D(a + b) — Der) — D((a + «:)(6 + «)) 
< D(a + b) — D(ab) = dG, b) 
since (a + c)(b + c) = ab. 

Let c, = cab S ab and cz = [c — «|. Then cab = 0, and 

d(ac, bc) = D(ac + be) — D(cab) = D(a, + coa + c2b) — Der) 
= D(a) + D(coa + cob) — D(ex) S Diex(a + b)) + D(ab) — Dab) 
< D(a + b) — D(ab) = d(a, b) 


since (a + 6) @ ab Sat b. 
The other parts of the lemma follow immediately from the definition of 








d(a, b). 
Lemma 6.2. 
a(«, IT ts) ce lim a(«, Il bn) 2 d(a, bi) + > d(bn, bn41), 
n= poo n=1 n=] 
and 


a(«, ys tn) = lim a(a > tn) < d(a, bi) + pi d(bn, bn41). 


n=1 p70 n=1 





* Lemmas 6.1-6.3 were given by von Neumann (see [1]). 
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Proor. Using Lemma 6.1 we derive 


a(a, IIe.) = D(a + I1o,)— D(a ITs.) 


tim {D(a + IIs.) - p(«IIs.)} 
lim a(« Il bs) 


peo n=1 
< lim {d(a, b:) + d(bs, bibs) +--+ + d(bi ++ by, bi +++ Dpdyys)} 
S lim {d(q, bi) + d(bi, be) + -+- + dbp, bpy1)} 

pe 


= d(a, bi) + 2X, dbp, bp), 
p= 


proving the first part of the lemma. The second part can be proved in a 
similar way. 

Lemma 6.3. L is a complete metric space under the distance function d(a, b), 
that is, if a1, d2,--- satisfy d(a,, dm) > 0 as n, m — ©, then there exists an 
element a such that d(a, an) >O0asn— ©. Furthermore, if >>%a1 d(an , dn41) < 
o, then a = >.%-1 [[-pan = [[ Fai D nap Gn - 

Proor. Let d(an, am) >~0asn,m— o, and let n,,r = 1, 2, --- be chosen 
so that n, < m4, and >-t=1 d(an, , Qn,,,) < ®, which can clearly be done. Let 
a = Yoni []pan,, and @ = J[]$-1 Do pan,. Then, using Lemma 6.2, 
we derive 

lim d(a,,a) S lim d(a,, an,) + lim d(an,, a) 


ro ro ro 


= 0 + lim lim d(«, I «.,) 


ro pc t=p 


< lim D d(an,, an,,,) = 0. 


po r=p 
By similar reasoning, lim,... d(a;, @) = 0 can be established. Hence 


d(a, @) S lim {d(a, a,) + d(a,, a@)} 


< lim d(a, a,) + lim d(a,, 4) 


=0+0=0 and a=d4. 


DEFINITION 6.1. A function f(x) with values in L and defined for almost all x 
in S is measurable if for every n > 0, 
(11) E,{d(f(x), a) < »] ts measurable for every a in L, and 


all 





v 
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(12) there exists a finite or countable sequence a, @2,--- such that 
u{S — Don Eld( f(z), an) < a]} = 0. 

DeFINITION 6.2. A function f(x) is countably valued if there exists a finite or 
countable sequence @,, G2, --- such that 
(13) E.{f(z) = an] is measurable for n = 1, 2,--- , and 
(14) u{S — Don Balf(z) = an]} = 0." 

Lemma 6.4. Every countably valued f(x) is measurable. 

Proor. If f(x) is countably valued as defined in Definition 6.2 and » > 0, 
ain L are given, then E,[d(f(z), a) < 1] = Qiaon.ar<y Eslf(z) = dn] = an at 
most countable sum of measurable sets = measurable set. This verifies (11). 
(12) follows immediately from (14). 

Lemma 6.5. If for almost all z, fi(x) S folx) S --- (fi(z) = fo(x) = ---), 
where the functions are all measurable, then the function f(x) defined for almost 
all x by f(z) = Lona fa(z) ([]2—1fa(2)) is measurable. 


Proor. If 7 > 0, and a in L are given, then 


E.la(f(2), a) < 9] = : >i B,| asa, a) < (, mat ‘)] 


p=l1 n=p m 


= a measurable set. Furthermore, if 
a{s “ p> E,|d(f,(z), n,m) < ii} = 0, n=1, 2,.*°° ’ 


then n(S — 7) = 0 where T = [[%1 Don Exld(fn(x), Gn,m) < }n]. Since 
for almost all z in 7’, d(f(x), fa(x)) < $n for n = n(z) sufficiently large, it follows 
that for almost all z in 7’, for suitable n, m, 


d(f(x), Anym) S A(f(x), fa(x)) + AGn(z), Gum) < 30 + 30 = 0. 


Hence u{S — 2 on,mear E.[d(f(x), @nym) < n)} = 0, and f(z) is measurable. 

THEOREM 6.1. f(x) is measurable if and only if there exists a set of countably 
valued functions f,(x) such that for almost all x, f(x) = [[$a1 Dotan fn(x) 
(f(e) = Depa [ [2p fa(x)). 

Proor. If such countably valued, hence measurable, functions do exist, then 
f(z) is measurable by a repeated application of Lemma 6.5. Conversely, if f(z) 
is measurable, let dn, be such that u{S — } om: E,{d(f(x), dn,m) < 1/n’]} = 0 
forn = 1, 2,---. Define f,(x) for almost all x by fn(x) = Gn,m(n,2) Where 
m(n, x) is the first m for which d(f(x), @n,m) < 1/n*. It is clear that f,(z) is 
countably valued and that d(f(z), fa(x)) < 1/n* for almost all z. The theorem 
now follows from Lemma 6.3, since 


nat Ufu(), fn4i(t)) S Dinar A(f(@), fa(z)) + Dovar d(f(Z), fars(z)) < @. 





* E.[P(z)] denotes the set of points z with the property P(z). 
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athe ta i: Lemma 6.6. If f(x), g(x) are countably valued, then f(x) + g(x) and f(zx)g(z) D 
"ERE Ba be are countably valued. fl 
vier Proor. If a, a2, --- and b,, b:, --- are the sequences which satisfy (13), a 
Hod i hi . (14) for f(x), g(x) respectively, then a, + bn, n, m = 1, 2,---, and a,b, m 
1 Ot Vag n,m = 1,2, --- satisfy (13), (14) for f(z) + g(x) and f(x)g(z) respectively. For, al 
| ae neglecting u-null sets, 
at E,[f(x) + g(t) = an + bn] = > + E.lf(z) = a,)Ez|g(x) = b,] , 
4 = measurable set for n, m = 1, 2,--- , and le 
a 
at us - a Ez|f(x) + g(x) = an + ba} f 
i “ : 
i = 44s ” > E,[f() = ay] > E,|g(z) = balh . 
4 = 0, J 
a proving the part of the lemma concerning f(z) + g(x). The rest of the lemma f 
can be shown in a similar way. J 
THEOREM 6.2. If f(x), g(x) are measurable, then f(x) + g(x), f(x)g(x) are 
measurable. th 
Proor. If f,(x), gn(z) are countably valued functions as described in Theo- fh 
rem 6.1 for f(x), g(x) respectively, then fn(z) + gm(x), n, m = 1, 2,---, and 
Sn(x)gm(x), n, m = 1, 2,--- , are countably valued functions (by Lemma 6.6) 
for f(x) + g(x) and f(x)g(x) respectively. For, using the continuity axiom, J 
00 CJ f 
F(a) + 9(2) = WX Ho) + TD ome ; 
p=1 n=p n 
Rye is 
= {I >> fa(z) + bs am) 
p.q=l \n=p a 


oO oo J 


= IL SS th@ + onl}, ji 


p.q=l n=p m=q 


th 
(ag) = IT f@) D II g(x) I 
p=1 n=p q=1 m=q 
0 C) °o ft 
= 2) IL II {ha@gn(a)}. is 
p.q=l n=p m=q 
a 
Corotuary. If f(x), g(x) are measurable, then D(f(x)), D(f(xz) + g(2)), 
D(f(x)g(x)), and d(f(x), g(x)) are numerical measurable functions, and a 
ea E.[f(x) < g(x)], EAf(x) = g(x)] are measurable sets. th 
a Proor. It is clear that D(f(zx)) is measurable if f(x) is countably valued. 
| If now f(x) is merely measurable, and f,(x) are the countably valued functions | 


existing by Theorem 6.1, then D(f(z)) = D ([]$-1 Dot-pfn(z)) = limp+o lim,+« 
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D(Xis-fx(z)) = measurable function. Since f(x), g(z) measurable imply 
fle) + 9(2), f(x)g(x) measurable, it follows that D(f(x) + g(x)) and D(f(z)g(z)) 
are measurable. Finally, d(f(x), g(z)) = D(f(z) + g(x)) — D(f(x)g(z)) is 
measurable, and E{f(z) = g(x)] = EAD({(z)) = Dg(z)) = D(f(z) + g(z))I, 
and E.{f(xz) < g(x)] = EAD(f(x) + g(z)) = D(g(z)), f(x) ¥ g(z)] are measurable. 

Dermnition 6.3. If f(x) is measurable, the equivalence class of all functions 
fi(z) such that fi(z) = f(x) almost everywhere is denoted by J = J(f). The set of 
all such J is denoted by &. 

Lemma 6.7. The set of all measurable f(x) consists of mutually exclusive equiva- 
lence classes. J(f(x) + g(x)), J(f(x)g(x)), which are defined by Theorem 6.2 if 
f(z), g(x) are measurable, depend only on the equivalence classes of f(x), g(x), and 
not on the particular f(x), g(x). 

Proor. This follows immediately from the properties of null sets and Defi- 
nition 6.3. 

DerIiniTion 6.4. A relation < is defined in % as follows: J; < J: if and only if 
Ji = J(filz)), Jo = J(fo(x)), where fi(x) S fo(x) for almost all x, and fi(x) < 
fr(z) on a set of positive measure. 

Lemma 6.8. Ji S Jo, thatis, J: < Jeor Ji = J2, if and only if Ji; = J(fi(z)), 
Jo = J(fo(x)), where fi(x) S fo(x) almost everywhere. 

Proor. This follows immediately from Definitions 6.3 and 6.4 and the fact 
that E.[fi(xz) < fe(x)] is measurable, by the corollary to Theorem 6.2, if f,(zx), 
f(z) are measurable. 

THEOREM 6.3. % ts partially ordered under the relation <. 

Proor. From Definition 6.4 it is clear that J < J never holds. If J(fi(x)) < 
J(fo(x)) and J(fo(x)) < J(fa(x)), then fiz) S folz), fo(x) S fa(x), implying 
fi(z) = fs(x), almost everywhere, and fi(x) < fe(x), hence fi(z) < fa(x), on a 
set of positive measure, implying that J(fi(x)) < J(fs(z)). This means that % 
is partially ordered. 

THEOREM 6.4. % is complete with respect to the relation <, that is, if Ja, 
aI, is an arbitrary set of elements in &, there exist elements in&, J” = YraerJa, 
J® = TJacrJa, such that for any J in®, J” < J is equivalent to J. < J 
for allaeI, and J <= J™ is equivalent io J < Ja for all aeI. Furthermore, 
there exist finite or countable subsets I, , Iz of I, such that viectda™ Dott 5 
[]ecrJa * Tlech oes ’ 

Proor. Let Ja = J(f.(x)). If I is finite or countably infinite, it follows 
from Theorem 6.2 and Lemma 6.5 that f(r) = Doafa(x) = Dota Doi f-(z) 
is measurable, and from the familiar property of null sets of being countably 
additive, it follows that J(f"(z)) = SOaerJ(fa(z)). If now J is not 


countable, let D = bd. i D (doi fea;(x)) du(x), where all finite sums of 
the f.(z) are considered. Clearly 0= Ds x.(S). Choose f,, (x) «J so that 
[ D(X? 4...) du(xz) > D — 1/n, for n = 1, 2, --- , which can clearly 
be done. Let f(z) = >for De! fa,,(z), and J” = J(f(@)). Then 
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clearly [ D faz) + f(zx)) du(x) = [ D(f(z)) du(z) = D, which means 
8 

fa(x) < f(x) for almost all x, that is, Ja S J ® for alla ¢ J. Hence, for any J 

in % J® < J implies J. S$ J forall aeI. Conversely, if J. < J = J(f(2)) 

for all a eZ, then in particular J.,, < J for all n, r. Hence, except for a 

countable sum of null sets, which is again a null set, we have for all z, for all n, r, 


fene(t) S$ f(z), and therefore f(z) = D4 OM fan.(2) S f(a), implying 
J” < J. Thus J™ satisfies the requirements of the theorem. 


In a similar way, by considering bd [ D ([]i-1 fe;(x)) du(x), J can be 
8 


defined and can be shown to satisfy the requirements of the theorem. 
THEOREM 6.5. is continuous with respect to the relation <, that is, if J, 
Ja, <Q, are elements in &, where Q is an arbitrary ordinal, then J daca Ja = 


Dir<e (J Lex? Ta); and J + IIe<e Ja = II ,<2 (J + Tle<, Ja) 

Proor. If the cardinal power of the set of a < Q is not countable, it follows 
from Theorem 6.4 that vaca Ja = Dower, Ja, [Jaca Ja = [la<1, Ja, for 
suitable ordinals 7: , y2 < Q, and the theorem follows. If Q is countable, let 
J = J(f(x)), Ja = J(fa(x)). Then, as in the proof of Theorem 6.4, 


J \ J, = J (f(z)) pea J (fn(2)) - J (f(z) Dor=1 fn(2)) 
= J (Qi (F@) Luter fa(z))) = Depa I(f@) Dot falz)) 
= Div (J (f(a) Detar I (fa(z))) = Dogar (J Dotan), 
as required. Similarly, J + [[%.1J. = [[$(J + [[2-:J,). 

THEOREM 6.6. % is modular with respect to the relation <, that is, J: S J 
implies Jo(J1 + J3) = Ji + Jad. 

Proor. Let Ji: = J(fi(x)), Jo = J(fo(x)), and Js = J(fs(x)). Then 
J: S J2 implies that fi(z) S fe(x) for almost all z, and hence J2(Ji1 + Js) = 
(J (fa(x))) (J (falz)) + J(fa(z))) = J (folx)(filz) + falx))) = J(filz) + fola)fa()) 
= J(filz)) + J(fol(x)) J (fa(z)) = Ji + Jods, as required. — 

Lemma 6.9. If a,, a2, a3 are elements in L for which a, ® a, = 1 and 
d(a; , a3) < n, then there exists an element a, in L for which a3 ® a, = 1 and 
d(az, a) < 7. 

Proor. Let a, = [a2 — (a: + a3)ae] ® [a; — aya3]. Then 


As + dy = ds + [ai — A103] + [a2 — (a) + as)a2] = 
= a3 + a + [a2 — (a) + as)a2] = a5 + 1 + & = |, 
304 = G3(, + a3)d4 = asa, — ayas]a, = 0, and 
A(z, a4) = D(az + [a, — ayas3]) — D([a2 — (ai + as)as]) 
= D(a) + D(a) — D(ayas) — D(az) + D((ai + as)a2) 
= D(a) — D(aa3) + D(a, + a3) + D(a2) — D(a: + as + %) 
= D(a + a3) — D(asas) = d(a;, as) < 9, 
proving the lemma. 
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TazorEM 6.7. & is complemented, that is, if J is an arbitrary element in &, 
then there exists an element J’ in & such that J ® J’ =1in 

Proor. Let J = J(f(x)) where f(x) = []9-1 Dov» fn(z) with f,(x) countably 
valued and w{S — E,{d(f(z), fa()) < 1/n']} = 0, hence w{S — E,{d(f,(2), 
fui(t)) < 2/n’]} = 0, a8 in the proof of Theorem 6.1. Let da,m,m = 1,2, ---, 
be the sequence of elements in L, according to Definition 6.2, for which 
u{S — Likerenm} = 0, where énm = E,lfn(z) = Gn,m]. By replacing the 


eam”, m = 1,2, +++ , DY nym ILS ee, ,m, m = 1, 2, --- , where s, is allowed 
to take all values = 1, 2,---, we may assume that én.m S €n-1,, for some 
r=r(n, m), foralln = 2,3,---. Now let a,,, be chosen by induction so that 


drm © Gnm = 1 in L, and d(Qn.m, Gn—12) S 2/(n — 1)’, forn = 2, 3,---, 
which can be done by Lemma 6.9. Set fa(x) == Gn,m for 2€€n,.m. Then 
clearly d(fn(x), fa4a(z)) < 2/n’ for almost all xz, and we can define f’(x) = 
[I2-1 o2-» f(x), which is measurable by Lemma 6.5, and for which d(f,(z), 
f'(z)) +0 as n — ©, for almost all z, by Lemma 6.3. Then, for almost all z, 
d(j(z), f'(x)) 2 Vimnnse {d(fa(z), fn(x)) — a(f(x), falz)) — a(fn (x), f'(z))} = 
1-0 — 0 = 1, implying that f(z) @ f’(z) = lin L for almost all z. It follows 
that for J’ = J(f’(x)) we have J + J’ = J(f(x)) + J(f'(z)) = J(Uf(z) + f'(2)) = 
ling, JJ’ = J(f(x)) J (f'(z)) = J(f(a)f'(x)) = Oin &, hence J @ J’ = 1in&, 
as required. 

TueorEM 6.8. If S is the set of real numbers 0 S x Sl, (l < &), under 
ordinary Lebesgue measure and if © is the set of automorphisms of & of the form 
f(z) > Tf(Tx) where T is an arbitrary element of G and T is an arbitrary measure- 
preserving transformation of S into itself,* then & is a geometry which is finite 
and irreducible under © as described in §§2, 3, 4, 5, and the normalized dimension 


function in &, according to $;, te given by DJ) = 5 [ D(f(z)) du(z), for 
J = J(f(z)). 


Proor. By Theorems 6.3, 6.4, 6.5, 6.6, and 6.7, 2 is partially ordered and 
complete, continuous, modular and complemented, hence a geometry as de- 
scribed in §2. To see that & is irreducible under G, let J(f(x)) be such that 
J(Tf(Tx)) = J(f(x)), that is, Tf(Tx) = f(x) for almost all z, for every measure- 
preserving transformation 7’ of S into itself, and every T in G. Since for any 
subset S’ of S of positive measure there exists an at most countable set 7;, 
T:, --- such that u{S — . T.S'} = 0, and since by Definition 6.1 there exists 





“More generally, S could be any space with finite measure possessing a group G of 
measure-preserving transformations under which S is ergodic, that is, u{(S’ + T(S’)) - 
S'T(S')} = 0 for all T in G, holds only if u(S) = 0 or n(S — S’) = 0. That von Neumann’s 
use of Fubini’s theorem shows that every locally compact, separable group under its own 
left-translations is ergodic with respect to its left-invariant measures (giving a quick proof 
of the uniqueness of Haar’s measure) has been pointed out independently by S. Kakutani: 
Proc. Imp. Acad. Tokyo, Vol. XIV, and by J. v. Neumann and the writer. 
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for every n an element a, in L such that u{ H,[d(f(x), an) < 1/n*]} > 0, it follows 
that for this a, , u{S — E,{d(f(x), an) < 1/n}} = n{S— o E,{d(f(T 2), a,) < 
1/n7]} = 0. Hence f(z) = bie de 13%.» ad, = a say, for almost all x. It is 
clear that Ta = a for every Tin G. If now J(f(x)) is neither 0 nor 1 in L, 
then a is neither 0 nor 1 in L, and since L is irreducible under G, has at least 
two different complements in L. Let a; , a2 be two such different complements 
ofainL. Set fi(z) = a, and fo(x) = az forall z. Then clearly J(f,(x)) and 
J(fe(x)) are two different complements of J(f(x)) in %, showing that & is irre- 
ducible under G. 

To see that & is finite under G, let 1 = Diaer ® J(fa(z)), J(g(z)) = 
doaer ® J(ga(x)), where J(f.(2)) ~ J(T.g(Tx)) for suitable T,, T.. Then 
Theorem 6.4 implies that J is finite or countable infinite and hence 


[ Dea) dul2) = [ D (Xu © gala)) dale) = Xe f DGal2)) dute) 
= De | DG.) du) = [ D(Le © f4(2)) dul) 


- [ Ldu(z) = y(S). 


This implies that D(g(xr)) = 1, and hence that g(x) = 1 in L, for almost all z- 
Thus if 1 = J(g(zx)) in &, then J(g(x)) = 1 in &, showing that & is finite under G. 

Thus the theory of §§2, 3, 4, 5 applies. Since the dimension function in &, 
as defined in §5, is characterized by the properties of being unrestrictedly 
additive, invariant under the set © of automorphisms of %, and normalized, it 


follows that it is given by D(J(f(x)) = x8) I D(f(x)) du(z). 


It is clear that %, as defined in Definition 6.3, is the smallest geometry with 
elements which are equivalence classes of functions f(x) (not restricted a priori 
to be measurable as defined in Definition 6.1) which contains the equivalence 
classes of the countably valued functions. (If L is a projective geometry, it is 
easy to show that all equivalence classes in & are those of countably valued 
functions.) The question as to whether there exists a larger set % of equiva- 
lence classes which again form a geometry (necessarily containing % as a sub- 
geometry), is open for the general L, but has been answered in the affirmative 
for irreducible geometries L arising from a ring of operators in a Hilbert space, 
by J. v. Neumann’s discovery of such reducible geometries in his study of 
reducible rings of operators in Hilbert space (unpublished). 
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THE LATTICE THEORY OF OVA 


By Morean Warp Anp R. P. Ditwortn! 
(Received December 21, 1938; revised March 24, 1939) 


I. INTRODUCTION 


1. In a series of previous papers,’ we have developed the theory of residuated 
lattices; that is, lattices over which a multiplication and associated residuation 
may be defined with the same properties as in polynomial ideal theory. Here 
we reverse our procedure and start with a system closed under a single suitably 
restricted operation of multiplication (see section 3). Following E. T. Bell, 
(Bell 1), we call such a system an “ovum.” By the adjunction of properly 
defined ideals of various kinds (distinguished sub-sets of the ovum), we imbed 
the ovum in a residuated lattice, incidentally generalizing many of the imbedding 
theorems of MacNeille 1. The Noether lattices introduced in W-D enables us 
to describe concisely the arithmetical behavior of ova. In particular, the recent 
results of A. H. Clifford in these Annals (Clifford 1) come under our general 
theory. An interesting new result is the following ‘fundamental theorem of 
the arithmetic of finite ova.” By the adjunction of a finite number of ideals, 
every finite ovum may be imbedded in a residuated lattice in which every element, 
and in particular the elements of the ovum, may be uniquely represented as a cross-cut 
of primary elements. 


2. The plan of this paper is as follows. After some set-theoretic preliminaries, 
we define and discuss in the third and fourth divisions of the paper two types of 
distinguished subsets of an ovum, its product ideals and ovoid ideals. (The 
reader is referred to the paper Clifford 2 in these Annals for the literature and 
history of ovoid ideals.) In the concluding division of the paper, we give the 
arithmetical theory of ovoid ideals, obtaining the following general result: 
If the lattice of ovoid ideals is modular and if the ascending chain axiom holds, 
then all of the decomposition theorems of Emmy Noether for the ideals of commutative 
rings hold. 


3. We shall use the lattice terminology of our previous papers. If © is a 
lattice of elements A, B, --- and unit element E over which a multiplication is 





1 Portions of this paper have been revised in accordance with suggestions of Dr. A. H. 
Clifford, who kindly read it in manuscript. 

* The papers relevant to the present investigation are Ward 1, 2 and the joint paper 
Ward-Dilworth 1, which we cite here as W-D. 

* Bell does not postulate the existence of a unit in his general definition. 

Other terms are “commutative groupoid” (G. Birkhoff 2), ‘‘semi-group’’ A. H. Clifford 
2. For a recent discussion of finite ova, see Poole 1. 
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defined (Ward 1), we write X DY, Y CX for X contains Y and (X, Y), [X, Y], 
xY or X-Y for the union, cross-cut and product respectively of the elements 
nd Y. 

. pai that S is completely closed relative to union; that is, every subset of 
elements of  hasa union. Then if for every subset 2 of elements A of S and 
any fixed element B, the union of the set of elements BA is the product of B 
and the union of the A, we say that multiplication is “completely distributive” 
relative to union. It is easily shown that multiplication is completely distribu- 
tive relative to union if and only if the union of the products of all pairs of 
elements of any two sets of © is the product of the unions of the sets.‘ Complete 
distributivity is of importance because of the following theorem. 

TurorEM 3.1. Let © be a lattice which is completely closed relative to union 
over which a commutative and associative multiplication may be defined distributive 
with respect to union, and let the untt element of the lattice also be the unit with 
respect to multiplication. Then a necessary and, sufficient condition that any two 
elements of S may have a residual is that multiplication be completely distributive 
relative to union. 

Proor. The sufficiency of the condition is established in Ward 1. To prove 
the necessity, assume that every two elements of S have a residual: specifically, 
given A and B, there exists an element R = A:B such that A > RB; A > XB 
implies R > X. It is shown in Ward 1 how the ordinary properties of the 
residual then follow and in particular, 


(i) A:BC = (A:B):C (ii) A > Bif and only if A:B = E. 


Now let 2 be any set of elements A of ©, and B, a fixed element of S. Let 
U and V denote respectively the union of all A and of all BA. It suffices to 
show that V = BU. Since U >:A, BU > BA for A eQ (Ward 1). Hence 
BUDV. ButV DBA,AeQ. Hence by (ii) and (i), ZH = V:BA = (V:B):A 
orV:BDA. Hence V:B DU or V > BU, V = BU. 


4. We understand by an “ovum” a set O of elements a, b, c, --- over which a 
binary relation z = y called “equality” and a binary operation zy called multipli- 
cation are well-defined subject to the following conditions: (i) Equality is an 
equivalence relation; (ii) O is closed under multiplication and multiplication is 
associative and commutative; (iii) O contains a unit e such that ae = ea = a, 
any ain O; (iv) If a = b, then ac = be, ca = chanycinO. Inshort, an ovum 
is a system satisfying all the usual postulates for an Abelian group save the 
existence of inverses.” 





_‘MacNeille 1 has an example showing that complete closure relative to union and 
distributivity of multiplication relative to union for finite sets does not imply complete 
distributivity. 

‘The unit e¢ may be dispensed with by strengthening slightly the conditions on the 


a introduced later. The non-commutative case will be treated by R. P. Dilworth 
elsewhere. 
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For example, any lattice over which a multiplication is defined with the 
properties in Ward 1 is an ovum with respect to the multiplication whose unit 
element is the unit of the lattice. 

If U and V are subsets of O, we denote by U + V and U fl V their set. 
theoretic union and cross-cut. Here as usual if U and V have no elements in 
common, U f) V is the set-theoretic null class Z containing no elements of 0 
but contained in every other subset. 

If wu lies in U, we write we U. If Q is any class of subsets A of O, we write 
>A for the set-theoretic union of the Ain®. U DV,V CUandU =y 
denote set-theoretic inclusion and equality. 

If U and V are any two subsets, their set product UV is by definition the set of 
all products wv, we U andveV. If U consists of a single element u, we write 
uV for UV. It is clear that the subsets of O form an ovum with respect to the 
operation of multiplication so defined, and if A > B, then AC > BC for any C. 
The following theorem is a direct consequence. 

THEeorEeM 4.1. The operation of multiplication of subsets is completely dis- 
tributive with respect to set theoretic union. 

In particular C(A + B) = CA + CB for any three sets A, Band C. On the 
other hand, C(A NM B) # CA /* CB in general. 

A set H is called a sub-ovum of O if H’ CH. A sub-ovum is called “proper” 
if it contains the unit element e of O and the zero element z whenever the latter 
exists. Here zis defined by the property az = z for every a of O. 

Let O be a proper sub-ovum of O, fixed throughout all that follows. An 
element a of O is said to “divide” an element b of O (relative to O) if there exists 
an element c of O such that ac = b. Wewritea|b. Ifa|bandb|a,aandb 
are said to be equivalent (relative to O); we write then a — b. The division 
relation | partially orders O, and — is an equivalence relation. Moreover e | a 
for every element a of O, and if z exists, a | z for every a of O. 


II. THe Propuct IpEALS oF AN Ovum 


5. The first type of distinguished subset of O which we shall consider is the 
product ideal. 

Derinition 5.1. A subset S’ is called a product ideal (relative to O) if OS’ = S'. 

If in addition 0 > S’, S’ is said to be integral. Clearly O itself is a product 
ideal. Hence given any subset A of O, there is a least product ideal A’ con- 
taining it. We call A’ the ideal generated by A. If A consists of a single 
element a, we write A’ = (a). 

If the ovum contains a zero element z, then z ¢ S’ every S’ and the ideal (2) 
is the set Z consisting of z alone. Hence S’ > Z for every product ideal 8’. 
If O contains no zero element, we count the null set Z as a product ideal. It is 
easily seen that the product ideals of O(O) are closed under the operations of 
set-theoretic cross-cut and union. 
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We denote the union and cross-cut of a set 2 by uO and «@ respectively. 
The following theorem is now evident: 

TazoreM 5.1. The set of all product ideals and the set of all integral product 
ideals of any ovum both form distributive lattices which are completely closed with 
respect to union and cross-cut. 

TarorEM 5.2. The set of all integral product ideals of an ovum form a residuated 
lattice completely closed relative to union and cross-cut, 

Proor. Since the union and cross-cut operations on ideals in O are the 
set-theoretic operations on the ideals qua classes of elements, it is evident that 
the ideals form a completely closed distributive lattice. The postulates for a 
multiplication in a lattice are 
M1 If 0 contains A’, B’, then O contains A'B’. 

M2 If A’ = B’, then A'C’ = BC’. 

M3 A’B' = BA’. 

M4 (A’B’)C’ = A’(B'C’). 

M5 A’O’ = A’ any A’. (Here O’ = 0). 
M6 A’(B’, C’) = (A’B’, A'C’). 

These postulates are clearly all satisfied. We shall denote this lattice by ®. 
We also have from theorems 3.1 and 4.1 
M7 & is completely closed with respect to union, and the product of the unions of 
any two classes of ideals of RR is the union of the set-products of all pairs of elements 
in the classes. 

Hence (Ward 1) a residuation X’: Y’ may be defined over R with the proper- 
ties R 1-R 6 given in W-D, §4, so that the ideals of O form a residuated lattice 
by definition. 

It is impossible to prove that the lattice of all product ideals of O may be 
residuated, for the unit element O of the lattice is not the unit with respect to 
multiplication, so that M 5 is not satisfied. All the remaining postulates are 
satisfied. A similar situation oécurs in defining the product of two modules of a 
ring of algebraic integers (Dedekind 1). M 5 is arithmetically important, as 
it assures that A’ D A’B’. 

If ais any element of O, the product ideal (a) is clearly the set aO of all mul- 
tiples of ain O. We call (a) an (integral) principal ideal. 

TaEorEeM 5.3. If A’ is an integral principal ideal and A’ > B’, then there 
exists an integral ideal C’ such that A’C’ = B’. 

Proor. By hypothesis, A’ = a0. Since A’ D B’, every element of B’ is of 
the form ag, where q lies in a'certain fixed class Q of 0. Then 


B’ = ¥ aqd = ¥ aq = 00 > 0 = AC’ 
@ 


where C’ is the ideal = gO. 
It follows from M 7 in the proof of theorem 5.5, and W-D, lemma 13.1, that 
we may take C’ = B’: A’! 





‘There may be several ideals C’ such that A’C’ = B’. 
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6. It may be shown by simple examples that if the ovum O contains an 
infinite number of non-equivalent elements, no chain conditions need be satisfied 
in ®, or in other words integral product ideals are in general expressible only as 
unions of an infinite number of elements of O. If however O contains only a 
finite number of non-equivalent elements, then § is a finite lattice satisfying the 
following conditions: 

N 1. & is residuated. 

N 2. The ascending chain condition holds in R. 

D3. Every element of R is the union of a finite number of principal ideals. 

D4. The principal ideals of R are closed under multiplication. 

Hence by theorem 5.3 and theorem 14.2 of W-D, ® is a Noether lattice. 
Since & is also a distributive lattice, we may state the following theorem. 

TuroreM 6.1. Jf O contains only a finite number of principal product ideals, 
then every element of O is expressible as a cross-cut of a finite number of primary 
product ideals in essentially one way only. 

If in particular O itself has only a finite number of elements, and we take 
O = O, we have the “fundamental theorem of the arithmetic of finite ova” 
stated in the introduction. 


III. Tue Ovorw IpEALS or AN Ovum 


7. The second type of distinguished subset of O which we shall consider is the 
ovoid ideal. There is little gain in defining division in O relative to a proper 
subovum O, and for the remainder of the paper we identify O with O as in 
Clifford 2. 

DEFINITION 7.1. Let A be any set of elements of O. The cross-cut of all the 
residuals (s):(t) of principal product ideals (s), (t) such that (s):(t) contains A is 
called the ovoid ideal generated by A. 

We write a = (A) (Clifford 2). Evidently a is a product ideal containing 
both A and A’. It is easily shown that this definition is equivalent to the 
definition in Clifford 2. It seems to us somewhat easier to grasp. 

O itself is an ovoid ideal 0, and the ovoid ideals form a semi-ordered set with 
respect to the relation (r) > (y) of set-theoretic inclusion. We use small German 
letters for ovoid ideals. 

As in part II, a special convention is made for the null ideal. If the ovum 
contains a zero element z, the set 3 consisting of the single element z is an ovoid 
ideal contained in every other ideal. If the ovum contains no zero element, we 
count the null set as an ovoid ideal 3 contained in every other. 

The following properties of ovoid ideals are obvious from the definition: 


(7.1) (A) >A, ADB implies (A) >(B), ((A)) = (A). 


Lemma 7.1. (Clifford 2) If the subset A consists of a single element a, the ovoid 
ideal (A) is the principal product ideal (a) = aO. 





7 The letters N 1, N 2, D3, D4 refer to the like-designated conditions in W-D. 
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TueorEM 7.1. The set-theoretic cross-cut of any class of ovoid ideals is an ovoid 
ideal. 
5 Let Q be a class of ovoid ideals a, and let K be the set-theoretic 
cross-cut of thea. (K exists, sincea D4). ThenaeQimpliesa > K. Hence 
by (7.1), (a) > (K),a > (K). Hence K > (K), K = (K). 

We may now define the union of any set of ovoid ideals 6 as the cross-cut of 
the non-empty set Q of all ideals a such that 6 > a, all 6b. It is easy to prove 


from (7.1): 
Lemma 7.2. (Clifford 2) The union of any set of ovoid ideals is the ovoid ideal 
generated by their set theoretic sum. 


We may now state one of our fundamental theorems. 
TurorEM 7.2. The set of ovoid ideals of any ovum form a completely closed 
lattice relative to the relation of set-theoretic inclusion. 


8. We now pass to the multiplicative properties of the lattice of ovoid ideals. 
The set product of two ovoid ideals need not be an ovoid ideal. We accordingly 
define the product of two ovoid ideals to be the ideal generated by their set 
product. To distinguish this new product from the set product, we use a dot, 
writing 


(8.1) (A)-(B) = ((A)(B)), or a-b = (ab). 


This multiplication is readily shown to satisfy postulates M 1-M 5 of sec- 
tion 5, where the unit element is the unit ideal o. 

THEOREM 8.1. The operation of multiplication of ovoid ideals is completely 
distributive with respect to union. 

Proor. Let © be any set of ovoid ideals a, and let 6 be any fixed ovoid ideal. 
Let u be the union of the ideals a, and » the union of the ideals b-a. Then by 
lemma 7.2u = (>> a),» = (>> b-a). We wish to show that b-u =v. Weneed 
the following lemma due to A. H. Clifford: (Clifford 2). 

Lemma 8.1. If A and B are any two subsets of O, then the product of the 
ovoid ideals which they generate is the ideal generated by their set product: 


(8.2) (A)-(B) = (AB). 


By (8.2), b-u = (b>) a) = (>> ba) by theorem 4.1. But by lemma 7.2 
(2, ba) = (2° (ba)) = (2) b-a) =v 

It follows that M 7 and M 6 of section 5 are satisfied. Hence we have 
we 8.2. The set of all ovoid ideals of O form a completely closed residuated 

ice. 

We denote this lattice by S. 

If (a) and (6) are principal ovoid ideals, it is easily shown that (a)-(b) = 
(a)(b) = (ab). Hence we have 

Lemma 8.2. The principal ovoid ideals of O are closed under multiplication, 
and form an ovum within the lattice S which is simply isomorphic with O. 























- tt te le ae = =s + ‘or Pee+..2 Ae ote. _ 
EA ar: one RE i mY Dare ai ecsetie iad“ pte eee sas 8 ane “ Stes I oe 
: FS NEES TERT EITM: q Sree s . sa oe r 
mnige: ope - a ooo te — percs 
= et ee peers ee _ MA ny oS veee 
, D * a apse ai ‘ a: 


























606 MORGAN WARD AND R. P. DILWORTH 


In W-D, an element a of a residuated lattice S was defined to be “principal” 
provided that a > 6 if and only if there existed a lattice element ¢ such that 
ac = Bb. 

THEOREM 8.3. Every principal ideal of the lattice of all ovoid ideals of an ovum 
is a principal element of the lattice. 

Proor. Leta = (a) anda > b. Consider the set C of all elements c such 
that ac « b and let c = (C). Then b= a-c. Forsince b D aC, (6) D (aC) or 
bD>a-c. Sincea D> banda = (a), ifbebthenb = ca,ceO. Henceal D5 
so that (aC) > b,a-c D b,a-c = Bb. 


IV. THe ARITHMETICAL PROPERTIES OF Ova 


9. We shall now consider the arithmetical properties of the lattice S. In 
W-D, we have called a lattice a “Noether lattice” if it satisfies the three con- 
ditions. 

Nl. The lattice S may be residuated. 

N 2. The ascending chain condition holds in S. 

N 3. Every irreducible of S ts primary. 

In such a lattice the decomposition theorems first proved by Emmy Noether 
for the ideals of a commutative ring with chain condition hold. We also proved 
there that sufficient conditions’ that any lattice be a Noether lattice are N 1, 
N 2 and 

D2 © is modular. ‘. 

D 3’ There exists a set B of principal elements of S such that every other ele- 
ment is the union of a finite number of elements of $. 

D4’ The set is closed under multiplication. 

In the present case, N 1 is satisfied by theorem 8.2, and D 4’ is satisfied for 
the principal ideals of S by lemma 8.2. Clifford has shown that N 2 implies 
D 3’ (Theorem 8.4; Clifford 2, theorem 2.1). Hence we may state the funda- 
mental result: 

THEOREM 9.1. The lattice of ovoid ideals of any ovum is a Noether lattice pro- 
vided that 

N 2. The ascending chain condition holds in S, 

D2. © ts modular. 

If we assume that © is distributive instead of modular, we have an analogue 
of theorem 6.1 on product ideals; namely 

THEOREM 9.2. If the lattice of ovoid ideals of an ovum satisfies the conditions 

N 2. The ascending.chain condition holds in S, 

D 6. © is distributive, 
then every element of the lattice, and in particular the principal ideals corresponding 





* The more restrictive conditions D 3 and D 4 quoted in section 6 are stated in W-D. 
But an examination of the proof of theorem 14.2 of W-D will show that D3’ and D4’ are 
sufficient. 





— en epee ee Cc 2 A ot 


a beet 





ipal”’ 
that 


ovum 


such 
”) or 


In 
con- 


ther 
oved 
N 1, 


or B 
plies 
nda- 


pro- 


gue 


ding 


V-D. 
’ are 


LATTICE THEORY OF OVA 607 


to elements of the ovum, may be uniquely represented as a cross-cut of primary 
elements, each belonging to a different prime. 

If we assume that every ovoid ideal is principal, then D 6 is satisfied by W-D 
theorem 16.2. Hence we may state: 

TurorEM 9.3. The conclusions of theorem 9.2 hold provided that the lattice of 
ovoid ideals satisfies the conditions 

N2. The ascending chain condition holds in S, 

D7. Every ovoid ideal is principal. 


10. The two simplest types of distributive lattice are arithmetical lattices 
and semi-arithmetical lattices. An arithmetical lattice is one which is a direct 
product’ of simple chain lattices and in which N 2 holds. It is quite easy to 
show that the fundamental theorem of arithmetic” holds in a lattice if and only 
if the lattice is arithmetical. Such lattices have been thoroughly investigated 
by F. Klein (Klein 1). 

The notion of a semi-arithmetical lattice was introduced by one of us in a 
recent paper in these Annals. (Ward 2.) A semi-arithmetical lattice is a 
distributive lattice in which the ascending chain condition holds and in which 
every element may be uniquely represented as a cross-cut of irreducible elements 
co-prime in pairs. If the semi-arithmetical lattice is residuated, it follows that 
every element may be uniquely represented as a product of irreducible elements; 
for if a and 6 are coprime, their product equals their cross-cut. Conversely, 
it is not difficult to show that if every element of a lattice may be uniquely 
represented as a product of irreducible elements, co-prime in pairs, then the 
lattice is semi-arithmetical ; in other words a residuated semi-arithmetical lattice 
is the most general type of lattice in which a unique multiplicative decomposition 
of elements may be defined. 

We can therefore replace condition D 6 by conditions that © be semi- 
arithmetical or arithmetical to obtain still more special types of decomposition 
in ©. The investigations of Clifford viewed from this standpoint give con- 
venient sets of conditions that the lattice be arithmetical. 


CaLirorNIA INSTITUTE OF TECHNOLOGY, 
PasaDENA, CALIFORNIA. 
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Introduction 


When is a lattice a Boolean algebra—that is, isomorphic with a field of sets? 
The classical conditions are: (1) The distributive law holds, (2) every element 
hasa complement. Now it is well known’ that (1) and (2) imply (3) no element 
has more than one complement. We are thus led to conjecture that (2) and (3) 
imply (1); in other words, that a necessary and sufficient condition that a lattice 
be a Boolean algebra is that each of its elements have a unique complement. 

The only published result bearing on this question is G. Bergmann’s’ theorem 
that the distributive law holds if and only if relative complements are unique; 
that is, if and only if given a S z S b, there exists one and only one y with 
rNy=arUy= 

We prove here the truth of our conjecture for all complete atomistic lattices. 
These include lattices of finite length and of finite order. We do not know 
whether or not our conjecture is unrestrictedly true. 


Exact statement of theorem 


Let L be a complete lattice which is “atomistic” in the sense that ifO <a < I, 
then pa S @ S Gg where p. covers O and gg is covered by J. Let us further 
define a “‘point”’ as an element p covering O. 

THEOREM 1: If each element of L has one and only one complement, then L is 
isomorphic with the Boolean algebra of all subsets of its points. 

THEorEM 2: In order for L to be a Boolean algebra, it is necessary and sufficient 
that each element have one and only one complement. 

The second theorem follows from the first, and the known results stated in the 
introduction. 

Proor or First THEOREM. To each set S of points p., make correspond 
the join z(S) of the pain S. Dually, associate with each set S of elements qs 
covered by J, the meet y(S) of the gg in S. It will follow from generalized 


‘E. V. Huntington “‘Postulates for the algebra of logic,” Trans. Am. Math. Soc. 5 (1904), 
pp. 288-309. His hypotheses (1) — (7) define lattices. 

? See for example, A. N. Whitehead’s “‘Universal Algebra’? Cambridge (1898) p. 36. The 
result is due to R. Grassmann. 

. Sg Axiomatik der Elementargeometrie’’ Monatschr. f. Math. u. Phys. 36 (1929), 
Pp. 269-84. 

‘The terminology of the present paper is that of G. Birkhoff’s “Lattice theory and its 
applications’ Bull. Am. Math. Soc. 44 (1938), pp. 793-800. By “a covers b,” we mean 
that a > b while a > 2 > b has no solution. 
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associativity, that 2(S U T) = 2(S8) U 2(T) and ¥(S U T) = y(8) N yr ), 
Again, the complement of z(J) can contain no een since x(I) contains every 
point;’ hence it is O, and z(I) = J. Dually, y() = 

Again, given a, B, either pa S qs, OF Pa N Gs = ai ‘iad Pa U gg = I—that i is, 
Pa and gg are complementary. But not every gg contains p, , since y(J) = 0 < 
Pa- Hence (by the existence of unique complements) a suitable subscript 
notation will make p, = ga and pa S @if a ¥ B. 

This notation will further identify subsets of p. with subsets of q. , and, since 
every Pa [a € S] is less than or equal to every gg [6 € S’], it will make 2(S) < 
y(S’). (Here S’ denotes the set complementary to S.) From this important 
inequality we infer that 


2(S) U y(S) = x(8) U 2(S’) = a(S U 8) = 
x(S) N y(S) S$ y(S’) N y(S) = y(S U 8’) = O 


Consequently z(S) and y(S) are complementary. 

Also, z(S) M x(8’) s y(S’) N y(S) = y(S U 8’) = O and 2(S) U 2(8’) = 
a(S U S8’) = I; hence x(S) and x(S’) are complementary. But since z(S) 
and x(S’) are complementary, x(S) contains no p. not in S, distinct sets S 
determine distinct x(S), and the partially ordered system of the x(S) is iso- 
morphic with the algebra of all subsets of the pz . 

It remains to show that every member a of L is an z(S). But denote by S 
the set of p. S a. Evidently z(S) < a; moreover a /M x(S’) will by the last 
paragraph contain no points; hence a fM 2x(S’) = O. On the other hand, 
a U x(S’) = x(S) U 2x(S’) = I; hence a is the unique complement 2(S) of 
z(S’), completing the proof. 


HARVARD UNIVERSITY AND 
CALIFORNIA INSTITUTE OF TECHNOLOGY. 





5 We are letting J denote simultaneously: the biggest element in L, the set of all pa, 
and the set of all gs. 
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ON FROBENIUSEAN ALGEBRAS. I' 


By Tapast NAKAYAMA 
(Received February 2, 1939) 


Introduction 


Let A be an algebra possessing a unit element. Let R(a) and S(a) (a « A) 
be the right (first) and the left (second) regular representations of A (defined 
by a certain basis). A is called Frobeniusean if R(a) and S(a) are equivalent 
to each other, while we call A quasi-Frobeniusean if the totality of distinct 
directly indecomposable components of R(a) coincides with that of S(a). 
Furthermore, A is called symmetric if R(a) can be transformed into S(a) by a 
symmetric non-singular matrix; the notion was introduced by R. Brauer and 
C. Nesbitt.” The present note studies the structure of these and some other 
related types of algebras. 

Section 1 is a preliminary and is a restatement of the known structural 
theory of algebras together with its bearings on the representation theory. 
Then in the succeeding three sections we prove the main theorems on Frobe- 
niusean and quasi-Frobeniusean algebras which state: an algebra A over a 
field F is Frobeniusean if and only if a) l(r()) = 1, r(l(r)) = r and 8) 
(:F) + (r():F) = (A:F), (t:F) + (l(t): F) = (A:F) for every left ideal [ 
and right ideal r (Th. 1), while A is quasi-Frobeniusean if and only if a) (but 
not necessarily 8)) holds for every { and r (Th. 2); where r(S) [I(S)], with a 
set S of elements in A, denotes the set of all right [left] annihilators of S in A. 
In fact, as for the first parts (that is, the “if’’ parts) of the assertions we have 
only to assume the validity of the relations for every nilpotent simple left 
ideal and nilpotent simple right ideal as well as for the radical and the zero 
ideal (Th. 3). Section 5 deals with some immediate consequences and supple- 
mentaries of the above theorems. For instance, we show that if A is quasi- 
Frobeniusean and WN is the radical of A then r(N”) = 1(N’) for any v (Th. 6), 
and that if a two-sided ideal 3 of a Frobeniusean algebra A is a principal left 
ideal 3 = Ac, then 3 = cA, too, and conversely (Th. 4, Corollary). In 6 we 
examine under what condition a residue class algebra of a Frobeniusean algebra 
would be again Frobeniusean; the answer is that A/;, where A is Frobeniusean 
and 3 is a two-sided ideal in A, is Frobeniusean if and only if the two-sided 
ideal r(3) is principal rj) = Ac = cA (Th. 9). As an application we then 
obtain, in 7, a characterization of such an algebra A in which every two-sided 
ideal is expressible as 3 = Ac = cA (Th. 10). 

Kenge to the American Mathematical Society on Sept. 6, 1938 and Feb. 29, 1939 
In parts. 
* Brauer-Nesbitt (3), Nesbitt (13), (14). Cf. also Nakayama-Nesbitt (11). 
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The last two sections are devoted mainly to symmetric algebras. Namely, 
8 studies, as a preliminary, the relationship between left and right representa- 
tion moduli* belonging to mutually equivalent representations of an algebra, 
which is in fact essentially nothing but the well known relationship between 
so-called dual vector spaces." Then in 9 we show that in case of a symmetric 
algebra the 1-1 dual correspondence of left and right ideals by annihilation, 
which was established in the above Theorem 1, is in accord with the repre- 
sentation theory, that is, if A is a symmetric algebra and if l is a left subideal 
of a left ideal [ in A, the representation of A defined by the left module {/{ 
is equivalent to the one defined by the right module r(b)/r(f) (Th. 12). We 
obtain also a necessary and sufficient condition that a residue class algebra of a 
symmetric algebra be symmetric (Th. 13). Finally, in an appendix at the end 
we re-formulate and generalize a fundamental theorem on parastrophic ma- 
trices’ which is a starting point of our study. 

In Part II, which will come later, we shall mainly deal with general rings 
satisfying chain conditions for ideals and shall see that most of those results 
in the present part which are concerned with Frobeniusean and quasi- 
Frobeniusean algebras can be extended to that general case if we define the 
corresponding types of rings in a suitable manner.° 

The writer is grateful to Prof. R. Brauer and Dr. C. Nesbitt, to whom the 
present paper owes very much. Furthermore, an impulse was given to the 
present paper by a seminar directed by Prof. H. Weyl, as well as by a recent 
work of Dr. M. Hall.’ 


1. Preliminaries*® 


Let A be an (associative) algebra (with a finite basis) over a field F, and let 
N be the radical of A. WeassumeN x A. The residue class algebra A = A/N 
is semisimple and is a direct sum of simple’ two-sided ideals which themselves 
are simple algebras, 


A=A,+A,+.--. + Ax. 
Let FE, , E,,--- , E, be the unit elements of A,, A:,--- ,A,. Each E, can be 


decomposed into a sum of mutually orthogonal idempotent elements é,1, 
é.2,°*+ » &&,s Such that left ideals Aé,,; as well as right ideals 2,,,A are simple. 





3 We shall call a representation module of an algebra a left or right one according as the 
algebra is a left or a right operator domain. 

4 Weyl (17), Chap. I, §3. 

5 Frobenius (6). See also the papers referred to in the footnote 2. 

‘For instance, we may use the properties of the criteria in Lemma 2 (Section 2) to 
define Frobeniusean and quasi-Frobeniusean rings. 

7 Hall (7). 

*See Artin (1), Deuring (5), Kéthe (8), Noether (15). Cf. also Brauer-Nesbitt (3), 
Nakayama (10). 

* By a simple two-sided [left, right] ideal we shall always mean a non-zero simple two- 
sided [left, right] ideal. 
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There exists a system of mutually orthogonal idempotent elements e,,; in A 
such that €x,% (mod N) eee (x ~_ h, 2,---,k 4 — 1, 2, a (x)). Put 
B= i e,cand E =}. E,. Aisadirect sum 


A = Ati +--+: + Aes) + Aeaa +--+: + Atesay +h, 
[A = @yA +--+ tH erymMA + C2 A +--+ + eeu A + to, 


where Ig[ to] is a left [right] ideal & N consisting of all left [right] annihilators of 
E. (bo = t = Oif and only if A has a unit element; in this case E is really the 
unit element.) The idempotent elements e,,; are primitive,” and the left ideals 
Ae,,; a8 well as the right ideals e,,:A are directly indecomposable. Furthermore 


(1) 


(2) Aes S Ates S -+- SAC Hy [CcrA S ee 2A S +--+ S & yp Al, 


and there exists for each « a system of f(x)” elements ¢,,:;(¢, 7 = 1, 2, --- , f(x)) 
such that Cy,ii = Ceci» CestiCx,kt = OjnCy,c2 (Kronecker 6). 

For the sake of brevity let us denote one of e,,;(¢ = 1, 2, --- , f(x)), say &1, 
by e,. Incidentally we denote @,1 by @. Ne, = N 1 Ae,leN = N 1 e,A] 
is a unique maximal left [right] subideal of Ae,{e,A]." A simple left [right] 
module” of A is either annihilated by A or is isomorphic to one (and only one) 
of Aé,(= Ae,/Ne,) [&A (ae ¢,A/e,N)] (x = 1,2, +--+ , k). 

Lemma 1. If a left module m of A has a unique maximal submodule m, and if 
m/m, is isomorphic to Aé, , then m is homomorphic to Ae,. If a right representa- 
tion module n of A has a unique simple submodule to and if to & 2,A, then a 
representation of A belonging to the left ideal Ae, can be reduced to the form 


(" (a) °) 

* * 
where N(a) belongs to n. 

Proor. Denote e, bye. em Q m, since m/m > Aé,. Let ueem but ¢m. 
Then Aw = m, for u(=eu € Au) ¢m: and m is a unique maximal submodule of 
m. Hence ae — au(ae A) is a homomorphic mapping of Ae onto m. This 
proves the first half of the lemma. To prove the second half we have merely to 
consider, instead of n, a left representation module belonging to N(a) and to 
apply the first half to it; observe that (irreducible) representations belonging to 
Aé, and @,A are equivalent. 

Now, if S is a set of elements in A we denote by r(S) [1(.S)] the set of all right 
lleft] annihilators of Sin A. 1(S) [1(S)] is a right [left] ideal. If in particular 
Sisa right [left] ideal, then r(S) [1(S)] is a two-sided ideal. 





° An idempotent element is called primitive if it can not be decomposed into a sum of 
two mutually orthogonal idempotent elements. 

" Such is the case for any primitive idempotent element. 

” By a left [right] module of A we understand as usual an additive group which has A 
not only as a mere (left [right]) operator domain but as an operator algebra. (Thus it 
has also elements of the underlying field F as operators, and it can be considered as a 
Tepresentation module whenever it has a finite rank over F.) 
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The two-sided ideal r(N), where N is the radical of A, is the largest completely 
reducible left ideal of A, that is, the sum of all simple left ideals of A. For, if | 
is a simple left ideal then NI = 0 whence I & r(N), while r(N) is certainly a 
completely reducible left ideal since Nr(N) = 0. Furthermore, for each 
E,r(N) is the sum of all simple left ideals isomorphic to Aé, , as can readily be 
seen from the fact that a simple left module m of A is isomorphic to Aé, if and 
only if Em = m. Hence E,r(N) is a two-sided ideal, for if {= Aé, then la(a ¢ A) 
is either > AZ, or 0. 7r(N) is the direct sum 


Eyr(N) + Ear(N) + --» + Ear(N) + (r(N) 1 tw), 


where t) = r(Z) as in (1); some of E,r(N) as well asr(N) 1 to may be 0. Simi- 
larly 1(N) is the largest completely reducible right ideal and we have its de- 
composition analogous to above. 

It may be also useful to note that if | is any left ideal of A, { f r(N) is the 
largest completely reducible left subideal of {. In particular, in order that | 
has a unique simple left subideal it is necessary and sufficient that I {) r(N) is 
simple. 


2. Frobeniusean and quasi-Frobeniusean algebra 


Let A be an algebra over a field F and let N, e,,:, &(= &.1), E, , E, f(x), ete. 
have the same significance asin1. Let further S(a) and R(a) be the left (second) 
and the right (first) regular representations of A (defined by a certain basis). 
If A possesses a unit element, which necessarily coincides with E, then h and % 
in (1) are both 0, whence 


A = A@ia + +--+ + Assay + Aaa +--+ + Aekzay 
= @ A +--+ + e1ymA + Card +--+ + CeswA, 


and this expresses a decomposition of S(a) and R(a) into (directly) indecom- 
posable components. Namely, if V,(a) and U,(a) are representations of A 
belonging to the left ideal Ae, and the right ideal ¢,A respectively, then 


(3) S(a) = Dif(x)-Vi(a), -R(a) & Di f(x)- U,(a). 


Derinition. A ‘is called Frobeniusean if it possesses a unit element and if S(a) 
and R(a) are equivalent to each other: S(a) ~ R(a), while we call A quasi-Fro- 
beniusean if it possesses a unit element and if the totality of distinct (= inequivalent) 
indecomposable components of S(a) coincides with that of R(a), that is, if there 
exists a permutation (x(1), (2), --- , #(k)) of (1, 2, --- , k) such that Vw (a) = 
U,(a). 

As an immediate consequence of Lemma 1 we have 

Lemma 2. Let A have a unit element. A is quasi-Frobeniusean if and only *f 
there is a permutation (x(1), +(2), --- , r(k)) of (1, 2, --- , &) such that for each « 
i) ¢,A has a unique simple right subideal t, and t,  &)A, 

ii) Aes, has a unique simple left subideal Iq) and lew) & Aé. 
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Furthermore, A ts Frobeniusean <f and only if there is a permutation (x(x)) which 
satisfies 
iil) f(e) = S(r(®)) 
besides the above i), ii). 
Let us now note an ingenious characterization of Frobeniusean algebras due 


to R. Brauer and C. Nesbitt.” Namely, let a,, a2, ---,@n be a basis of A 
and let 


(4) Op Qe = Dix Oper Qe (per € F) 


be its multiplication table. Let (A1, Ax, ---, An) be an n-dimensional vector 
(with components from F) and consider the matrix , 


(5) P= Ce QperAr) po 


(parastrophic matrix of A having i, as values of parameters). Consider further 
the subspace H of A consisting of all elements z = >> £,a, fulfilling 


(6) A(z) = , > ApE, = 0, 


H being a hyperplane in A provided that not ali of \, are 0. If I is the largest 
left ideal of A contained in H, that is, the sum of all left ideals contained in H, 
then ([:F) = n — rank of P, because Ax © H(x = )°E,a,) is equivalent to 
P(é,) = 0. Similarly, if ris the largest right ideal contained in H then (rt: F) = 
n — rank of P(= ({:F)). In particular, P is non-singular if and only if H 
contains no ideal“ except the zero ideal. On the other hand, it is known that the 
existence of a vector (A,) such that P is non-singular implies the existence of a 
unit element in A.” Furthermore, if S(a) and R(a) are the left and the right 
regular representations defined with respect to the basis (a;, dz, --- , Gn), 
then the matrix P, with any (A,), intertwines R(a) with S(a), that is, R(a)P = 
PS(a) (for alla eA). And, if A possesses a unit element then conversely every 
matrix which intertwines R(a) with S(a) can be expressed in the form (5) with a 
suitable (A,).° On combining these facts we find that an algebra A is Frobe- 
musean tf and only if there exists a hyperplane in A which contains no ideal except 
the zero ideal; for the sake of brevity let us say that such a hyperplane is non- 
singular. 


3. Main theorems (A) 


Let A be an algebra over a field F. If S is a set of elements in A we denote, as 
before, the set of right [left] annihilators of S in A by r(S) [1(S)]. 





% Brauer-Nesbitt (3), Nesbitt (13). 

* By an ideal we mean either a left or a right ideal, not necessarily two-sided. 

* Frobenius (6). Cf. Nakayama-Nesbitt (11), footnote 7. 

“For this fundamental theorem of parastrophic matrices see Brauer-Nesbitt (3), 
Nesbitt (13), Nakayama-Nesbitt (11). Cf. also Appendiz below. 
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THEeorEM 1. If A is Frobeniusean then 
a) Ur) =1, r(r)) = +t, 
B) (iF) + (r(Q:F) = (A:F), (ti F) + (Ut): F) = (A:F) 


for every left ideal | and right ideal , and conversely." 

THEorEM 2. If A is quasi-Frobeniusean then a) (but not necessarily B)) holds 
for every | and tr, and conversely. 

To prove these theorems we start with considering two vector spaces m and n 
of the same dimensionality, say m, over F. Let (tu, we, -+-, Um) and (»,, 
Ve, +--+ , Um) be any bases of m and n respectively. Take a non-singular matrix 
P = (r,<) of order m (with elements from F) and consider the corresponding 
bilinear form }om,ont. = (n)P(é). Now, if 8 is a subspace of m we denote by 
p(8) = p(8; u, v, P) the subspace of n consisting of all y = 1,0, such that 


(7) Ply, z) = (n)P(é) = 0 


for all z = )>é,u, in 8. Similarly, if t is a subspace of n we denote by q(t) = 
q(t; u, v, P) the subspace of m consisting of all z such that (7) holds for all y int. 
Then evidently 

Lemma 3. 9(p(8)) = 8, p(g(t)) = t, 8 2% = p(s) & p(s), (8:F) + (p(8):F) 
= m, and thus p and q give a (1-1) anti-isomorphism between the subspace lattices 
of m and n. 

(If (ti , tig, +++, %m) = (U1, U2, +++ , Um)U is a second basis of m such that 
Misi, +++, tm (t = m — (8:F)) form a basis of 8 and if (d,, te, ---, in) = 
(v1, v2, +++ ,m)(U P'’)’, then (i, --+ , 5) is a basis of p(8); observe that in 
terms of the coérdinates (£), (4) with respect to the new bases (7), (0) the relation 
(7) reads simply (9)(~) = 0.) 

Let now A be a Frobentusean algebra over F and let again (4) be the multiplica- 
tion table of a basis a1, d2,---,@, 0f A. We apply the above observation to 
m = n = A and a non-singular matrix P of the form (5) (which exists by our 
assumption). Indeed, the corresponding bilinear form P(y, x) (z, y¢A) is 
simply (yx) (cf. (6)) as can be verified easily. Hence p(8) = p(8;a,, a,, P) 
may be interpreted also in the following manner: p(8) consists of all y in A such 
that y8 © H, where H is the (non-singular) hyperplane corresponding to P 
defined by (6). Similarly (8) = 9(8; a,, a,, P) consists of all y satisfying 
8y GH. To indicate this fact let us denote our p and q by pz and gz. 

Lemma 4. Let | be a left ideal of A. Then qu(1) is a right ideal and consists of 
all right annihilators of 1, that is qu() = r(Q). Similarly px(t) = U(r) fora 
right ideal rt of A. 

Proor. If ly = 0 then obviously yeqz(l). If conversely y¢qu(f) then 





17 Here, as well as in the below, we naturally exclude the extreme case A = 0. 
18 For the relation a) cf. Hall (7). 
1® As for another bearing of pa , qx , see 9 below. 
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y GH. But the zero ideal is the only ideal contained in H. Hence ly = 0, 
yer(). Pa(t) = Ur) can be seen in the same way. 

On combining these two lemmas we find the validity of the first part of Theorem 
1, As to the corresponding part of Theorem 2 we want to reduce it to the 


Frobeniusean case.” 

To do so let first A be any algebra with a unit element (not necessarily quasi- 
Frobeniusean). Let N, i, @c(= 1), Cx.t3, B., EB, f(x), etc. have the same sig- 
nificance as before. We consider the subalgebra 


A® = Yr eAer 


of A. A° has a unit element E° = >>,e,, and N° = >°.,¢,Ne, = A’ N Nis the 
radical of A°. Further, let g be an (arbitrary but fixed) integer not less than 
any of f(x):g 2 f(x), and consider the (complete) g-rowed matric algebra 


A* = (A), = So jar A°Ci; 


over A’, Ci; being a system of matric units commutative with all elements 
of A° and linearly independent over A°®. The radical of A* is evidently N* = 
LisNCs; . Put 
Ce.ii = eCis 5 Cri = Cris, Ei = Liens; E* = LE : 
Then e7;(k = 1, 2,---,k;¢ = 1, 2, --- ,g) form a system of mutually orthog- 
onal idempotent elements and their sum E* is a unit element of A*. 7; are 
primitive since the algebras e::A*es:(& ¢,A°e, = ¢,Ae,) are completely primary. 
Moreover, two left [right] ideals A*e;; and A*e,; [e.:A* and ¢,;A*] are iso- 
morphic if and only if x = A, because e, ;A*e, ; ¢ N* if and only if« =». We 
denote er; by e . 
Now, if a is an element of our original algebra A, we put 

ai, j) = Dirwzisorzi Cesdera (¢ A’) 

and we associate with a the element 
a’ = )i,;a(t, Ci; of A*; 

in particular ¢,,;; , &,; are associated with c.;; es:(i,j < f(x)). Then we obtain, 
as can be verified easily, an isomorphism between A and a subalgebra 

A'= ae 19 2) er. sA*ey. i 
of A*. (Observe that a’b’ = >> ;,;>-na(i, h)b(h, j)Ci; and 
Li ali, h)b(h, j) = Des (DSrwzcsenzrncerAerm) (Dpwer.sorzi Conder) 

au Dn Deswziswzh.s0y2I Cx,1i Wy hh bey, 41 
a4 Les zisorzi Cx,18 as Die Cp dDCy, 51 


= Drweisores CxaBbaa = Dyweisorzei Ceuaber = abi, j).) 


. * A second proof, which is more straightforward than the present one, will be given in 
art II. 
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E'=)>. fie) en; is 2 unit element of A’ and A’ = E’A*E’.: The radical N’ 
of A’ is Dia DI? DID ef:N*en; = E'N*E’ = A’ 1 N*. (Observe that 
N* = ii N°Ci;.) 

If 3* is a two-sided ideal of A* then 3’ = A’ f 3* = E'3*E’ is a two-sided ideal 
of A’ and A*;’A* = 3*, while if 3’ is a two-sided ideal of A’ then 3* = A*;’A* ig 
two-sided ideal of A* and A’ f 3* = 3’, as can easily be seen. Hence ;* 2 
3’ = A’ Nf) 3* gives a 1-1 correspondence between two-sided ideals of A* and A’, 
and this correspondence is in accord with annihilation, that is, 


A’ N r*Q*) = 7G), A’ NUG*) = VG’) G = A4'N»): 
where r’(S’), l’(S’) [r*(S*), [*(S*)] with S’ ¢ A’[S* ¢ A*] denote the sets of 
right and left annihilators of S’[S*] in A’[A*] respectively. For, A’ M r*Q*) = 
A’ 1) r*(A*j/A*) = A’ 1) r*Q’A*) = 1'(3’A*E’) = r’(3’)._ In particular, r’(N’) = 
A’ 1) r*(N*) amd I’(N’) = A’ / T*(N*). 

Furthermore, for any S’ ¢ A’ 


r'(S’) = A’ 1) r*(S’) = E’r*(S’)E’ = (r*(S’) N E'A*)E’ : 
(8) (because E’r*(S’) © r*(8’)) 
= (r*(8’) N r*(A*(E* — E’)))E’ = r*(A*S’ U A*(E* — E’))E'” 


Similarly 
(9) ’(S’) = E’'*(S'A* U (E* — E’)A*). 


We now assume that A is quasi-Frobeniusean (whence A’ is so, too). Let 
a(x) have the same significance as in 2, Definition. For each «x r’(Nery is a 
simple left ideal of A’ and is isomorphic to A’e; /N’e..” Hence err’(N’)erw isa 
simple left ideal of ef A’e;. Since r*(N “ery = At (Netw = Ysera ante 
r'(N er , it follows easily that r*(N *)e*) is a simple left ideal of A* and is 
isomorphic to A*e:/N*e; . Similarly e71*(N*) is, for each x, a simple right 
ideal of A* isomorphic to e;«)A*/erqN*. Therefore A* is quasi-Frobeniusean 
and is even Frobeniusean since the corresponding numbers f*(x) are all equal to 
g. Hence we can apply to A* the first part of Theorem 1. Thus if [’ is a left 
ideal in A’ 


Vr'(’)) = BT(r'(()A* U (E* — E’)A*) (by (9)) 
= E'l*(r*(A*t’ U A*(E* — E’))E'A* U (E* — E’)A*) (by 8)) 
= E'l*(r*(A*/'UA*(E* — E’))U(E* — E’)A*) (because A*E’A*=A*) 
= E'(l*(r*(A*l’ U A*(E* — E’))) N [*((E* — EB’) A*)) 
= E'((A*’ U A*(E* — E’)) N A*E’) (Theorem 1) 
= F'A*! = AV =!. 





1 U means a module sum. (r(X U Y) = r(X) M r(Y) for any moduli X, Y in 4.) 
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Similarly r’(I’(r’)) = tv’ for a right ideal r’ of A’. Since A = A’ this proves the. 


first half of Theorem 2. 
4. Main theorems (B) 


The second parts of Theorems 1, 2 are contained in the following stronger 
assertions: 

TurorEM 3. Let A be an algebra over a field F and let N be its radical. Let a) 
hold for every nilpotent simple left ideal” { and every nilpotent simple right ideal t 
as well as for! = tr = Nand{ = r=0. Then A is quasi-Frobeniusean. If 
moreover 8) holds for every nilpotent simple left ideal { and every nilpotent simple 
right ideal t, then A ts Frobeniusean. 

Proor. Let A satisfy the condition of the theorem, that is, let a) hold for 
nilpotent simple ideals as well as for N and 0. Evidently N * A, for otherwise 
l(r(0)) = (A) = UN) = N’* & 0 where p is the smallest exponent such that 
N’ = 0. Furthermore r(A) = I(A) = 0, because A = 1(0) = r(0). Let 
i, (= Ca), H,, EH, etc. have the same meaning as before. We proceed 
stepwise: ° 

i) a) and B) hold for every non-nilpotent (whence idempotent) simple left 
[right] ideal. For, if fis such, fis, as is well known, generated by an idempotent 
element e,{ = Ae. r(f) = r(e) consists of all elements of the form a — ea(a « A). 
Let cel(r()). Then (c — cela = cla — ea) = Oforallae A. Since l(A) = 0 
it follows c — ce = 0, thatis,c = cee Ae = 1. Hencel(r(f)) = I. 

Next we want to show that (not only the left ideal 1 = Ae but also) the right 
ideal eA is simple. For that purpose, suppose that eA is not simple and take a 
simple right subideal r of eA. Since e is primitive and eN is the only maximal 
right subideal of eA,” r is contained in eN and is nilpotent. Hence r(I(r)) = tr 
by our assumption. On the other hand I(r) >U(eA) = U(e) and A = Ae + U(e).” 
But I(r) = A, for r(l(r)) = r*s= 0. Since Ae = [is simple necessarily l(t) = U(e) 
and r = r(l(r)) = r(U(e)). However r(l(e)) = eA as can be seen in the same 
way asabove. Thus we have been led to a contradiction. Hence eA must be a 
simple right ideal. 

Now that both Ae and eA are simple it is easy to see (Ae:F) = (eA:F).” 
But A = eA +r(e) = eA +r(f). Thus ((:F) = (Ae:F) = (eA:F) = (A:F) —- 
(r(f):F), that is, 8) holds for 1. 

ii) Right ideals e ,,r(N) (x = 1, 2,--- ,k; 7 = 1, 2, --- , f(x)) are all simple 
and I(e,,7(N)) = N U A(E —e,:). To prove this let e be one of e,,;. er(N) *s 
Osincee ¢N = U(r(N)). Take a simple right subideal r of er(N). r(l(r)) = 





* Lemma 2. Cf. a remark at the end of 1. 

* A simple left [right, two-sided] ideal is either idempotent or nilpotent. 

* See footnote 11. 

** Peirce decomposition. 
_* Indeed (irreducible) representations defined by Ae and eA are equivalent. AeA is a 
simple two-sided ideal of A which itself is a simple algebra. 
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either by our assumption or by i). Furthermore /(r) 2 I(er(N)) and this latter 
contains in turn N U A(E — e). But N U A(E — e) is a maximal left ideal. 
Hence necessarily I(r) = N U A(E.— e) (because U(r) * A) and r(= r(I(r))) = 
r(N U A(E — e)). er(N) lies between the two members of this last equality, 
whence er(N) = rt. Thuser(N) is simple and l(er(N)) = N U A(E — e), 

iii) r(N) = KN). For, since an: = 0 every simple left ideal must be iso- 
morphic to one of Aé(« = 1, 2,---,k).. But HA& = Aé. Hence r(N) = 
Er(N) = Docieeir(N), because (N) ) is the sum of all simple left ideals. The 
right ideals e,,¢7(N) are all simple, as was shown in ii), and therefore r(N) ¢ I(N). 
Similarly (N) & r(N). 

iv) Eisaunit element of A. Tosee this, suppose fy * 0 in the decomposition 
(1) of A (Section 1), and take a simple left subideal | of lh. Then IA = 0, for 
1E SLE = 0, lu Gr(N)N = U(N)N = Oand A = EA + w& (See (1)). Hence 
1 | (A) = 0, contrary to our construction. Thus necessarily lh = 0. Simi- 
larly to(of (1)) = 0, and this proves the assertion. 

v) Denote r(N) = U.N) by M. Then two-sided ideals” E,M, ME, are 
simple. For the proof, take any non-zero element m = JO mim € €.,:M) 
in E.M = )\:e,;M. Suppose m * 0 for instance. Then mA = e,M since 
e.M is simple. Hence &iM = ¢,amA = &,alegm)A G AmA and AmA = 
E.M. This shows that E,M is simple. That ME, is simple can be proved 
in the same way. 

Now, from M = }).E,.M = >>.ME, it follows that there exists a (unique) 
permutation ((1), r(2), --- , w(k)) of (1, 2,--- , &) such that 2.M = E,.ME Ww 
= M E («) » 

vi) e,M is, for each x, a unique simple right subideal of e,A,” and is isomorphic 
to x A since e.ME. ~~) =e.M. Similarly Me,«) is a unique simple left subideal 
of Aes) and = Ag. 

Thus A is quast-Frobeniusean according to Lemma 2. 

vii) @Aé,  &rA%. For, since eM is a simple right module of A = A/N 
isomorphic to é, A, m = e,Me,q is a simple right module of the division 
algebra @.)Aéra). If mis a non-zero element in m then m = més@A én - 
Similarly m is a simple left module of @,Aé, and m = @,Aém. If we associate 
a ¢ &,Aé, with a’ @ (A &x~ Such that am = ma’, then we obtain an isomorphism 
between the two division algebras. (Observe that bam = bma’ = mb‘a’.) 

We now assume that 8) holds for all nilpotent simple ideals; that 8) holds for all 
non-nilpotent simple ideals was seen in i). 

viii) Then f(x) = f((x)) for every x. For, (eM:F) = (A:F) — (UeM):F) = 
(A:F) — (N U A(E — ¢,):F) by ii), and the left-hand side of this equality is 
equal to ( exw A: F) = S(a(k))(€x)A Ee :F) while the right-hand side is equal to 
(A&:F) = f(«)(&Aé:F). Hence f(r(x)) = f(x) by vii). 





27 See 1. 
28 Cf. a remark at the end of 1. 
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Our algebra A is thus Frobeniusean. And this completes the proof. 

Remark. Some of the facts proved in i), ii), --- , vii) above are of interest by 
themselves, and they hold (according to the first half of Theorem 2) for any 
quasi-Frobeniusean algebra.” In particular, the relations r(N) = IN), 
EM = MEw; tAé, & €x«7A@s«) (where M = r(N) = I(N) and x(x) has the 
same significance as in 2, Definition) and the fact that E.M = ME, . are 
simple two-sided ideals will be used later. 


5. Supplementaries 


TuroreM 4. Let A be a quasi-Frobeniusean algebra and let c be an element in A. 
Then the composition length of the left ideal Ac is equal to that of the right ideal cA. 
Ifc =, + cand Ac = At; + Acs (direct sum) then cA = cA + A too, and 
conversely C = C1 + C2,cA = GA + 2A implies Ac = Aty + Ace. If A is Fro- 
beniusean then (Ac:F) = (cA:F). 

Proor. a— ac(a eA) is an (operator-) homomorphic mapping of A onto Ac 
(with respect to A). Left annihilators of c (that is, of cA) and only those are 
mapped onto 0 by this mapping. Hence A/i(cA) = Ac. On the other hand, 
the composition length of the left module A/I(cA) is equal to that of the right 
ideal cA according to Theorem 2. This proves the first assertion of the theorem. 

Let now c = c + c, and Ac = Acq, + Ace. Obviously cA GA U cA. 
But the composition lengths of cA, c:A, c2A are respectively equal to those of 
Ac, Ac; , Acz , and the first of these latter three is equal to the sum of the second 
and the third since Ac = Ac; + Acz. Hence the composition length of cA is 
equal to the sum of those of c,A and cA, whence necessarily cA = cA + GA. 

The last assertion of the theorem is readily seen from A/I(cA) = Ac and 
(cA:F) + (U(cA):F) = (A:F). 

Corottary. Let A be Frobeniusean. If a two-sided ideal 3 1s a principal left 
ideal; = Ac then; = cA too, and conversely. 

Proor. From the last statement of Theorem 4. 

THeorEM 5. Let A be a quasi-Frobeniusean algebra. If 1 is a (non-zero) left 
ideal in A and ly is a maximal left subideal of | and if the simple left module 1/\o 
(of A) is isomorphic to Aé, , then the right module r(lo)/r(0) is isomorphic to &,«)A; 
where +(x) has the same significance as in 2, Definition. Moreover, the division 
algebra of automorphisms of {/lp is inversely tsomorphic to the division algebra of 
automorphisms of r(lo)/r(f). 

Proor. Let ber(b). a — ab(a el) is a homomorphic mapping of the left 
ideal | onto Ib, and indeed Ib = 1/1 N l(b). Here 1 /M 1(b) is either I or , for 
{M U(b) SIN Ur(h)) = &. Therefore either 1h = 0 or b & I/h (& Ad). 
Hence Ir({o) is a completely reducible left ideal and is a sum of simple left ideals 
isomorphic to Aé,. Thus [r(b) & E.M(M = r(N) = U(N)). Since Ir(h) is a 





** Their validity for quasi-Frobeniusean algebras can easily be proved also directly. 
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non-zero two-sided ideal and E,M is a simple two-sided ideal we have Ir(h) = 
E.M. Now, r() isa maximal right subideal of r({) (by Theorem 2). Suppose 
r(lo)/r() = &A. Then we find in the same way as above that Ir() = U(r(1))r(b) 
= ME,. Hence \ = x(x), which proves the first half of the theorem. The 
second half is then nothing but the relation ,Aé@ & @:)Aés already proved 
before. 

THEorEM 6. Let A be a quasi-Frobeniusean algebra and N be its radical. 
Then r(N’) = UN") (v = 1, 2, ---). 

Proor. r(N) = I(N) has been shown. Hence it is sufficient to prove: 
If r(S) = US) for a subset S of a (not necessarly quast-Frobeniusean) algebra A, 
then r(S”) = 1(S") for any v = 1. To prove this by induction, let vy > 1 and 
assume that r(S”") = U(S”"). Evidently 1(S’)S 1S’). Hence S’1(S’)S 
¢ s”"(S’") = 8” 'r(S’") = 0, 8’ “U(S") GUS) = r(S) and S'S’) & Sr(S) = 
0, that is, 1S”) G r(S’). Similarly r(S’) & 1(S”), whence r(S”) = 1(S’). 

TurorEM 7. Let A be an algebra and let N be tts radical. If «) holds for 
{= r=WN,!= tr = 0 and 7 both a) and B) hold for all nilpotent simple two- 
sided ideals 1 = r = 3, then A is Frobeniusean. 

Proor. i) a) and 8) hold also for every non-nilpotent (whence idempotent) 
simple two-sided ideal. To prove this let 3 be such. 3 U N/N is a simple 
two-sided ideal of A = A/N, whence; U N/N = E,A = AE, for a certain x. 
On the other hand 3 M r(N) *< 0 (since 3 contains at least one simple left ideal) 
whence 3 M r(N) = 3,3 & r(N), that is, 3 is a completely reducible left ideal. 
Moreover, all simple left subideals of 3 are mutually isomorphic, for otherwise ; 
would be a direct sum of two non-zero two-sided ideals (consisting of non- 
isomorphic left ideals). From 3; U N/N = E,A it follows that those simple 
left ideals are isomorphic to Aé,. Hence 3 = Ey. Similarly 3 = 3E,, and 
4 GHAE,. Since E.NE, is a unique maximal two-sided ideal of (the primary 
algebra) H.AE, and since 3 is not contained in E,NE,(& N), necessarily 
3 = E.AE,. Hence 3(= 3A = E,AE,A) = E,A = AE,. From A = 
E,A + r(E,)” = 3 + 7(3) follows now (A:F) = (3:F) + (r():F). This proves 
8) for 3. The relation a) for 3 can be seen in the same way as in i) of Theorem 3. 

ii) Two-sided ideals” E,r(N) (« = 1,2, --- , k) are all simple and l(E,r(N)) = 
N U A(E — E,(= N U A(E — EJ)A = N U (E — E,A). This can be 
shown in quite a similar manner as in Theorem 3, ii); we have merely to replace 
ex; by E, and rt by a simple two-sided subideal of E,r(N) and to notice that 
N U A(E — E,) is a maximal two-sided ideal of A. 

iii) r(N) = 1(N) and E is a unit element of A. For, E.r(N) NM UN) & 0 
(since E,r(N) contains at least one simple right ideal) whence E,r(N) M UN) = 
Ew(N), Er(N) GUN). But r(N) = Er(N) = >>, E,r(N), for r(A) = 0 (ef. 
Theorem 3, iii)). Hence r(V) GUN). Similarly r(N) DUN). That Fisa 





3° Peirce decomposition. 


31 See 1. 
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unit element can be seen from r(N) = UN) in the same way as before (Theo- 
rem 3, iv)). aia 

iv) Denote r(V) = UN) again by M. Then there is a (unique) permuta- He 
tion (r(1), (2), --+ , w(K)) of (1, 2;--- , &) such that A.M = ME xe. 

v) Right ideals e,,,M are all simple. To see this we observe that E,.M = 

1) 6 .M and that eM (¢ = 1, 2,---,f(x)) are mutually isomorphic. 
Hence (E,.M:F) = f(x)(@eM:F)(@ = @1). On the other hand (Z,.M:F) = 
(A:F) — ((E.M):F) = (A:F) — (N U A(E — E,):F) = f(x)(@A:F). Hence 
(.M:F) = (&A:F). But eM is a sum of simple left ideals isomorphic to 
é,@A, and therefore (€(9A :F) S (&A:F). Since this is the case for every x, 
necessarily holds the equality sign and we find that e,M is simple. 

The rest of the proof can be carried out in almost the same way as before 
(Theorem 3, vi), vii) and viii)); U(e,M) = N U A(E — e,,:) follows from ! 
\(¢,,.M) *= A and the maximality of N U A(E — e&,:). pte 

We have further ath 





TuroreM 8. Let our underlying field F be algebraically closed. Let a) hold 
for all nilpotent simple two-sided ideals | = t = 3 as well as for! = t = N and a 
{=r=0. Then A is quasi-Frobeniusean. i. 

Proor. i), ii), iii) and iv) (but not v)) of the above proof of Theorem 7 ae 
remain valid in our case. We want to prove further that right ideals e,,,M are 
all simple. For this purpose, let r be a simple right subideal of e,.M. Then 

i“) ¢, at is (not only a right ideal but also) a two-sided ideal, for A is, be- Tn 
cause of our assumption about F, the sum of pas Fe,,,;andN U A(E— E, = 
UEM)(S U>os¢,at)). Therefore >>; ¢,at = E,M since E,M is simple. 
Hence t = e,M and e,M is simple. 

Our theorem is now immediate; cf. Theorem 3, vi). 

REMARK AND EXAMPLE. Our restriction about F in Theorem 8 is not re- 
dundant. To see this, let F be a field which possesses a quadratic over-field K 
and consider an algebra A over F consisting of all matrices of the form 


fa 0 0 0) 
b aod oO 
00a0 


; a,b,ce K,aeF. 








o 
© 


payee 


The radical N of A is formed of those matrices in which a = a = 0, and r(N) = 
(N) = N. Putting firsta = 1,a =b =c = Oandnexta=la=b=c=0 
we get two mutually orthogonal idempotent elements FE; and E,. A, N, 0, 
EN = NE, , EN = NE,, AEA and AE,A are the only two-sided ideals of A, 
and if 3 is any one of these then U(r(j)) = r(lQj)) = 3. But A is not quasi- . 
Frobeniusean. ‘| 
















































































624 TADASI NAKAYAMA 
Further, it is perhaps useful to give an example of a quasi-Frobeniusean 
algebra which is not Frobeniusean. An algebra consisting of all matrices 
fou. on m 0 0 O ) 
an an y O O O 
0 8 ££. O48 
0 0 0 B & & 
0 0 0 0 an ax 
[0 0 0 O aa cree | 








where a’s, 8, y’s and 6’s are all «F, is indeed such. 


6. Residue class algebras 


In this section we want to examine under what condition a residue class 
algebra of a Frobeniusean algebra would be again Frobeniusean. 

Let A be a Frobeniusean algebra over F, and let H be a non-singular hyper- 
plane in A. Furthermore, let py and qz have the same significance as in 3. 
We saw in Lemma 4 that if [ is a left ideal of A then qz(f) is a right ideal and 
coincides with r(f). But, also px(f) is a right ideal, for zl © HA implies 
zAl © H.” 

If c is a non-zero element in A then p,z(cF) is a hyperplane in A and con- 
versely every hyperplane in A can be expressed in this form with a suitable 
non-zero element c, as is readily seen from Lemma 3. 

Lemma 5. The hyperplane H’ = pyx(cF) contains the right ideal px(Ac) and 
this is really the largest right ideal contained in H’. In particular, H' is non- 
singular if and only if c is not a divisor of zero. 

Proor. H’ 2 pz(Ac) is evident. If r is a right ideal contained in H’ then 
tc © H whence rAc € H, that is, t © px(Ac). This proves the lemma. 

Now we have 

THEOREM 9. Let A be a Frobeniusean algebra and 3 be a two-sided ideal in A. 
Then the residue class algebra A/3; is Frobeniusean if and only if the two-sided 
ideal r(3) is a principal ideal cA = Ae. 

Proor. Assume that A = A/; is Frobeniusean, and let be a non-singular 
hyperplane in A. Those elements in A whose residue classes (mod 3) lie in H 
form a hyperplane H’ in A. 3 is the largest right ideal (as well as the largest 
left ideal) contained in H’, for otherwise H would contain a non-zero ideal 
(of A). Therefore, if H’ = py(cF) then pxy(Ac) = 3 by the above lemma. 
Thus qa(3)(= r(3)) = Ac. Since r(j) is two-sided, r(3) = cA too (Theorem 4, 
Corollary). 

The converse can be seen easily by reversing the order of the above arguments. 





82 Cf. 8 and 9 below. 
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CorottaRy. Let A be a Frobeniusean algebra and 3 be a two-sided ideal in A. 
If r() is principal r@) = Ac = cA then U(3) is principal 1g) = Ad = dA, and 
conversely. 

Proor. We can of course replace r(j) by 1(3) in Theorem 9. Hence the 
corollary is immediate. 


7. Algebras with principal ideals 


An algebra A is called uni-sertal (= einrethig) if it has a unit element and 
isa direct sum of two-sided ideals which themselves are primary algebras and 
if moreover every left ideal Ae as well as every right ideal eA generated by a 
primitive idempotent element e possesses only one composition series.” As 
was shown by K. Asano* a necessary and sufficient condition that an algebra 
be uni-serial is that every left ideal as well as every right ideal is principal.* 
On the other hand a uni-serial algebra can be characterized also as an algebra 
whose residue class algebras are all weakly symmetric in the sense of Nakayama- 
Nesbitt (11). Now, our Theorem 9 indicates the existence of a similar rela- 
tionship between Frobeniusean algebras and principal two-sided ideals. Indeed 
we have 

TuEorEM 10. If every residue class algebra of an algebra A is Frobeniusean 
then for every two-sided ideal 3 of A there exists an element c such that; = Ac = cA, 
and conversely. 

Proor. a) The first half is an immediate consequence of Theorem 9 (and 
Theorem 1). 

b) To prove the second half, assume that for every 3 there exists c satis- 
fying; = Ac.= cA. Then there is in particular an element c@ such that A = 
Aw = @A. IU(co) = 0 because otherwise Ac(= A/l(co) with respect to A) 
would be smaller than A. Moreover there is an element e such that co = et. 
eis idempotent, for co = eto = eco, (€ — €)co = 0 whence ce — e’ el(m) = 0. 
Therefore A = Ae + I(e) (Peirce decomposition). But here l(e) = 0 since 
otherwise Aco = Aeco would be smaller than A. Hence A = Ae andeisa 
right-hand unit element of A. The existence of a left-hand unit element can 
be seen in the same way, and thus A has a unit element. 

Let; = Ac = cA. From the mapping a — ac (a ¢ A) we obtaing = Ac = 
A/l(c) = A/U(cA) = A/IG) and G:F) + (1@):F) = (A:F). Since this is the 
case for every two-sided ideal it follows r(I(j)) = 3; because U(r(lq)) = 1G)” 
whence (r(J@)):F) + (I@):F) = (A:F) = G:F) + (1G):F). Similarly 
:F) + (r@):F) = (A:F), UrQ@)) = 4 for every 3. Hence A is Frobeniusean 

* Kéthe (9). 

* Asano (2), 

* By a principal left, say, ideal we mean here a left ideal expressible as Ac; observe that 
we are not assuming the existence of a unit element. 

* A weakly symmetric algebra is a Frobeniusean algebra such that +(x) = « for all «. 

7 1(r(l(S))) = 1(S) (and r(i(r(S))) = r(S)) for any S; because evidently 1(r(1(S))) 2 US) 
while r(/(S)) > S whence 1(r(U(S))) & 1(S). 
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by Theorem 7. That every residue class algebra of A is so too follows then 
from Theorem 9. 

Now the following theorem is of some interests for us, since an algebra of 
the type discussed in Theorem 10 satisfies its assumption™ as can readily be 
verified.” 

TuEorEM 11. Let A be an algebra with a unit element and such that every left 
ideal Ae as well as every right ideal eA generated by a primitive idempotent element 
e has only one composition series.“" Then every left [right] module of A is a 
direct sum of directly indecomposable cyclic submoduli each of which is homo- 
morphic to one of Ae,je,A] (x = 1, 2, --+ , k). 

Our theorem is true also for infinite moduli. But since we shall treat that 
case in Part II let us in the following proof restrict ourselves to finite moduli: 

Proor. Under this restriction our assertion is equivalent to saying that 
every directly indecomposable left [right] (finite) module of A is cyclic and is 
homomorphic to one of Ae,{e,A]. 

Let m be a directly indecomposable left (finite) module of A and let o be the 
smallest exponent such that N’m = 0. Since with A every A/N’ (v = 1,2, .-- ) 
satisfies the condition of the theorem we may, and shall, assume without loss 
of generality that N° = 0. Let uw, we, --- , us be a system of generators of m. 
Then m is the sum of Ae, (x = 1, 2,---,k; ¢ = 1, 2,--- f(x); q = 
1, 2,--- , 8), and there exists by our assumption at least one triple (x, 7, q) 
such that N’‘e,,g = 0. Let (x, 7, g) be such and put e = &,, uw = Uy for 
the sake of brevity. Then the submodule Aeu of m is (not only homomorphic 
but also) isomorphic to Ae, for N’“e is the only simple left subideal of Ae. 
Thus a representation M(a) of A belonging to m can be reduced to the form 


(: wes) 


where M)(a) belongs to the left ideal Ae. 

Consider next a right representation module mp belonging to the representa- 
tion M,(a). It has only one maximal submodule, for Ae has only one simple 
left subideal. Hence tm is, by Lemma 1, homomorphic to one of eA (« = 
1,2,---,k),sayeA. But the composition length of eA is at most o (N’ = 0). 
Therefore necessarily ty eA. Then M,(a) is a direct component of M(a) 
as was shown in Nakayama-Nesbitt (11), 2, Remark 3. Since M(a) is by 
assumption directly indecomposable, necessarily M(a) = Mo(a), m = Aeu = Ae. 
This proves our assertion. 





38 The converse does not hold. 

3° Cf. the next footnote 40. 

‘© Ae has a unique composition series if and only if the left moduli Ae/Ne, Ne/N’e, 
N*e/N*e, --- are all simple; if that is the case Ae, Ne, N%e, --- is really the unique compo- 
sition series. 

‘1 We have of course only to assume the property for e:, @,°::,¢e. (The same is 
true for the definition of uni-serial algebras.) 
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8. Left and right representation moduli 


As a preliminary for the next section the present one aims to study the rela- 
tionship between left and right representation moduli belonging to mutually 
equivalent representations of an algebra, which in fact is essentially nothing 
but the well known relationship between so-called dual vector spaces.” 

Let A be an algebra over a field F, and let m and n be left and right representa- 
tion moduli of A belonging to equivalent representations. Let (ui, we, --- , Um) 
and (1, ¥2,--* »%m) be any bases of m and n respectively and let M(a) and 
N(a) be the corresponding representations of A, 


a(u;, +++ Um) = (ti,-++,Um)M(a), (,--+, Uma = (m4, --- , vm)N(a)’, 


There exists by our assumption a non-singular matrix P = (z,,) transforming 
N(a) into M(a), 
(10) P“N(a)P = M(a). 


Consider the bilinear form >> mpen.to = (n)P(£) and let p(8) = p(8; u, v, P), 
q(t) = g(t; u, v, P) have the same significance as in 3. Then not only do p 
and g give a 1-1 correspondence of vector subspaces of m and n (Lemma 3), 
but that correspondence is really in accord with the representation theory. 
Namely ‘hey 

Lemma 6. If my is a submodule” of m then p(m) = p(m,, u, v, P) (with P 
satisfying (10)) 7s a submodule of n, and conversely. If me is a second submodule 
of m which contains m,, the representation of A defined by me/m, is equivalent 
to the one defined by p(1m1)/p(me). 


Proor. Let (i, te, --- , tm) = (ui, U2, ---, Um)U be a second basis of m 
such that t41,---,%m (¢ = m — (m:F)) form a basis of m, and put 
(1, de, +++, 5m) = (01, 02, -:+,0m)(U P’)’. Then (i, --- ,5,) is a basis 


of p(m:) (see Lemma 3 in 3). The representation defined by the basis 
(th, te, --- ,%m) of mis U-'M(a)U and it has the form 
M(a) 0 ) 


(11) U*M(a)U = ( een 


where M(a), Mo(a) are representations of A defined by the bases (a, --- , a 
(mod m)), (@s1, +++, &m) Of m/m, my respectively. On the other hand the 


representation defined by the basis (i; , 32, --- , im) of nis UP“ N(a)(U"P™)* 
and this is nothing but U-'M(a)U. The form (11) of U-'M(a)U shows that 
the subspace p(mi) spanned by 31, --- , d; is a submodule. 


To prove the second half of the lemma, we choose (i; , dz, --- , &m) 80 that 
hot only do t41,---,%m form a basis of m but also t41,---,t%m (r = 
m — (m::F)) form a basis of mz. Then the block M(a) in (11) has the form 





“ Weyl (17), Chap. I, §3. 
* By a submodule we mean an allowable one. 
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M(a) = es As) be, where M,(a) and M,(a) denote the representations 
defined by the basis (a , --- , % (mod ms)), (G41, --- , % (mod m)) of m/ Me , 
m,/m, respectively. The representation corresponding to the basis (j,, 
De, -++ Dm) = (1, ¥2,--+,0m(U P)’ of nis again U'M(a)U, which now 
has the form 


M;(a) 0 0 
(12) *« Mia) 0 
* * M o(a) 


Thus we see that the representation defined by the basis (0,41, --- , 5, (mod 
p(me)) of p(m:)/p(me) coincides with M;(a). This completes the proof. 


9. Symmetric algebras“ 


Let A be an algebra over a field F. Let a, ae, --- , an be a basis of A 
with a multiplication table (4) (Section 2). Denote by S(a), R(a) the left and 
the right regular representations of A defined by the basis a; , az, --- , a. 

Derinition. A is called symmetric if tt possesses a unit'element and if there 
exists a non-singular symmetric matrix which transforms R(a) into S(a).” 

It is convenient to characterize a symmetric algebra again in terms of hyper- 
planes in it. On retaining the notations of 2, we see easily that the matrix 
P = (>>, eperAx) ((5)) is symmetric if and only if the linear form d(x) = )> df 
((6)) satisfies \(xzy) = A(yx) for all z, ye A. This last condition is equivalent 
to that the corresponding hyperplane H, defined by (6), contains all commu- 
tator elements zy — yz in A; let us say that H is symmetric if such is the case. 
Hence, on combining this with previous considerations we find that A is sym- 
metric if and only if there exists in A a non-singular symmetric hyperplane. 

To obtain a refinement of the first half of Theorem 1 for symmetric algebras, 
let first A be merely Frobeniusean and consider a non-singular hyperplane H 
in A. As an immediate consequence of Lemma 6 8 we have: If I is a left ideal 
then pu(l) ts a right ideal, and conversely.” If ly is a left subideal of | the repre- 
sentation of A defined by 1/lo is equivalent to the one defined by pu(lo)/pa((l). 

Let now A be symmetric and let correspondingly H be a non-singular sym- 
metric hyperplane in A. Then px(8) = gx(8) for any subspace ¢ of A, since 
«8 & H implies 8x € H and conversely. In particular, pa(f) = ga(l) = r(!) 
for a left ideal { (Lemma 4). Therefore 

THEOREM 12. Let A be a symmetric algebra. Then the 1-1 correspondence of 
left and right ideals in A by annihilation, which was established in (the first part of) 
Theorem 1, has the following property: If \, is a left subideal of a left ideal |, the 





“4 Brauer-Nesbitt (3), Nesbitt (13), Nesbitt (14). Cf. also Nakayama-Nesbitt (11). 
‘6 That this definition is independent of the special choice of the basis can readily be seen. 
46 This has been shown directly in 6 too. 
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representation of A defined by the left module 1/l, ts equivalent to the one defined 
by the right module r()/r(Q. 

Corottary. Let A be a symmetric algebra and c be an element in A. Then 
the representation of A defined by the principal left ideal Ac is equivalent to the 
one defined by the principal right ideal cA. 

Proor. This can be seen in the same way as (the first (or the last) state- 
ment of) Theorem 4. Indeed the representation defined by A/l(cA) is equiva- 
lent to the one defined by cA. 

We have further 

TreorEM 13. Let A be a symmetric algebra and let 3 be a two-sided ideal in A. 
Then r(3) = (3), and the residue class algebra A/; ts symmetric if and only if 
this two-sided ideal r(3) = 1(3) is a principal ideal generated by an element in the 
center of A. 

Proor. Let H be a non-singular symmetric hyperplane in A. Then r(j) = 
qu(3) = Px(%) = 1%) and this proves the first assertion. Now, consider a second 
hyperplane H’ = px(cF) in A (cf. 6). H’ is symmetric if and only if c is in the 
center of A.” To see this, let H’ be symmetric. Then (zy — yz)ceH’c GH 
whence y(cx — xe) = (ay — yx)e — (x(yc) — (yc)x) eH forallz,yeA. Since 
His non-singular cz — xc = 0 for all z « A, that is, c lies in the center. The con- 
verse is immediate, for if c is in the center then (ry — yx)c = x(yc) — (yc)r eH 
for all x, y. 

Let A = A/; be symmetric and let A be a non-singular symmetric hyperplane 
in A. Let further H’ be the hyperplane in A formed of those elements whose 
residue classes (mod 4) lie in A. Vhat if H’ = px(cF) ry) = cA = Ac was 
shown in the proof of Theorem 9. But our H’ is evidently symmetric, whence c 
lies in the center. This proves a half of the second statement of our theorem. 
The other half is also evident from these considerations. 

ExampLe. (Ordinary) group algebras (of finite groups) are symmetric.“ 
More generally, semilinear group algebras® are symmetric. Namely, let © be a 
finite group and let K/F be a (separable) Galois extension whose Galois group 
is homomorphic to G, whence isomorphic to a factor group G@/H of G with 
respect to an invariant subgroup §. On fixing (the subgroup § and) the iso- 
morphism we can consider @/® itself as the Galois group of K/F. Further- 
more, we understand by a” (a e K, R eG) the conjugate of a corresponding to 
the co-set of R (mod §). We consider the algebra 


A = usK +'ugK + --- + usK; © = {E,R,---, 8} 


over F in which the multiplication is defined by ugus = Urs, aig = Upa® 
(aeK). Then this algebra A—a semilinear group algebra—is symmetric. 
Proof: Let (w; , we, -++ ,@m) be a normal basis of K/F, that is, a basis of K/F 





‘The same fact has been formulated in a different way in Nesbitt (14). 
“* Brauer-Nesbitt (3), (4). 
* Nakayama-Shoda (12). 
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consisting of the conjugates of one element. ww, Urwe,--- , Uswm, Upto, , 
- ++, Ug@m form a basis of A. Let H be a hyperplane in A consisting of those 
elements whose coordinates é,, with respect to the above basis satisfy 
fea t+ x2 +--+ + Ez,m = 0; £ being the unit element of G. That H is non- 
singular is easy to verify. To see that H is symmetric, consider any two basis 
elements a = ugw, and b = ugwe. ab = Upswyw, and ba = Usnwew,. If 
RS 3 E then ab, ba e H whence ab — baeH. If RS = E then ab — ba = 
ur((wrw,)° — wew,). But the coefficients of a conjugate of an element with 
respect to a normal basis can be obtained from those of that element by a 
mere permutation. Thus ab — ba ¢ H also in this case. Hence H is symmetric, 
(The parastrophic matrix corresponding to this H is the matrix (dgstr(w*w,)), 
where drs = 1 or 0 according as RS = E or not.) 

We can further generalize our A by introducing a factor set; we define the 
multiplication of ug and us by ugus = Ursyr,s Where yz,s are non-zero elements 
from K such that ve,srvs.r7 = Yes.rVz.s- An algebra thus obtained is also 
symmetric; the proof runs in exactly the same way as above if we notice that 
we can assume, without loss of generality, that weuez, = ugusz = Up for all R 
and then yz,2-1 = Ye-1.2. By this generalization we are including collinear 
group algebras” (© = G). Another extreme case is a crossed product (§ = £). 
In fact, a semisimple algebra is always symmetric.” But our theorems are 
almost trivial for semisimple algebras and our concern lies in non-semisimple 
symmetric algebras, in particular, in non-semisimple (ordinary, semilinear or 
collinear) group algebras (over modular fields). 

Remark. Frobeniusean algebras possessing the property stated in Theorem 
12 are not necessarily symmetric. On the other hand those algebras are weakly 
symmetric in the sense of Nakayama-Nesbitt (11),” but the converse does not 
hold. To see these facts, let a and 8 be two different non-zero elements in the 
underlying field F and consider the algebra A generated by 4 basis elements 
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50 See for instance Tazawa (16). 

‘1 For the proof we may, after Brauer and Nesbitt, use the fact that the (reduced) 
discriminant does not vanish. This proof fails in the case where the algebra becomes 
non-semisimple by an extension of the underlying field, and such a case was discussed in 
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A is completely primary and weakly symmetric but not symmetric.* N = 
aF + a + asF is the radical of A, and N* = a,F, N* = 0. Besides A, N,N’, 
0 the ideals Ac = cA = a,F + cF (c = ast + asm) are the only ideals of A. 
1) Let first the characteristic of F be different from 2 and put in particular 

= —a. Then A has the property in Theorem 12, as can be verified easily. 
This proves the first statement of the remark. 2) Let next a and 8 be such 
that not only a * 6 but also a * —f. Consider then Ac = cA withe = 
« + a;. By a representation belonging to the right representation module 
AcA the element aga — a38 corresponds to a non-zero matrix, while the same 
element corresponds to zero matrix in a representation defined by the left 
representation module AcA. Thus A does not possess even the property of 
the corollary. 

Furthermore, this last example shows also that the relation r(j) = 1(3) does 
not hold for a weakly symmetric algebra in general. For, aga — a8 €l(AcA) 
but ¢r(AcA). 


Appendix: On parastrophic matrices 


This appendix aims to re-formulate and to generalize that theorem of para- 
strophic matrices which played a fundamental réle in our above study. 

Let A be an algebra over a field F, and let m and n be respectively any left 
and right representation moduli of A. Then we introduce a new vector space 
nem generated by formal expressions veu (ue m, v en) which satisfy the relation 


vaxu = veau (a ¢€ A) 


besides a(v*u) = aveu = veau (a ¢ F), (v + v’)*u = (view) + (v’#u), v¥(u + u’) = 
(veu) + (v«u’). In other words, if uw, Ue, ---, Um ANd %, Ve,---,%,_ are 
bases of m and n respectively and if M(a) = (y,.(a)), N(a) = (»,,(a)) are the 
representations of A defined by these bases of m and n, then n*m is a free 
F-module generated by nm symbols v,*u, with a system of defining relations 


(13) » eer Vpe(a) (vp*U.) 5A y= byo(@) (v,*ty) = 0, aeA, 
Let t;, 2, ---,t bea basis of nem. Put 
UptUe = pe Wporls 


and denote by T the (h, nm)-matrix (Wyer)s,.¢. Thus (vu, vitUa,---, 
Un¥Um) = (t, fo, --- ,&)T. If tu , tie, --- , tam denote the nm columns of T, 





Nakayama-Nesbitt (11), footnote 16. . However the description there was not so clear. 
It is true that we can achieve our aim by means of Theorem 5 there, but we should have 
referred rather to Theorem 4. Namely, the problem can be easily reduced to the case 
of a simple algebra and then to the case of a normal simple algebra by that Theorem 4. 

* See footnote 36 above. 

* Nakayama-Nesbitt (11), 2. 
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the only (linear homogeneous) relations existing among them are those which 
are consequences of 


ot Vpe(A)tyo “a Dy yo(A) toy = (), 


Now we have: Every matrix P intertwining N(a) with M(a) (that is, satis- 
fying N(a)P = PM(a)) can be expressed in the form 


(14) P= 2 Door Ar) po 


with a suitable vector (d,), and conversely every matrix of the form (14) intertwines 
N(a) with M(a). Proof: 1) That a matrix P = (z,,) intertwines N(a) with 
M(a) is equivalent to that 


pen Vpg(Q) tee — Dy-1 Hye(Q) ry = 0 


Thus mu, ™12,--:-, nm Satisfy all linear relations existing among the nm 
columns ty, tiz, --- , tram of 7. Hence the (h + 1, nm)-matrix obtained from 7 
by adding a row (mn, m2, --+ » Tam) has the same rank has T. There exists 
therefore a vector (A,) such that (Ar, Ae, ---,An)T = (4n, me, --- , tom). 
But this expresses nothing else but (14) (cf. the definition of T). 2) The con- 
verse is obvious also from the above consideration. 

(Let now H be a subspace in n*m consisting of all elements >> ¢,t, such that 
> fA, = 0. Let r be the rank of the matrix P = (}>,a,.A,). Since 
v* (Uy » Uz, srry Um) = (m 9 125 °° » nn) (dor @ ports) ifv = >» NpYp, We find that 
there exist exactly n — r linearly independent elements v in n satisfying 
vem © H. Combining this fact. with the above consideration we see in par- 


ticular that M(a) can be reduced to the form os sf if and only if there 


(for all a A). 


exists a hyperplane H in n*m such that there is no non-zero element v in n 
satisfying vem ¢ H.) 

In the special case where the left module m is a residue class module of a 
left ideal | with respect to a left subideal h: m = 1/l, the vector space n*m 
can be mapped homomorphically onto nl/nl by means of the mapping v«(I 
mod lf) — vl mod nl (Jef). If furthermore [ is generated by an idempotent 
element e: 1 = Ae, then this mapping is 1-1 and the vector space n«m is iso- 
morphic to nl/nl.“ For, every element of nem (m = Ae/lo) can be brought 
into the form v+(e mod fy) and if ve = v’e mod nk then v*(e mod bh) = v’+(e mod 
fo) since (v — v’)*(e mod hh) = (ve — v’e)*(e mod ky) € nhh*(e mod bh) = n+(he 
mod h) = nx0 = 0. In particular, if m = Ae (with an idempotent element ¢) 
then our multiplication v«l (J ¢ Ae) is essentially the same thing as the usual vl. 
Thus if A has a unit element and m = A, n = A, then the matrix (14) becomes 
the parastrophic matrix of A. 
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** This case was treated also in Nakayama-Nesbitt (11), Theorem 1. 
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ADDITION TO MY NOTE “ON UNITARY METRICS IN PROJECTIVE 
SPACE” 


By HerMANNN WEYL 
(Received May 11, 1939) 


The note mentioned in the title dealt with the unitary point-plane and point- 
point distances, || x || and [xz’} in projective space, and proved that under a 
change of the projective coérdinate system the second distance takes on a factor 
varying between the same fixed limits K = I'/y and 1/K as the first distance. 
I am indebted to Professor Chevalley for the remark that this is an almost 
immediate consequence of the elementary fact that for two given points z, 2’ 
the distance [xx’} is the maximum of the distance || xé || of x from all planes ¢ 
going through 2’. 

Indeed, let y, 7 be the codérdinates in the second system. Then 


[yy’} = || yn|| (for a certain plane 7 going through y’) 
(1) < K.|| xé || S K-{xz’}. 


By exchanging the réles of the two coérdinate systems one finds in the same 
manner 


(2) {zx} = K-{yy’]. 

Arguing in the opposite direction and observing that for given x and é the 
point-plane distance || zé || is the minimum of [xz’} for all points 2’ lying in the 
plane £, one realizes that K is the exact bound in (1) and in (2). Could one 
replace K in (2) by a smaller constant K*, then one could improve the inequality 
for the point-plane distance to the same extent: 


l| yn || = [yy’} (for a certain point y’ lying in the plane 7) 


1 


‘ 1 
(3) ge bool Zll ze 


which is impossible. 
The maximum and minimum principle for distances on which our argument 
is based follows readily from the inequality for scalar products 


(z,z), (2), (@,2” 
(4) (@’,z), G@,2), @,29|20 


(x, x), (2, x’), (2”, x") 


IV 





1 Annals of Math. 40 (1939), p. 141. 
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by setting 2’ = — and assuming (é’) = 0. (4) then becomes 
(x, 2), (2, 2’) 


@,a)," #&) #9) (€, &) — @’, 2’)-| Ex) [20 or 








{ax'}’ = || & ||’. 
The equality sign will hold if 
59 AX; + BR; ; A= (x’, x’), B= —(z, x’), 


or if 


a; = Cx; + D8; ; C 


(&,&), D 


— (2) 


respectively. 

Thus the proof (1) breaks down if the two points y, y’ coincide; for then we 
shall have 7; = 0. (3) breaks down if the point 4 coincides with y. But both 
exceptions are readily removed by an appeal to the principle of continuity. 
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AN EXTENSION OF A THEOREM OF REMAK 


By Cuarues Hopkins 
(Received October 16, 1938) 


Let G denote a group and let 2 denote a set of (proper) automorphisms of G 
which contains at least all the inner automorphisms of G. By the term ad- 
missible subgroup (a.s.) we shall mean any subgroup H of G such that H’ = H 
for all 6 in @. Evidently an admissible subgroup is a normal subgroup of G. 
Regarding G we assume only that the minimal condition holds for admissible 
subgroups. From this assumption it follows that the set of all admissible sub- 
groups different from the identity subgroup Z must contain at least one minimal 
admissible subgroup (m.a.s.). Let S denote the union of all m.a. subgroups. 

THEOREM 1. The union S is the direct product of a finite number of m.a. sub- 
groups—t.e. S = M, X M2 X --- X My, where each M; is a m.a.s. 

Proor. We know that G contains at least one m.a. subgroup M, different 
from E. If M, = S our theorem is trivially valid. So we assume M, C S. 

Let M: be any fixed m.a.s. not contained in M, and denote the union (M, , M2) 
by U2. We write U; for M, and assume that U; has been defined for i = 
1, 2,---k — 1. Then we define U; to be (Ux. , M;), where M;, is any fixed 
m.a.s. not contained in Uj. 

Lemma 1. Fork ¥ 1, Ux ts the direct product 


M, X M:X.--- X Mz. 


This assertion is clearly true for k = 2, since the cross-cut of the two m.a. 
subgroups M, and M; is itself a m.a.s. and a proper subgroup of both M; and M;. 
Let us therefore assume that our lemma is valid for U;, i = 1, 2,---k — 1. 
By hypothesis, the m.a.s. M; is not contained in U;_,;. Hence the cross-cut 
[U1 , M;] is the identity subgroup E. So U, = (M; X M2 X --+ K Mi, Mi) 
= M; X M2 X --- X M,, and our lemma is established. 

We now construct the ascending chain 


Ci: Ch C6... Sees. 


Let S; denote the sum of the subgroups U; in C;—i.e. S, is the set of all ele- 
ments of G which occur in at least one U with finite subscript. 
Let S_ denote the sum of the terms in the chain 


C2: MCMXMC:--- CMmxX LES 


By S; we shall mean the sum of the terms in the chain C; , where C; is obtained 
from C;_; by deleting M;_; from each term in C;_;. 

Now each S; is an admissible subgroup, since each term in the chain C; is the 
direct product of admissible subgroups. Furthermore, we see that S;-1 is 
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contained properly in S; , since S; contains M; , while S;_; does not. From the 
minimal condition for admissible subgroups we know that the descending chain 
§, DS: D --+ must terminate in an S with finite subscript—in S, , say. But 
this is possible only if the ascending chain C, above terminates in a U with 
finite subscript. Let U, denote the last terminC,. Then S, = U,, and from 
Lemma 1 we have Si; = M; X--- X M,. Since U, must contain every 
m.a.s. of G—else the chain C; could be continued to U,4: , at least—it follows 
that S; is the sum of all m.a. subgroups of G. This completes the proof of 
Theorem 1. 

In Theorem 1 we have established the existence of at least one direct decompo- 
sition of S into the product of m.a. subgroups. The following result gives a 
partial answer to the “‘uniqueness-question.” 

TuzoreM 2. Let (1) S = M, X --- X M, and (2) S = Mi X--- X Mi, 
be any two representations of S as the direct product of m.a. subgroups. Then 
n = n' and the subscripts in the decomposition (2) can be so chosen that M; and 
M; are centrally-isomorphic. 

This theorem is a special case of a theorem due to Kofinek.’ It also can be 
obtained by modifying one of Fitting’s proofs.’ 

From this point on we shall be concerned with the structure of a m.a.s. M of 
G, where M ~ EF. By the term normal subgroup of M we shall mean a subgroup 
of M which is normal with respect to M (but not necessarily with respect to @). 

A rather obvious result is the following: 

LemMA 2. If N # E is a normal subgroup of M, then M is generated by the 
conjugates N° of n, where 0 varies over the elements of ©. 

For these conjugates generate an a.s. of G, which must be equal to M, since M 
is & M.a.8. 

Now the minimal condition for admissible subgroups of G gives us relatively 
little information concerning M. To obtain significant results it seems necessary 
to impose further restrictions on M, and this we shall do by assuming the minimal 
condition for normal subgroups of M. By applying Theorem 1 to M and using 
Lemma 2, we obtain the following result. 





'V. Kofinek, Sur la decomposition d’un groupe en produit direct des sousgroupes, Cas. 
mat. fys., 66 (1937), p. 264. A correction by Kotinek for Lemma 2.2 may be found in Cas. 
mat. fys., 67 (1938), pp. 209-210. 

*Fitting, Uber die direkten Produktzerlegungen einer Gruppe in direkt unzerlegbare 
Faktoren, Math. Zeitschrift, Vol. 39 (1984), p. 21. 

Although Fitting assumes both the ascending and descending chain conditions for 
admissible subgroups, neither chain condition is necessary for the proof of our Theorem; 
we need only to assume the existence of the decompositions (1) and (2) above. Let xz; be 
any element of Mj and write xj = 2;1-i2 --- Zin , Where 2;; is the component of 2; in (1) 
above. From the fact that Mj and M; contain no proper admissible subgroups other than 
E, it is easy to show that the correspondence x; — 2;; is either the ‘‘null-homomorphism”’ 
ora (proper) isomorphism of Mj with M;. Hence each of Fitting’s operators 0; (l.c. p. 22) 
18 either the null-operator or a (proper) isomorphism. The remainder of his proof is 
applicable to our theorem, since it is only in establishing that at least one 0; is an iso- 
morphism that he uses the double chain condition. 
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THEOREM 3. If the minimal condition holds for the normal subgroups of the 
m.a.s. M of G, then M is the direct product of a finite number of simple’ groups. 
The analogue of Theorem 2 asserts that in any two direct decompositions 


(a) M=R, X--- X Rn 
and (b) M=R,X--- X Rw 


we must have m = m’, while the subscripts in (b) can be so chosen that R; and R; 
will be centrally-isomorphic. 

From Lemma 2 we can assume that (a) is a direct decomposition in which 
each R; is a conjugate of R; under Q. If M is non-abelian, then each R; is 
non-abelian. Since the center of M is the direct product of the centers of the 
R; , we see that if M is non-abelian, its center is E. In this case, then, the fact 
that R; and R; are centrally-isomorphic implies that they are identical. When 
M is non-abelian, therefore, we have the following result: 

TuHeorEM 4. If the minimal condition holds for normal subgroups of a non- 
abelian m.a. subgroup M of G, then M is uniquely representable as the direct product 
of a finite number of simple groups, which constitute a complete set of conjugates 
under Q. 


If M is an abelian group A, then it is necessarily of order p” and type (1, 


1, --- , 1); such a group is uniquely representable as the direct product of simple 
groups if, and only if, m = 1. From Lemma 2 we know that we can find at least 
one direct decomposition A = P; X --- X Pm, where the components P,, 
of order p, are all conjugates of P; under 2. Furthermore, the components of 
every decomposition of A into the direct product of simple groups will be con- 
jugate (under Q) to a fixed component if, and only if, 2 contains the group of 
automorphisms of M. 

In conclusion, we point out that our theorems are for the most part generaliza- 
tions of results—originally established by Remak*—which appear in the litera- 
ture mainly in connection with chief composition series. A weaker form of 
Theorem 1 (and of Theorem 3, also) has recently been obtained by Ore.” 


TULANE UNIVERSITY, 
New Or.eEans, LovIsIANA. 





3 A minimal] normal subgroup of M is necessarily simple; for a normal subgroup of any 
component in the direct-product decomposition would be a normal subgroup of M. 

‘R. Remak, Uber minimale invariante Untergruppen in der Theorie der endlichen Gruppen, 
Journal fiir Math., Vol. 162 (1930), pp. 1-16. 

50. Ore, Stewotures and Group Theory II, Duke Mathematical Journal, Vol. 4 (1938), 
pp. 247-269. 
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THE REDUCTION OF THE SINGULARITIES OF AN ALGEBRAIC 
SURFACE 


By Oscar ZaRIsKI 
(Received February 15, 1939) 
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INTRODUCTION 


The reduction of the singularities of an algebraic surface has been studied by 
several authors, in particular by B. Levi [5], Chisini [2], Albanese [1] and R. J. 
Walker [9].’ All these proofs, except the one by Walker, are essentially geo- 
metric. The proof by Walker, based in part on a paper by Jung [3], is analytic 
and is entirely rigorous. We give in this paper an arithmetic proof of the 
reduction theorem, based on the theory of valuations and the theory of ideals 
in algebraic function fields. From the standpoint of rigor, the arithmetic proof 
leaves nothing to be desired. We should say that the requirement of rigor is 
to be regarded as trivially satisfied in the present proof. More significant, 
however, is the clarification of the problem brought about by the use of the 
methods of modern algebra. The formal apparatus of ideal theory and the 
concepts of valuation theory enable one to gain full control of the intricate 
aspects of the problem, and to see clearly through the logical necessity of the 
various steps of the reduction process. What is gained concretely thereby is 
that the center of gravity of the proof is shifted from minute details to under- 
lying concepts. As for these, we insist above all on clear-cut definitions, in 
order that at no time should it be less than perfectly clear what are the objects 
we are dealing with. 

In a paper [Z:], which appeared in the April issue of the American Journal 
of Mathematics, we used the operation of “integral closure” as a type of bi- 
rational transformation for surfaces, and, more generally, for varieties. The 
operation of integral closure leads to the notion of a normal variety. Since 





‘For further references and for a critical review of the various proofs, see our Ergebnisse 
monograph Algebraic surfaces, p. 13-23. We may mention here also an unpublished proof 
by Du Val, based on a careful fusion of procedures outlined by Severi and by Jung. 
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these concepts play an essential rédle in the proof, we give here the definition of 
normal varieties and we state briefly some of their most important properties, 

Let &,---, & be the coérdinates of the general point of an algebraic irre- 
ducible r-dimensional variety V, in an affine space S,. We assume throughout 
that the underlying field of coefficients, denoted by K, is algebraically closed and of 
characteristic zero. The field K(é, --- , &), of degree of transcendency r over 
K, shall be denoted by 2. We consider a simple transcendental extension >’ 
of 2: 2’ = Zw). By the homogeneous codrdinates of the general point of V, 
in the projective space P, , we mean the elements w, #1 = wot, --- ,w, = 
wotn : 

Let o = K[é, --- , &a] be the ring of polynomials in the é’s. Similarly, let 
o’ = Klwo, a1, --+,@n]. We say that V, is normal in the affine space S,,, if » 
is integrally closed in its quotient field 2. The variety V, is said to be normal 
in the projective space P,, , if o’ is integrally closed in 2’. If V, is normal in P, , 
then it is a fortiori normal in the affine space S, , for any choice of the hyper- 
plane at infinity (Zz, section 18; compare also with Theorem 13, loc. cit.). 
From now on we shall mean by a normal variety one which is normal in P,,. 

The importance of normal varieties is due to the following theorem, proved 
in Z, (theorem 11’): the locus of singular points of a normal V, is an algebraic 
subvariety of dimension S r — 2. In particular, a normal surface possesses 
only a finite number of singular points.’ 

We associate with a given V, a class of normal varieties which are birationally 
equivalent to V,. Let 5’ be the integral closure of 0’ in 2’. The transforma- 
tion w; > tw;, 7 = 0, 1, --- ,n,t C K, defines an automorphism 7+ of 3’. An 
element ¢ of 5’ is homogeneous of degree p, if rf = tf, arbitrary in K. The 
homogeneous elements in 5’, of a given degree p, have a finite linearly inde- 
pendent base over K. Let m, m,---, 7m be such a base. It is possible to 
prove that if p is sufficiently high, then the ring K[mo, m1, --- , nm] ts integrally 
closed in its quotient field. This quotient field (a subfield of 2’) is again a 
simple transcendental extension of 2, and the quotients 7;/m are elements of 2 
(see Zz , section 20). Hence we may regard the 7’s as the homogeneous coér- 
dinates of the general point of a normal V;,, birationally equivalent to V,. 
We call V; a derived normal variety for V,, relative to the character of homo- 
geneity p. 

Two derived normal varieties relative to the same character of homogeneity 
are projectively equivalent. More generally, the points of two derived normal 
varieties (for one and the same V,) are in (1,1) correspondence, without excep- 
tions, and the quotient rings of two corresponding points coincide.’ From the 





* The definition and characteristic properties of a simple point, given in Z2 (sections 
1-9), will be found re-stated in the course of the consideration developed in III, 11. 

* If P is a point on a V, and if the homogeneous codrdinates of P are a, ai, °** ; 4) 
we define the quotient ring Q(P) of P as the set of all quotients f(wo, wo, °°: » &n)/ 
g(w, wi, +++, Wn), here f and g are forms of like degree and g(a, a1, °** 4x) # 9 
(compare with III; 10). The hypothesis that f and g are forms of like degree implies that 
the quotient f/g is an element of >. 
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andpoint of the analysis of singularities any two derived normal varieties of a 
given V, are entirely equivalent. This is so, because to us the structure of 
the quotient ring Q(P) at a point P is the controlling feature of the type of 
ingularity at the point. Thus, for instance, the following property of Q(P) 
is characteristic for simple points: if po denotes the prime zero-dimensional ideal 
if Q(P), then P ts simple if and only if the ring of residual classes p/p; is a 
K-module of rank r (Zz, theorem 3.2). 

The geometric significance ofa normal V, is the following: if V, is normal, 
then the system of tts hyperplane sections is complete (Z;, Theorem 14). The 
converse is not true. The geometry of the relationship between a given V, 
and a derived normal V; , whose character of homogeneity is p, is simply this: 
the system of hyperplane sections of V; is the complete system, which is the p-fold 
of the system of hyperplane sections of V, . 

The passage from a V, to a derived normal variety V, is one step of our 
reduction process. Its effect, for surfaces, is the elimination of all the multiple 
curves of the surface. This elimination, so troublesome in most of the previous 
proofs, is here achieved in a relatively simple fashion. 

We are now in position to state explicitly the exact procedure of reduction. 
We start with a normal surface F. It has a finite number of singularities. 
We take one of them, say P, as the fundamental point of a suitable quadratic 
transformation. Namely, we consider those quadratic forms in the homogene- 
ous codrdinates of the general point of F, which vanish at P. We take a 
linearly independent base for these forms over K and we regard the elements 
of the base as the homogeneous coérdinates of the general point of a new sur- 
face F’, birationally equivalent to F. Or, in geometric terms: we refer the 
sections of F by the hyperquadrics on P to the hyperplane sections of a new 
surface F’. 

The surface F’ may not be normal. We pass to a derived normal surface 
of F’, say F,. If F, still has singularities (and necessarily only a finite number), 
we apply the same procedure to the new normal surface F; , and so we con- 
tinue. Our reduction theorem asserts that after a finite number of steps a normal 
surface 1s obtained which is free from singularities (VI, 21). 

We wish now to review briefly the salient points of the proof. We shall not 
follow necessarily the expository order of the paper, but rather we shall attempt 
to make clear the inner reasons of the various steps. Certain formalities will 
have to be dispensed with, since we only wish to bring out the conceptual 
content of the proof. 

By the combined transformation from F to F; (quadratic transformation and 
integral closure), the point P is resolved into a fundamental curve on which 
there may be at most a finite number of singular points of Fi. Let P; be one 
of them. We take P, as the fundamental point of our quadratic transforma- 
tion, getting F; and a new derived normal surface F;. Continuing in this 
fashion we get an infinite sequence of points: P, P:, P:, --- , belonging to 
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the normal surfaces F, F;, Fz, --- respectively. The question on which de- 
pends the solutions of the problem is this: 7¢ should be proved that for some suffi- 
ciently high integer m, the point P» (and consequently also the points P;, i > m) 
will be simple. This is essentially our “local reduction” theorem (V, 20). 
That this theorem is true at all, is an indication of the importance of the “‘in- 
tegral closure” transformations. Under quadratic transformation alone infinite 
sequences of successive singular points can and do occur, as was pointed out 
by B. Levi [5]. : 

In algebraic geometry‘ one associates intuitively with a sequence of points, 
such as the one above, a sequence of successive infinitely near points on the 
original surface F, i.e. essentially a branch on F, of origin P. This branch 
need not be algebraic, nor even analytic.’ Now the arithmetic analog of a 
branch is a zero-dimensional valuation of the field 2 of rational functions on F. 
Accordingly, we consider the quotient rings Q(P;), we observe that they form 
a strictly ascending sequence of integrally closed rings, and we prove that the 
limit of the rings Q(P;) (i.e. their union) is the valuation ring of a zero-dimensional 
valuation (see V, 19, where we prove in fact a more general lemma). In this 
fashion we can get any given zero-dimensional valuation B. We have only to 
take, at each step, the fundamental point P; on F; at the center of B, i.e. atthe 
origin of the branch which B defines on F;. Should theh our “local reduction” 
theorem be true, it is at least necessary (but not at all sufficient) that the 
following be true: given any zero-dimensional valuation of 2, there exists a pro- 
jective model F’ of = on which the center of the valuation is at a simple point. This 
is our fundamental lemma, proved in Part II. On the basis of this lemma, 
the valuation B defined by the sequence {P;} can equally well be defined (and 
in infinitely many ways) by a sequence {A;,} of simple points (belonging to 
suitable projective models of 2), in the sense that the valuation ring of B is 
also the limit of the quotient ring Q(A;). Hence every Q(P;) is a subring of 
some Q(A,), and conversely. The proof is completed by showing that if i is 
sufficiently high, then Q(P;) coincides with some Q(A)). 

The length of the paper is not entirely due to the lengthiness of the proof. 
It is due in part to the fact that we treat the entire problem ab initio. We 
also wished to avoid, as much as possible, references to scattered sources, espe- 
cially when we were not certain whether the reference would exactly cover the 
topic under consideration. Since the elements of valuation theory are not 
generally known, we also thought it advisable to devote the first part of the 
paper to a review and classification of the valuations in fields of algebraic func- 
tions of two variables. 





‘See for instance C. Segre: Sulla scomposizione dei punti singolari delle superficie 
algebriche. Ann. Mat. pura appl. II. s. Vol. 25 (1897). 

5 In the example of an infinite sequence of successive multiple points given by B. Levi, 
the corresponding branch is in fact transcendental. 
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|, CLASSIFICATION OF VALUATIONS IN FIELDS OF ALGEBRAIC FUNCTIONS OF 
Two VARIABLES 


1. 


Let 2 be a field of algebraic functions of two variables, over an algebraically 
dosed field K of characteristic zero. The elements of K-shall be called con- 
dants. A valuation B of the field 2 is an homomorphic mapping v of the multi- 
plicative group 2 (the element zero excluded) upon an ordered abelian additive 
group I, satisfying the following conditions: if a ~ 0 is any element in = and 
if (a) is the corresponding element in P, then 

(1) v(a-b) = v(a) + v(0); 

(2) (a + 6) = min. (v(a); v(b)); 

(3) v(c) = 0, if c ¥ 0 is an element of K. 

The condition (1) says merely that the mapping a — v(a) is an homomorphism. 
We shall exclude the trivial valuation, in which [ consist of only the element 
zero. AS a consequence, we must also add the following condition: (4) for some 
a#0inz, v(a) ~ 0. The element v(a) of I is called the value of a. We for- 
mally assign to the zero element of 2 the value + ~. 

Valuations of = are classified first of all according to the structure of the 
value group I. If the ordered group I is archimedean, B is said to be of rank 1. 
In the most general case, one considers the isolated subgroups of T. A subgroup 
I’ of I is isolated if it has the property that together with any positive element 
a of Tit contains also all the positive elements 8 < a. The element 0 is to be 
regarded by itself as constituting an isolated subgroup of [. Given two iso- 
lated subgroups I’ and I” of I, one is necessarily a subgroup of the other, say 
I’C I”, and we say that I’ precedes I’. In this sense the isolated proper 
subgroups of T' form an ordered set Mr, having a definite ordinal type. If Mr 
isa finite set, of n elements, we say that T'is of rankn. The valuation B is then 
also said to be of rank n. It is well known that if r is the degree of tran- 
seendency of 2 over K, then any valuation of = is of finite rank < r (see K, 
p. 116). In our case, we can only have valuations of rank < 2. 

If T is of rank 1, it is archimedean and is isomorphic to a subgroup of the 
additive group of all real numbers. If I is of the type of the group of all rational 
integers, we say that [—and also the valuation B—is discrete. More generally, 
if I is of rank n, we consider the n isolated subgroups T',, Tz, --- , I’. in de- 
sending order (Tf D T, D T, D--- D T,) and the quotient groups I'y./T; 
(= 1,---,n, 1) = T). Each quotient group T';:/T; is an ordered archi- 
medean group. If these n quotient groups are all discrete, we say that the 
group I’ (and the valuation B) is discrete, of rank n. 

The question of determining the possible types of valuations of 2 can be 
reduced to the same question for purely transcendental fields, i.e. fields of 
rational functions of two independent variables. To see this, let B be any 




















644 OSCAR ZARISKI 


valuation of = and let x and y be two algebraically independent elements of > 
whose values in B are non-negative. Let w be any element in > and let 


(1) F(z, Y; w) = A(z, yo” +--+ + A,(z, y) = Q 


be the algebraic relation between x, y, w, where vy = [Z: K(z, y)], the relative 
degree of 2 with respect to K(z, y). Since o(f) = +, there must exist at 
least two terms, say Aw” ', Aw” ’, i ¥ Jj, whose values in B are the same. Hence, 
assuming 7 > j, we have o(A;/A;) = (¢ — j)vo@),0 <i—-— js». It follows 
that for any element w in 2 the product v!v(w) is the value of a rational function 
of xz, y. The value group I’ of the valuation induced by B in the field K(z,y) 
has thus the property of containing the v!-multiple of every element of I. 
Hence I and I” have the same rank, and I is discrete if and only if I’ is discrete. 


2. 


Another classification of the valuations of 2 is based upon the consideration 
of the so-called residue field =* of the valuation. We consider the totality of 
elements of = whose value in B is non-negative. The set of these elements 
forms a ring %, the valuation ring of B. The elements of 8 whose value is 
positive form a prime ideal ¥ in %, the prime ideal of the valuation. By the 
residue field 2* of the valuation B is meant the field of residual classes of 8 
modulo %: =* = %/.° Since no constant different from zero has value > 0, 
it follows that =* contains a subfield K* simply isomorphic to K. Now, quite 
generally, let r be the degree of transcendency of 2, whence also of %, over K. 
(Note that 2 is the quotient field of $8.) Since $ is not the zero ideal, its 
dimension r* is < r. * is of degree of transcendency r* over K*. We say 
that B is an r*-dimensional valuation. In our present case r = 2 and thus we 
may have valuations of dimension zero or one. 

Let us again consider the field K(x, y), where x and y are algebraically inde- 
pendent elements in 2 and v(x) = 0, v(y) = 0. Let B, be the valuation of 
K(z, y) induced by B and let %; , $1 be the valuation ring and the prime ideal 
of the valuation B, in K(z, y). Clearly $1 © 8 and §; consists of all those 
elements of $ which are in $,. Hence the residue field =} = %,/: of the 
valuation B, is a subfield of =*. Let w* be any element of =*, and let w be 
some element of 8 belonging to the residual class of 8/$ determined by «*. 
We write the equation (1) of algebraic dependence between z, y, w, and we 
consider among the polynomials Ao(z, y), --- , A,(z, y) one which has the 
smallest possible value in B. Let, say, A, be such a polynomial. We may 
assume h ¥ v, because were v(A,) < »(A;) fori = 0, 1, » — 1, then, we would 
have v(A,(z, y)) < v(A,(z, yw”), i = 0,1,---,» — 1, since vw) = 0, and 
this is impossible. The quotients A;/A; have non-negative values in B, whence 
they are elements of B:. Let ao, az, --- ,an-1, 1, any1, «++, a) be the corre- 





* That 8/$ is a field follows from the fact that $ is divisorless. 
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sponding residual classes mod $,. In view of the homorphism between % 
and 2* we have the relation: 


* —h+1 h * —h—1 ad * s 
ot tae ” +o” + ayo +--- +a, =0, a CX. 


since vy — h > 0, w* is algebraic over Zi. Thus, we conclude that >* is an 
algebraic extension of =i, and that consequently the dimension of the valuation B 
equals the dimension of the induced valuation B, of K(z, y). 

We shall now review the types of valuations existing in 2. 


3. 1-dimensional valuations (prime divisors of >). 


We fix an element X f(z, y)/g(x, y) in ; which is algebraically independent 
on K, modulo $. In other words, we assume that in the homomorphism be- 
tween 8, and ;(= %,/§) the element X is not mapped upon an element of K* 
(note that we have assumed K to be algebraically closed). Either z or y will 
actually occur in f(x, y)/g(x, y). Let it be, say,z. Then z is algebraically de- 
pendent on X, y, and K(z, y) is an algebraic extension of K(X, y). Hence 
also our original field 2 is an algebraic extension of K(X, y). We may there- 
fore replace the field K(x, y) by the field K(X, y). We assume that this has 
already been done, and that therefore z is not congruent to a constant modulo §. 

We consider the ring of polynomials R = K[z, y] in z andy. The elements 
of this ring which have positive value in B, form a prime ideal p, since the 
entire ring K[z, y] is contained in the valuation ring %, of B,. The ideal p 
cannot be zero-dimensional, since a congruence of the form x = c(p), c D K, 
would imply the congruence x = c($;), in contradiction with our assumption 
on z. Hence » is a 1-dimensional ideal, i.e. p is a principal ideal R-f(z, y), 
where f is an irreducible polynomial. If then h(z, y) is a polynomial, then 
o(h(z, y)) is positive if h = O(f), and is zero if h # O(f). It follows immediately 
that: (1) the valuation ring %, of B, consists of all rational functions which, 
written in lowest terms, are of the form g(z, y)/h(zx, y), h €0(f); (2) Bi = Bi-(f); 
(3) two elements g/h, gi/h in B, have the same value in B,, if and only if g 
and g; are exactly divisible by the same proof of f. If then we normalize the 
value group T; of By by putting v(f) = 1, then the value of any element of 
K(z, y) is a rational integer. Namely, if g is exactly divisible by f” and if 
h# O(f), then v(g/h) = m; if g # O(f), and h is exactly divisible by f”, then 
0(g/h) = —m. We conclude, that any one-dimensional valuation of a field of 
algebraic functions of two variables is discrete, of rank 1. 

It is well known that the description of a one-dimensional valuation B of the 
field 2 can be given in terms of the ideal theory of any finite integrally closed 
domain in 2, such that (1) » is contained in the valuation ring of B and (2) 
that the prime ideal p of B in 0 (i.e. the set of all elements of 0 having posi- 
tive value in B) is 1-dimensional. For instance, we can take for o the ring of 
integral functions of the elements 2, y considered above. Every primary 
ideal in 0 belonging to p is a primary component of some power of p. The 
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primary component of p” is denoted by p’” (symbolic m™ power of p). 
Every element a in 2 can be put in the form of a quotient a = a/b, where 
a and b are elements of 0, not both divisible by p. The given valuation B is 
obtained by putting v(a/b) = +m, if a = O(p'”), a # O(p'"*”), b F 0(p), 
and v(a/b) = —m, if a # 0(p), b = O(p™), b A O(p™*”) (see K, p. 37 and 
p. 104-105). 


4. Zero-dimensional valuations of rank 2 


The order preserving homomorphic mapping of T upon the quotient group 
A, = T/T; (11, the isolated subgroup) defines an homomorphic mapping of > 
upon the ordered group Ai, of rank 1, i.e. a valuation B, of 2, of rank 1. Let 
$%, be the valuation ring of B:, 1 the prime ideal of B; in B1, and let =f be 
the residue field 1/3, of B;. The ring %; consists of all those elements of > 
whose value in B is either in I; or positive, whence 8; > B. $f, consists of 
those elements of 2 whose value in B is a positive element of I, not in I,, 
whence $3; C §. In particular, the value in B of every element of ¥, which 
is not in $, is an element of T,. There is thus defined an homomorphic 
mapping of 2} = %,/$, upon the ordered group I; of rank 1, i.e. a valuation 
BY of the field 27, of rank 1. Consequently =f must be of degree of transcend- 
ency 1, since if it was an algebraic extension of K*(= K), it could not possess 
non-trivial valuation. We conclude that B, is a 1-dimensional valuation of Z, 
and hence A, is discrete, of rank 1. Since >; is of degree of transcendency 1, 
its valuation BT must be discrete, of rank 1. Hence I is a discrete group. The 
given valuation B is thus composed of a 1-dimensional valuation B, of = (a 
divisor of 2), followed up by a valuation By of the residue field 2} of B,. This 
field ZY is a field of algebraic functions of one variable and Bj is given by a 
“place”, or a “prime divisor” of Z{. The given valuation B is thus defined by a 
branch of an algebraic curve lying on a normal model of our field. 

The actual association of values in I to elements in 2 is obtained as follows. 
We fix again an integrally closed finite domain of integrity 0 in 2, such that 
the prime ideal p of B, in o be 1-dimensional. In 0 we fix an element w, such 
that w = 0(p), « # 0(p™). Given any element ¢ in 5, we can put it in the form 
— = w”-a/B, where a, 8 C oanda # 0(p),B 4 O(p). Let (a*/B*) # 0, © be the 
element in the residue field 2} which corresponds to a/8. Let vs*(a*/8*) = n. 
Then we put v(t) = (m,n). The value group I is the group of all pairs of 
integers (m, n) ordered lexicographically: (m,n) < (mi, m), if m > m or if 
m =m, >n. The isolated group I’ consists of the elements (0, m), n-arbi- 
trary. Note that the integer n depends on the choice of the element w (except 
when m = 0), but that m is independent on w. If we choose another element 
w’ instead of w, and if in the original construction the value of w’ is (1, »), 
(v = 0), then using w’ instead of w, we will get for the value of the same element 
é the pair of integers (m’, n’), where m = m’, n = vm’ + n’. This unimodular 
transformation defines an order preserving automorphism of I. 
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5. Discrete zero-dimensional valuations of rank 1 


The value group I is the group of all rational integers. Consider an element 
tof 2 such that v(f) = +1. If 7 is any element of 2 and if v(n) = », then 
o(n/f) = 0. Since the residue field 2* is simply isomorphic to the field of 
constants, it follows that there exists a uniquely determined element ¢ in K 


such that v(n/é’ — c) > 0, whence 
1 = ce” + N1y where v(m) = yy > v. 


Applying the same procedure to m and repeating indefinitely this construction, 
we get a uniquely determined power series expansion for 7: 


(2) noc’ +akgi+---, pcm <eee, 


This defines an isomorphic mapping of = upon a subfield of the field K({£}) 
of integral power series of & with coefficients in K. Consider a projective 
model V2 of the surface, in some S, (a, --- 2), and let w, --- ,w, be the co- 
ordinates of the general point of V2; w1,---,@, C 2. We assume that the 
w’s are in the valuation ring of B. Let 


wi — Cio + Cak + cae? + +++ = w,(&). 


These equations represent an analytical arc y on V2, 2% = co + caf +---, 
whose origin is the point (¢,---,¢no). This arc is not algebraic. In fact, if 


F(;, «++ ,@n) is a polynomial which does not vanish in 2, ie., if F(a, --- , Zn) 
does not vanish on Vz, then F(:, --- ,@n) has a definite value uv in B, and & 
must be the leading term in the power series F(w:(£), --- ,wa(#)). In other 


words, F(wi(t), --- ,wn(é)) # 0 in K({&}), if F@r, --- ,@n) 4 0 in Z (cs0- 
morphism of the mapping (2)). Thus y does not lie on any algebraic variety 
of 8, which does not pass through the surface V2. This proves that y is not 
an arc of an algebraic curve. 


6. Non-discrete zero-dimensional valuations of rank 1 


Here one is led to distinguish between two cases: (1) the value group I, 
which may be assumed to be a subgroup of the set of all real numbers, con- 
tains at least two incommensurable numbers; (2) any two numbers in I are 
commensurable, whence the elements of IT may be assumed to be rational 
numbers 

First Case. Let 2 and y be two elements whose values v(x) and v(y) are 
positive incommensurable numbers. We may normalize [ in such a manner 
that v(x) is equal to 1. Then v(y) = 7, a positive irrational number. Con- 
sider any polynomial in x and y, say F(z, y) = >> aijz'y’. We have o(z'y’) = 
i+ jr, and, moreover, two distinct terms a,;2'y’, ary’ have distinct values, 
sinceez + jr = ¢’ + j’r implies i = 7’, 7 = j’. If then Gapt"y’ is the term in F 
of smallest possible value, then o(F) = a + Br. This implies in the first place 
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that zx and y are algebraically independent, whence = is an algebraic extension 
of the field 2; = K(z, y). In the second place, the value group I; of the valua- 
tion B, induced by B in 2 is the group of all real numbers of the form a + 6r, 
a and §—arbitrary integers. 

We know that a fixed multiple of any element y in I is in I, i.e., we have 
vy = a + Br, v — a fixed integer. By well known theorem on abelian groups 
with a finite set of generators, it follows that I is generated by two elements, 
say 6: = 71 + 817, b2 = T2 + 827, where 7, 8, 72, 82 are rational numbers. 
Every element in I is of the form aé; + fé:, a, B—integers. We may divide 
each element in I’ by 6; and we may thus assert that also T 1s generated by the 
two elements 1, r* = 52/5,, where r* is clearly an irrational number. Thus T 
is of the same type as I). 

The induced valuation B; in K(x, y) can be obtained by putting formally 
y = 2’. Then for any polynomial f(z, y) = >> ai;a'y’ we find: v(f) = 
min {7 + jr}. The equation y = x may be regarded as representing a tran- 
scendental branch in the (z, y)-plane.’ If we take as a projective model of > 
a surface F in an (z, y, z)-space, then the valuation B is represented on F by 
one of the transcendental branches whose projection onto the (z, y)-plane is 
the branch y = 2’. 

Seconp Case. The elements of I are in this case rational numbers. The 
denominators must be arbitrarily high, since Tis not discrete. We consider 
the prime numbers which occur in the denominators of the various elements 
m/n of T, where we assume that each quotient is written in its lowest terms. 
We distribute these prime numbers into two classes: in the first class, say {p}, 
we put those prime numbers p:, pz, --- which occur in the denominators n 
only to a bounded power, say p; occurs to the power »; but not to the power 
vi + 1; in the second class, which we shall denote by {q}, we put the prime 
numbers qi, 92, -:- which occur in the denominators n to an arbitrarily high 
power. Any one of the two sets {p} {q} may contain a finite or infinite set of 
elements, or may be vacuous. However, if {q} is vacuous, then necessarily the 
set {p} must contain an infinity of prime numbers. We may assume that I 
contains the number 1. 

We assert then that T consists of all the rational numbers whose denominators 
are of the form pi 'p2” jah: qi ‘q2” vee ym Ss V1, Me s pS itil aes 5 ile | aan 
arbitrary integers. This assertion follows from the following two remarks. 

First: if T contains a rational number a = a/f8, (a, 8) = 1, then T contains 





7A suggestive geometric interpretation can be given by using the theory of infinitely 


near points. Let fi/gi, i = 1, 2, --- , be the convergent fractions of the infinite continued 
fraction for r. On the algebraic branch y = x/i!9i we find a set M; of infinitely near points 
A,, Az,-::, Ae; , consisting of a set of free points, followed by a set of satellites (see 


Enriques-Chisin, Teoria geometrica delle equazioni e delle curve algebriche, Vol. II). More- 
over, it is well known that the set M; is a subset of M;,:. The branch y = 2” may be asso- 
ciated with the infinite sequence {A:, A2,---,Am,-+:: } = lim M;, of infinitely near 
points. 
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1/8 (and hence all its multiples). In fact, let ma + 6 = 1. Thén 1/6 = 
ma + N. 

Second: if T contains a = a/B and a; = ai/f:, (a, 8) = 1, (m, fi) = 1, 
and if (8, 6:) = 1, then T contains 1/66,. In fact, a + a; = (af; + a8)/Bp, . 
Clearly 8, + a8 and Bf; are relatively prime, and our assertion follows from 
the first remark. 

For the actual construction of valuations of this type we proceed as follows. 
We consider two algebraically independent elements xz and y in 2, contained 
in the prime ideal of the valuation. We may assign to z the value 1. We pass 
to the complete field @ relative to the given valuation B, and containing the 
field 2. In @ we have an extended valuation with the same value group I 
as B and with the same residue field K. Moreover, every convergent sequence 
of elements in Q has a limit in Q. It is well known that 0 is simply isomorphic 
to a subfield of the field K({x})r of all well ordered power series in x with co- 
efficients in K and exponents in fT. Hence we have for y an expansion of the 


form: 


(3) y= az” + co02/"2 + c3v™!/"8 + vee, m < me < ms 


3 < coe, 

Mm Ng Ns 

each m;/n; being a rational number in its lowest terms. We have exhibited 
in (3) only the simple power series (of type w) with which the well ordered series 
begins. It is not difficult to see that by substituting the above simple power 
series for y into any given rational function 7 of xz and y we get a power series 
in z such that the value of 7 is the exponent of the leading term of the series.* 
By a simple Puiseux argument (see Schilling,’ p. 702) it is not difficult to show 
that any of the denominators n; in the exponents actually occurs as a denomin- 
ator in some element of the value group. Since we may assign the expansion 
(3) arbitrarily, it follows that any subgroup of the group of rationals is the 
value group of some valuation of >. 


II. UNIFORMIZATION OF VALUATIONS. THE FUNDAMENTAL LEMMA 


7. 


Let B be a zero-dimensional valuation of our field =. Given any set of ele- 
ments ;, --- , , which generate the field =, there is defined a surface F in S, , 
whose general point has codrdinates £,, --- , £, and which is a projective model 
of 2. If the ¢’s are in the valuation ring of B, and if, say, &; — c;, ce; C K, 
has positive value in B, then the prime ideal of B in the ring K[:, --- , Eal 
is the zero-dimensional ideal (f —,---,&, — Cn). The valuation B is then 
defined by a branch on the surface F, algebraic, analytical, or transcendental, 
through the point A(c¢ ,+++,0€n). We shall call this point the center of the 
valuation on F. 





* The substitution may actually lead to a well ordered series of type > w. However, 
We associate with » the simple power series with which the well ordered series begins. 
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FunDAMENTAL Lemma. Given any zero-dimensional valuation B of the field >, 
there exists a projective model F of =, on which the center of the valuation B is at a 
simple point of the surface. 

In the proof of this theorem wé have to consider separately the various types 
of valuations as classified in the preceding sections. 


A. Vauuations or Rank 2 (ALGEBRAIC BRANCHES) 


Let B, be the one-dimensional valuation with which B is composed. We 
choose two independent elements z and y in 2 such that the prime ideal of B, 
in the ring o of integral functions of z, y be one-dimensional (B,;—a divisor of 
the first kind with respect to the ring 0). Let p,; be this prime ideal. 

Let z:, y: be any other two elements in 0, such that o.is the integral closure 
of K[z:, y:], and let z be a primitive element of 2 with respect to the field 
K(a1, 4:1). Let f(a, y:, 2) = 0 be the irreducible equation for z, over K(z; , y:). 
We have shown in Z, that there always exist elements 2, y:, z such that 
fila: , yr, 2) 4 0(p:).” We shall assume that the original elements z, y are the 
2, and y respectively. . We have then 


(4) f(a, y, 2) = 0 
(4’) fi(z, y, 2) F O(p). 


The relation (4’) implies. that the value of the element f.(x, y, 2) in our valuation B 
is of the form (0, n). This remark is of decisive importance. 

We consider the surface F defined by (4) in S;(a, y, z). It is a projective 
model of our field 2. On F our valuation B gives rise to an algebraic branch y. 
We may assume that the origin of this branch is the point 0:7 = y = z = 0. 
Let us suppose that O is a multiple point, say an r-fold point, r > 1. Then 
f(z, y, 2) is of the form 


f=fe+hraite-- +fa, 


where f; = fi(z, y, z) is a form of degree 7. The elements 2, y, z have positive 
values in B. We shall have to arrange z, y, z in an order corresponding to the 
order of magnitude of their values. To avoid the necessity of considering 
various cases, we present the relation (4’) in such a form that will make the 
element z lose its privileged réle. Namely, let us consider the three partial 
derivatives f. , f, , f-, and let us write that 


min (v(fz), o(f,), o(f2)) = (0, n), 


without specifying which of the three derivatives has the minimum value (0,7). 
The point O is a multiple point of F if and only ifn > 0. Now it is clear that 
we may assume, without loss of generality: 


0 < v(x) S v(y) S (2). 





* This assertion is equivalent with theorem 11 (section 16) of the quoted paper, to the 
effect that the normal surfaces defined by the integrally closed ring 0 do not possess 
multiple curves. See also theorem 4 (section 5), loc. cit. 
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Since B is zero-dimensional, there exist uniquely determined constants c, d 
such that x(y — cx) > v(z), o@ — cx) > v(z), We apply to F the quadratic 
transformation 

y — cx 2— dz 


(5) um = 2, a, 2 a= 7 








whose inverse is given by the formulas: 
z=, y=alyte, 2=a2(+¢). 

Substituting into the equation f(z, y, z) = 0 we get 

f(z, y, 2) = zifilt , yr, %), 
where | 

fits, yr, 21) = Se, yr, @) + Aafera(l, 1, 1) +--+ +27 Full, mr, 2). 
Denote by F; the transformed surface 
filti, yr, %) = 0. 


By (5), the values of 21, y1, #: in B are positive. Hence B is given on F; by a 
branch through the origin 2; = y:; = 2: = 0. We find immediately the following 


relations: ' 
fe = x {afie, — (yi + Ofin — Gi + Dfiss} 
fy = 21 fin 
fe ~¥ x "fis: . 

Hence 


min (v(f2), (fy), v(f2)) 2 (r — 1)v(a1) + min ((fie,), (fins), vCfie,))- 


By assumption O is a multiple point of F, i.e. r = 2. Since v(a:) > 0, we 
conclude that 


min (v(fiz,); (fir), v(fis:)) ” (0, m1) < (0, n), 


whence 0 < nm < n. 

If the origin z; = y; = 2 = 0, the center of the valuation B on F;, is still 
4 multiple point, we apply to this surface a new quadratic transformation, 
getting a new surface 


Sole, yr, 22) = 0, 


on which the valuation B is represented by a branch through the point z. = 
¥2 = 22 = 0, and we will also have 


min (v( free) v( fave); v(foss)) ” (0, M2), n>m> n> 0. 
It follows that after a finite number of steps we will get a surface 





filxi, Ys, 21) = 0, 
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such that at least one of the 3 partial derivatives fic; , fix, , fi, has value zero, 
(i.e. (0, 0)), in the given valuation B. That implies, that on the surface f; = 0, 
the center of our valuation B is a point at which not all the partial derivatives 
of f; vanish. This point is therefore a simple point of the surface f; = 0. 


B. Discrete VALUATIONS OF Rank 1 (ANALYTICAL BRANCHES) 


The proof in this case is identical with the proof in the preceding case, and 
even simpler, since now, because of the archimedean character of the value 
group, the value of any element in 2, different from zero, is an integer. Hence 
in the present case it is permissible to begin with an arbitrary projective model 
f(x, y, 2) = 0 of 2, whereas in the preceding case we had to be careful with our 
choice of this model, because we wished to satisfy the minimum value require- 
ment for the partial derivatives (i.e. that this minimum be a pair of integers 
(m, n) in which m = 0). 


C. Non-DiscreTE VALUATIONS OF RANK 1 (TRANSCENDENTAL BRANCHES) 


8. First case. The value group consists of all elements of the form m + nr, 
m, n—integers, r—an irrational number 
We choose two elements z and y in = such that v(x) = 1, o(y) = 7. Then 
xz and y are algebraically independent. Let z be an element whose value is 
positive and which is a primitive element of = with respect to the field K(z, y), 
and let 


f(z, Y; z) = 0 


be the corresponding projective model F of 2. Our valuation is then repre- 
sented on the surface F by a branch through the origin. Our proof will be 
essentially a suitably modified Puiseux argument. 

Since f(z, y, z) is the element zero of 2, there must exist two or more terms 
in the polynomial f(z, y, z) which have equal and minimum value. If two 
distinct terms z'y’2’, x"'y’!z’! have equal value, then necessarily » ¥ ». In 
fact, if » = », then v(z'y’) = v(2y*), ie. ¢ + jr = i, + fir, whence i = ti, 
j = ji. We arrange then the minimum value terms according to increasing 
powers of z and we write: 


f(z, y, 2) = Aq y"* 2" + gx”? y"* 2 + eee + asx y"* 2° + Dax y" 2, 


Qa <B< ae < 4, 
where 


M + Nr = o(x™y"2") = ... = v(x™y"z°) =... = v(agr™y”2’), 


and where the summation 2’ is extended to all remaining terms whose value 
is>M+WNr. Here 


M = m, + 8a 





ms + 8B =... =m; + 86, 
N=1, toa=ng +o8 =--- = 1 + 06, 
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and 
v(z)=s+er, 8, o—integers = 0. 

Moreover, 

(6) (m; + lis) + (ni + lio)t > M + Nz, 


in the sum 2’. 
poe that f(0, 0, z) is not identically zero in z (i.e. that the z-axis 
does not lie on the surface F). Let z= 0 be an r-fold root of f(0, 0, z). If 
, = 1, the origin—center of the valuation—is a simple point of F. Assume 
+> 1. Then f(z, y, 2) contains the terms az’,a C K. Since we must have 
(z™y"2’) < v(z’), it follows that 





(7) 6sr. 
We expand 7 into a continued fraction: 
1 
tr=ht+ i , 
mS Ra. 


Let f;/9; be the convergent fractions of r. Since lim Si/9; = 1, we can find an 
integer p, sufficiently high, such that the inequalities (6) remain true if 7 is 
replaced by fp-1/gp—1 and also by f,/gp. We will have then 


(6’) (m; + lis) + (ni + lic)-fi/935 > M+ N-fi/gi;, J=p— 1,2, 


for any term a;v”‘y"‘z'* which is not a minimum value term. 
We now pass from the elements z, y, z of = to new elements 2 , y1 , 2: by the 
following Cremona transformation: 


(8) , yi, y= aPy?, z= ay’ (a + c). 

Here c is a constant determined as follows: since v(z) =e +or= v(z'y’), it 
follows that v(z/z*y’) = 0. There exists then a uniquely determined con- 
stant c such 

(9) v(zi) = (4 - e) > 0, c ~ 0. 


By known properties of convergent fractions we have 


SoAge — fegoi = € = +1. 


We also know that «, —r + fp-1/gp-1 and + — fp/g» have like signs. From (8) 
we find 


ae ly, yi = y"/x", 


whence 


ev(t1) = gpa dot _ r), ev(yi) = 9p (. - ds), 


pl Ip 
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Hence Cle 
hal (9’) v(z1) >0, vy) >0, andalso v(z:) > 0, by (9). _ 


far 
By our transformation (8) every minimum value term in the equation 
f(x, y, 2) = 0 acquires the same factor 














| gtortNSp yMer-1tNSp— 1 We 
| while, in view of (6’), every other term acquires a factor x}‘y/‘, where ); > 
H(z, y, 2) = apr Ney fer N-s Fay, yn, 21), ee 
4 where 
t filti, yi, %) = 0 Su 


is the equation of the transformed surface F; , and f; has the form 
filer, yr, 2) = (a + 0)*{aa + ager + 0)? + --- as(er + 0) } 

) + nyiH (a1, yr, 21). C 
Since the center of our valuation B on the new surface F; is at the origin x; = e 
yi = 2, = 0 (in view of (9’)), we must have f (0, 0, 0) = 0, whence u = c must 
be a root of the polynomial ¢(u) = a, + agu®* + .--- + ayu**. Let c be 


an r-fold of this polynomial. Then z, = 0 is an r:-fold root of f (0, 0, 2). 
We have 








when ape. Sis Sa aia - 





m1 S6—a Sr, by (7). 


If r; < r, we have achieved a reduction, since for r = 1 we get a simple point. 
Assume that 7, = r. This implies that a = 0, 6 = r and that ¢(u) = 
ao + agu’ + --- + a,u" = a,(u — c)”. Hence the minimum value terms of 
S(z, y, 2) have the form 




















ax” y" of a,2™ yz + set + Or" yt" + a,2", 


oS a 


where a,_1 ¥ 0, a, # 0. Since v(z’) = v(2™"1y""~'z""), it follows that 
v(z) = maa + Mya T. 


We express this conclusion as follows: if our transformation from f(z, y, 2) = 9 
to fi(ti , y1, 21) = O does not reduce the value of r, then the value of z in B is of 
the form m + nr, where m and n are non-negative integers. 

Let then o(z) = m+ nr >0,m,n2=0. There exist then a uniquely deter- 
mined constant c such that v(z2 — cx”y") > v(z). Let 


2=cr"y" +2,  v(a) > v(2), 
f(z, Y; z) = f(z, Y; ex” y” + Z1) = fi(z, Y; z) = 0. 
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Clearly 1 = 0 is also an r-fold root of f:(0, 0, z:). We can apply a transforma- 
tion such as (8) to the new surface f, = 0. If there is again no reduction as 
far as r is concerned, then also the value of z; in B must be of the form 


v(z1) = m + m7, m, m = 0. 


We then put 
a= qa y™ + 22, 
where the constant c; is determined in such a fashion that v(ze) > v(z). We 
get a new surface F's : 
frlz, Y; Z2) _ fi(z, Y; aa” ty”™ + Ze) = 0. 


Suppose that we get in this fashion a sequence of birational transforms of our 
surface f(z, y, 2) = 0: 


fil, y, 2) = 0, i= 0, 1,--- fo =f, ma = Zz, 


such that z; = 0 is always also an r-fold root of f;(0, 0, z;) and such that our 
Cremona transformation, of type (8), if applied to the surface f; = 0 is not 
capable of reducing the value of r. Here 


ai = oe™ y™ + Zin, 
V(Zin1) = Minn + Nii t > mM + Nt = v(z;) > 0, 


and m;, n; are non-negative integers. 


Now 
fir(z, ¥; Zi+1) = f(z, Y; cn y”™ + 241), 
whence 
a afess _ a 





O24. 0% 


Since in each polynomial f; the term in z; must be among the minimum value 
terms, it follows that 


o() > (r — Ile, 


or, since r > 1, 


o( 2) = v(z). 


In view of (10) it follows that 


(11) o(2) > mi + ner. 


az 
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Now if our sequence of surfaces j; = 0 was infinite, we would have an infinite 
ascending sequence of real numbers 


0O<m+tnr<cmtmtr<--- Cc mMm+tnTt<-:--, 


whose limit is + ©, since the integers m; , n; are non-negative. ‘This is in contra- 
diction with the inequality (11), since af/az * 0 in = (f being irreducible). 
Thus, after a finite number of steps we must get a surface f,(z, y, z:) = 0 such 
that a Cremona transformation of type (8), applied to the surface, diminishes 
the value of r. Ultimately we get a surface for which r = 1, and on that 
surface the center of our valuation is at a simple point. 
9. Second case. The value group consists of rational numbers 

We choose arbitrarily two algebraically independent elements z and y in 2. 

Let 


v(y) _ (p,») = 1 


v(x) 3 
and let yu’, v’ be positive integers such that 
wv — py’ = +1. 
We define a Cremona plane transformation C; as follows: 
Ci:t=ai(yta)", y= ailyta), 


where ¢; is a constant still to be determined. 
For Cy’ we find the equations: 


Crin=a/y’, (yta) =y/2". 


From these equations it follows in the first place that 
(a1) = p’-v(x) — v’v(y) = = (u’v — vu) = ss > 0. 


Moreover, since v(y’/x") = 0, also v(y: + c:) = 0. We choose the constant ¢ 
in such a fashion that v(y:) > 0. We have now two new elements 2; , y1 whose 
values are positive. 

In a similar fashion we define a plane Cremona transformation C, from the 
(a1 , y:) plane to a (x2, y2) plane, where again v(x2) > 0, v(y2) > 0: 


Co: a = 29 (yo + 2)", yi = 23'(y2 + c2)"4, 
where 


v 
Fon = =, (u1, V3) = 1 and win — uy = +1. 


We get a sequence of Cremona transformations: 


TT, =C,, T, = C1C2, --- ,T; = CiC2--- Ci, +++, 
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where 7; is a transformation leading to elements z;, y;. The elements z, y 


are polynomials in 2;, y:-. 
We prove the following 
Lemma. Given a polynomial $(zx, y), then for all sufficiently high values of i 


the expression of o(x, y) as a polynomial in x; , y; ts of the form 
¢(z, y) - rig” (2x, , Yi), 12 0, 


where (0, 0) # 0. 
The proof of this lemma is essentially the classical Puiseux argument. We 


put into evidence the minimum value terms in ¢(z, y): 
o(2, y) = Gax™*y* + agz™y? + aga™y + DY aa™y", a<B<--: <6, 
where 
Mav + ap = Mev + Bu = --- = mv + du = p 


and 
miv+lin > p 


for all remaining terms. 
Applying the transformation C, we find 


¢(z, y) - ridu(x1, Yi), 
where 
dtr, 1) = Gays + cx)" 7” + ag(yr +)” 4... 
+ ay + 0)” + 2 H(a, m1), 


or 
B—a 
= 


b—a 
+++) tay +c) ” } 
+ 21H (a1, y:). 


g(t, ys) = (yi + ot" tag + ag(y: + ¢1) 


If u = c, is not a root of the polynomial 
B—a b6—a 


g(u) =datagu” +--+ +aju’, 


then ¢,(0, 0) # 0, and our lemma is proved. 

If g(c:) = 0, then our transformation C; has the same effect as the classical 
Puiseux substitution = 21, y = xi(c: + y:), used in the determination of 
the branches of the curve ¢(z, y) = 0 passing through the origin x = y = 0. 
The only difference—and advantage—is that our transformation does not lead 
to elements x; , y; outside the field K(z, y). The remainder of the proof is now 
clear. It is sufficient to observe that if our lemma was not true for the given 
polynomial ¢(z, y), then the above reasoning shows that the valuation B would 
be the one which is determined by a branch of the curve ¢(z, y) = 0 through 
the origin z = y = 0. This is impossible, since B corresponds, by hypothesis, 
to a transcendental branch. 
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Let now z be a primitive element of = over K(z, y) and let v(z) > 0. Let F 
be the surface given the irreducible equation 


S(z, y, 2) = 0. 
We write f as a polynomial in z and we put into evidence the terms of minimum 
value: 
I (a, Y; z) - aa(z, ye" + as(x, ye + “ere + as(x, yz + ba a;(z, yz’, 
where 
(12) v(aaz") = v(age*) =.--- = v(agz’) 
and 
v(a;z') > v(a_2*) for all remaining terms. 

The center of our valuation B on the surface F is the origin = y = z = 0. 
Let, as in the preceding section, z = 0 be an r-fold root of f(0, 0, z). Ifr = 1, 
the origin is a simple point. Suppose r > 1. 

We apply first our Cremona transformation 7; to x and y and we choose i 
sufficiently high, so that the above lemma be applicable to all the polynomials 
Qa, 4, -+++, 4s, @ simultaneously (i.e., to their product). Let us denote the 
new elements z;, yi by Z, 7. Then f(z, y, z) takes the form: 

f(a, y, 2) = FG, 9, 2) = F"*da(4, g)2* + F™*Gg(Z, ge + --- 
+ a” as(@, gz’ + Do’ a alZ, gz’, 
where 4,(0, 0), ds(0, 0), a(0, 0), @:(0, 0) are all ¥ O. 


Let now v(z)/v(Z) = s/c, (s, ¢) = 1, and let s’, o’ be positive integers such 
that 


s’¢ — so’ = +1. 
We apply to the surface f(z, 7, z) = 0 the quadratic transformation: 
Z=ai(ata)’, z2=2i(ata), g=n, 
where the constant c; is ~ 0 and is determined by the condition: v(z:) > 0. Let 
filti, yr, %) = 0 


be the equation of the transformed surface. We find immediately, in view 
of (12), 


f(z, y, z) aad wee (21 Yi; Z1); 
and 


Hilti, yr, 21) = (er + 01)" {G0(, 9) + ap(Z, later" +e) 
+ as(4, 9) (a: +o) O?"} + mH (ar, m1, %)- 


Naturally, in view of our choice of the constant c; , we must have f(0, 0, 0) = 0. 
As in the preceding section we conclude that the multiplicity of the root z. = 0 
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iy(0, 0) + (0, O)u +--+ + 4,(0, O)u" = (uw — e)’. The minimum value 
erms in the original polynomial f(x, y, z) are then the following: 


ao(z, y) + a (x, y)z + ces he +> a,_1(2, yz" + a,(z, y)2", 


where a,(0, 0) # O (since f(z, y, 2) contains a term in z’). As a consequence, 
o(z) = v(a,a(x, y)), ie. the value of z is equal to the value of a polynomial in 
randy. This conclusion is altogether parallel to the one reached in the course 
of the proof given in the preceding section. The only difference is that in the 
first case the value of z was the value of a power product z”y”. The remainder 
of the proof runs along similar lines, as in the first case. If v(z) = v(a(z, y)), 
a—a polynomial, we can find a constant c such that v(z — c-a(z, y)) > v(z). 
We pass to the element z; = z — c-a(z, y) and to the surface fi(z, y, 21) = 0. 
Repeating this procedure, we get a sequence of surfaces f;(z, y, 2:) = 0, such 
that 

(1) z; = 0 is an r-fold root of f;(0, 0, 2;); 

(2) v(z:) = v(ai(z, y)), ai—a polynomial ; 

(3) v(z) < v(z1) < v(ze) < +++ 3 Sina = 2 — Cy-ax(a, y). 

As in the preceding case we conclude with the inequality 


v (Z) = v(a;), 


which shows that our sequence of surfaces f; must be finite, since it is easily 
seen that a strictly ascending sequence of real numbers, in which each element is 
the value of a polynomial, has + asa limit.”® This completes the proof of the 
fundamental lemma. 


for fi(0, 0, z1) 18 S 7, and that it equals r if and only if a = 0, 6 = rand if 


III. IpEaus IN THE Quotient Rine or A SmmpLeE PoInt 


10. 
Let F be an algebraic surface in an S,, a projective model of the field 2, 
and let &:,--- , &: be the non-homogeneous codrdinates of the general point 


of F. In Zp (section 21) we have associated to every point P of F a quotient 
ring Q(P). Namely, assuming (without loss of generality) that P is a point 
at finite distance, let a;, --- @, be its non-homogeneous coérdinates, Then 
Q(P) is the set of all quotients of f(i,--- , &»)/g(#, --+ , x) of polynomials 
in the é’s, such that the denominator does not vanish at P, i.e. g(a, --- , @n) ¥ 0. 


Let p be a fixed positive real number and let 0 < « = min (v(z), v(y)). Let n, be the 
smallest integer such that Np-¢ > p. Let g(x, y) be a polynomial whose value is not greater 
than p. We separate in g the terms of degree < n, from those of degree 2 np, i.e. we 
write g = g’ + g’’, where g’ is the polynomial of degree < ,. Every form in 2, y, of 
degree m, has value = mo. Hence v(g"’) = ngs > p. Since v(g) S p, it follows that v(g’) = 
0(9). Hence, if a polynomial has a value not greater than p, then its value is the value of 
some polynomial of degree < n,. It follows that among the values assumed by poly- 
nomials in x, y there is only a finite number of values which are not greater than a given 
fixed real number p. This proves our assertion. 
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If $ denotes the ring of polynomials K[é, ---, &], then (in ideal theoretic 
language) Q(P) is the quotient ring $* = %,, of the prime zero-dimensional 
ideal po = %-(£: — a1, ---, &: — Gn). It is evident that Q(P) is independent 
of the choice of the non-homogeneous coordinates in S, . 

The relationship between the ideal theory of $ and that of Q(P) = %* is 
well-known (K, p. 17-20). If % is any ideal in $, its extended ideal Y* = 
*.% in 3* is the unit ideal, if 2 4 O(po), and is different from the unit ideal 
if & = O(po). Thus all the ideals of & which are not multiples of po are lost 
in 3*. In particular, all the zero-dimensional prime ideals of 3, except pp, 
are lost, whence %* possesses only one prime 0-dimensional ideal, namely »; = 
po- $*. If %, and Y%. are two ideals in 3, then 9*-% and 3*-%: coincide, 
¥*%, = F*A. = A*, if and only if %, and YW, differ by primary components 
which are not divisible by po. Hence, omitting in %,, or in Y%2, all these last 
mentioned primary components, an ideal % is obtained which is the h.c.d. of 
all ideals % in & such that A* = Q*Y. For this ideal % it can be proved 
that not only A* = 3*%, but that also % = A* NM J. Thus there is a (1, 1) 
correspondence (in fact, an isomorphism with respect to all ideal theoretic 
operations) between the ideals in $* and those ideals in & of which every 
primary component is divisible by po. In this correspondence primary ideals 
go into primary ideals. In particular, the 1-dimensional ideals p* in $* corre- 
spond to the prime 1-dimensional ideals p in & which are divisible by pp . 

Geometrically speaking, the ideal theory of Q(P) = * is the local ideal 
theory of the surface F in the neighborhood of the point P. Of the irreducible 
algebraic curves which can be traced on F, only those which pass through P 
are left in the passage from $% to Q(P). 


11 


We wish to derive some properties of the ideal theory of Q(P) = 3* in the 
case when P is a simple point of the surface F. 

We have shown in Z, that if P is a simple point, then the corresponding 
prime 0-dimensional ideal pp does not divide the conductor € of $ with respect 
to the integral closure 3 of 3. We have also shown (Ze, theorem 8) that if 
€ F O(po), then po- 3 = fy is a prime (0-dimensional) ideal in 3. From these 
facts it follows that $,, = $* = 3;,. But 3;, is integrally closed in 2. Hence 
the quotient ring Q(P) of a simple point is integrally closed in >. 

By our ideal-theoretic definition of a simple point (Zz, section 2), there exists 
a pair of elements z, y in $ such that pp is an isolated component of $-(z, y). 
It follows that 


(13) po = 3*-(2, y). 


Whenever necessary, we shall assume that z, y have been so chosen that the 
elements of $ are integrally dependent on z and y. 

Let R denote the ring of polynomials in z, y, R = K[z, y]; let Bo = R-(z, y), 
and let R* = Rg, be the quotient ring of B) in R. We have RC R* & 3, 
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RG 3. Ideals in R will be denoted by capital German letters; ideals in R* 
will be denoted by capital German letters with an asterisk. Thus Bo = B-R*. 
We proceed to investigate the relationship between the ideals in 3* and those of R*. 

The elements x and y are uniformizing parameters of the complete neighbor- 
hood of P (Zo, section 4). The uniformization is as follows. Given any element 
win 3, there exists, for any integer m > 0, a uniquely determined polynomial 
bn-i(t, y), of degree at most m — 1 in z and y, such that 


(14) = om—1(po). 


Moreover, dm — @m—-1 = Wm, Where ¥» is a form of degree m in z, y (or iden- 
tically zero). We thus get for w a formal power series in 2, y: 


(14’) wrptht--- +n + 


and (14’) maps $ isomorphically upon a subring of the ring Q = K{z, y} of all 
formal power series of x and y, with coefficients in K. 

Here y% is a constant. If w F O(po), then Yo ¥ 0, since w — Yo = O(}o). 
Hence the elements of & which are not in po are mapped upon units of 2. It 
follows that the entire quotient ring Q(P) is mapped upon a subring of 2. We 
shall see later that the elements of Q(P) are the only elements of the field = which 
are mapped upon elements of 2. Any other element of 2 is a meromorphic 
function of x and y, i.e. is a quotient of two formal power series, not reducible 
to a formal power series in z and y. 

The relation (14) can be expressed symbolically as follows: 


(15) ¥ = (R, po), m arbitrary, 


ie. any element in $ is the sum of an element in R and of an element in po . 
We prove a similar relation for 3*: 


(15’) 3* = (R, po”), m—an arbitrary integer. 
The proof is immediate. Let & be any element in 9*, and let 


E> mt + vm + Ynis $+ 


Then  — dm is represented by the power series ¥m + --- in which the terms 
of the lowest degree are of degree > _m. The element  — ¢m-1 isin $*, hence we 
can write £ — @m_1 = w/wo , where w, wo C ¥ and w # 0(po). Since the power 
series expansion for wo is a unit in Q, it follows that the power series for # must 
begin with terms of degree = m. Hence, by the nature of our uniformization we 
must have w = O(po’). Consequently § — ¢@m1 = w/w = O(po”), ie. € = 
dni(po”), where ¢m—1 C R, and this proves (15’). We point out that in the 
proof just given we have shown incidentally that if the power series expansion 
for an element w/wo in Y* begins with terms of degree = m, then the element 
w/w is in po”. The converse is also true, since po” = 3. fe y)”. Hence po” 
consists of those and only those elements of %* whose power series expansions begin 
with terms of degree = m. 
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We have po = 3*$o, where Bo = R*-(x, y). Hence also ppo™ = 3°. 857. 
We prove that 


(15”’) o" = po” N R*. 


The proof is immediate. Let g(x, y)/h(x, y) be an element of pm" N R*, where 
h and g are polynomials and h(0, 0) # 0. The power series for g/h must begin 
with terms of degree 2 m. Since h(z, y) is a unit, the power series for g(z, y) 
must begin with terms of degree 2 m. But this power series must be the poly- 
nomial g itself, since for all m,0 = g — g = O(po). Hence g = 0(¥0') and 
consequently g/h = O(Po™). Thuspo”"NR*S Po”. Since Po"™C po ™, (15”) 
follows. 

By means of (15’) and (15’) we prove the following 

THeorEM 1. There is a (1,1) correspondence between the 0-dimensional ideals 
in %* and those in R*. Two corresponding ideals q* and 2* are in the relation 
of extended and contracted ideal respectively: g* = 3*0Q*, O* = q* N R*. 

Proor. Let Q* = q* M R*. To prove that q* = 3*Q*, it is sufficient 
to show that q* = 0(9$*0*), since the relation $*0Q* = 0(q*) is obviously true. 
If we choose m sufficiently high so that p>” = 0(q*) and if we apply (15’) to 
those elements of 3* which are in q*, we find 


q* = (RN q*, po”), 
hence a fortiori: 
(16) q* = (R* 1) g*, po”), for all m sufficiently high. 


The relation (16) holds true for any 0-dimensional ideal in $*. We have then 
q* = (Q*, po”). Since $*OQ* is also zero-dimensional, we can take m suffi- 
ciently high so as to have po” = 0(3*0*). Then it will follow that q* = 
0(Q*, J*Q*) ie. q* = 0(9*0"*), q.e.d. 

On the other hand, let us start with a 0-dimensional ideal Q* in R* and let 
3*Q* = q*. To prove that q* NM R* = O%, it is sufficient to show that 
q* N R* = 0(0%*), since Q* = 0(q*). Now, by (15’), we have 


q* = J*O* € (O*, po”), 


and comparing with (16), we find (R* MN q*, po”) © (Q*, po”), for all m sufii- 
ciently high. Consequently 


RYN gt & (O*, 8”), 


R*N gt & (O*, Bo"), 


since, in view of (15”), Bo” is the contracted ideal of po”. If we now take m 
sufficiently high so as to have Po” = 0(0*), it will follow that R* NM q* = 
0(2*), q.e.d. 

Corottary. There is also a (1,1) correspondence between the zero-dimensional 
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ideals of 3* and those of the ring Q of formal power series in x and y, the corre- 
spondence being again that of contracted and extended ideal. 

The corollary follows from Theorem 1 and from the well-known fact that a 
correspondence of the type just mentioned exists between the zero-dimensional 


ideals of R* and Q.” 
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Let B, be a zero-dimensional valuation of K(x, y) whose valuation ring 
contains R*. The prime ideal of B, in R* must be py, hence x and y have 
positive values in By: vp,(z) > 0, vs,(y) > 0. Similarly let B be a zero-dimen- 
sional valuation of 2 whose valuation ring contains $*. Again (and for a 
similar reason) we must have vs(xz) > 0, vs(y) > 0. The valuation B is said 
to be an extended valuation of Bi , if B induces in K(x, y) the valuation B,;. An 
equivalent condition is the following: the valuation ring of B, is the intersection 
of K(z, y) with the valuation ring of B. By general theorems on valuations of 
algebraic extension fields (van der Waerden [8]) it is well known that if B, is 
given, there always exist extended valuations B (always subject to our condi- 
tion that the valuation rings contain R* and 3* respectively). In the present 
special case this can also be proved directly in the following fashion. It is well 
known (and the proof is elementary) that any zero-dimensional valuation B, 
of K(z, y) such that the valuation ring of B,; contains R*, can be extended to a 
valuation in the field of meromorphic functions of z, y whose valuation ring 
contains. This extended valuation induces a valuation B in 2, and B is clearly 
an extended valuation of B, of the desired type. 

THEOREM 2. A zero-dimensional valuation B, of K(x, y), whose valuation ring 
contains R*, has a unique extension B in = such that the valuation ring of B con- 
tains $*. 

Proor. Any element ~ in 2 can be written in the form — = w;/we, where 
w1,@2C ¥. In view of (14) we have: w; = $.,(z, y)(po'), w2 = $6(2, y)(po). 
Our proof will consist in showing that if vs(¢) = 0, then vs,(@%21) = vs,(@523), 
for all sufficiently high values of m. This will show, namely, that the valuation 
ring of B is uniquely determined by the valuation ring of B, . 

First case. B, is of rank 1. If % is an ideal (in R or in 3), we denote by 
o(%)-the minimum value assumed by the elements of %. Since vs(xz) > 0, 
t(y) > 0, it follows that lim »(p0') = +o. Hence if m is sufficiently large 


we will have vp(w:) = vs,(@S21), i = 1, 2, and the theorem is proved. : 
Second case. B, ts of rank 2. The valuation B, is composed of a divisor B; , 
4 one-dimensional valuation. Two cases are possible. Either the prime ideal 





“ This can be proved in exactly the same fashion in which we have proved Theorem 1. 
Namely, the proof is based entirely on the relations (15’) and (15’’). These relations 
continue to hold (and are trivial) if we replace in them the ring $* by the ring 2 (and 
wi by the prime ideal Q(z, y)). 
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of Bi in R is the zero-dimensional ideal Bo(Bi—a divisor of second kind with 
respect to R), or the prime ideal of B; in R is a 1-dimensional ideal (B}—a divisor 
of first kind with respect to R). In the first case the divisor B’ with which B 
is composed is also of the second kind with respect to $ and we will have 
Up(Po) = (m, n) where m > 0. Hence again lim v(po') = +, and the re- 


m—>+00 
mainder of the proof is as in the preceding case of valuations of rank 1. Suppose 
then that B; (and hence also B’) is of the first kind with respect to R and A} 
respectively. Let p be the prime one-dimensional ideal of B’ in . The ele- 
ment £ can always be written in the form of a quotient w;/w2 where the elements 
w@, , w2 are not both in p. If vs(~) 2 0, then necessarily w, ¥ O(p), and the 
value of we in B will be of the form (0, n). Hence, if m is sufficiently high, 
we will have: vg(w2) < vs(po), and consequently vs(w2) = vp,(¢m-1) = (0, n). 
If also w; # O(p), then vs(w1) = vs,(¢021) for all m sufficiently high. If w = 
O(p), then vs(w:) > vs(po), for all m, whence vs,(¢s21) = vs(po), and conse- 
quently vs,(¢22;) > vs,(¢s21), for all m sufficiently high. This completes the 


proof.” 
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We come now to the one-dimensional ideals in $* and we wish to prove the 
following theorem: 

THEOREM 3. Every unmixed one-dimensional ideal in %* is a principal ideal. 

Proor. It is sufficient to give the proof for prime ideals. Let p* be a prime 
one-dimensional ideal in $* and let p = p* fM & be the corresponding prime 
ideal in $. Also p is one-dimensional, and moreover p = 0(}o) and S*p = p* 
(see section III, 10). We begin by making a judicious choice of the uni- 
formizing parameters. Any two elements 2, and y; in & can be taken as 
uniformizing parameters, provided in the expansions x; = az + by + --- ,y= 
a’x + b’'y + --- , the Jacobian ab’ — a’b be different from zero. This, namely, 
implies that po is an isolated component of the ideal $- (x’, y’) (see Ze, theorem 1), 
a characteristic property of uniformizing parameters. Now let z be some ele- 
ment of & which is in pp but is not in any of the other possible prime zero- | 
dimensional components of the zero-dimensional ideal $-(z, y, p). This implies 
the relation po = (x,y,z, p). Weputa, = ar + cy + cz, 1 = ct toy + C32. 
We choose “non-special” values for the coefficients c and c’, so as to satisfy 
the following three conditions: (1) z;, y: are uniformizing parameters; (2) the 
elements of $ (which, by our initial choice of z and y, are integrally dependent 
on x, y) are integrally dependent on 21, y: ; (3) $-(a1, y1, P) = Po- 

That conditions (1) and (2) can be satisfied is trivial. As for (3) we observe 
that if c:, ce, cs are non-special constants, then the ideal %-(x1, p) is zero- 
dimensional. In view of our choice of z, it is clear that of the prime ideals of 
$-(a1, p), only po contains all the three elements x, y and z. Hence, if Ci, 





12 A few additional considerations would make it quite clear that the preceding proof 
contains implicitly the proof of existence of an extended valuation B. 
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4, q are non-special constants, also y; will belong to po but not to any of the 

remaining prime ideals of 3$-(@1, p). If in addition x, y: are uniformizing 

parameters, Po will be an isolated component of $-(z:, y:), whence po = 
(Gis thy ») aon A 

eo shall assume that our original uniformizing parameters z and y already 

atisfy the above three conditions, in particular: 


(17) Po = 3: (2, y, P). 


let « , -*+ »@m be elements of 3 which form a base for p. Let py”, ---, p 
be the prime ideals belonging to the ideal 3-(z, y) and different from po. In 
view of (17) it is clear that for non-special coefficients c; the element 
ow, + -+: + Cnidm Will not belong to any of the ideals pj)”, 7 = 1, 2,--- ,h. 
Hence, applying if necessary a preliminary linear homogeneous transformation 
to the elements w;, we may assume that wo; # O(ps”), ¢ = 1, 2,---,m, 
j=1,2,---,h. By Theorem 4 of Z, we have the following: let F;(z, y, t) = 
M(t — #;) = norm of ¢ — w; with respect to the field K(x, y); then t = 0 
is a simple root of F(0, 0, t). We can write then F; in the form F; = 
t-H(2, y, t) — Ai(z, y), where H,(0, 0, 0) ¥ 0 and A; is a polynomial. Since 
F(z, y, o:) = 0, it follows that w;-Hi(x, y, wi) = A:(z, y), where H,(z, y, wi) F 
0(vo) (since x, y and w; are all = 0 (mod po)). Now let g = g(z, y) be the trre- 
duwible polynomial in x, y which belongs to p; in other words: let p N R be the 
principal prime ideal R.g. Since w; = O(p), also A; = O(p), and since A; C 
K[z, y], A; must be divisible by g. Since H(z, y, wi) # 0(po), we conclude that 


(A) 
0 


w; = 0(3*49), i= 1, 2,+++,M, 
or, since p* oy 3*p - 3*@1 iS wae Wm), 
p* = 0(3%9). 


Since, on the other hand, g = O(p) = O(p*), we conclude with the relation 
p* = $*g, and this proves our theorem. 

CoroLLaRy. * coincides with the totality of elements of the field 2 which are 
mapped upon formal power series in x and y. We have to show that if a, B are 
two elements in §* and if a is divisible by 6 in K{z, y}(= ), then a is also 
dwisible by 8 in Y*. The element a belongs to the principal ideal 28. This 
ideal is one-dimensional and unmixed in @. Hence its contracted ideal in 3* 
is also one-dimensional and unmixed.” By the preceding theorem we can write: 
06 1) 9* = 9*g’, B’ C 3*, whence a is divisible by 6’ in 3*. It remains to 
prove that 8’ is divisible by 6 in 3*. We have B = ¢6’, where e C 3*. On 
the other hand 8’ is in 0B, i.e. 8’ is at any rate divisible by B in 2. Hence « ts 
necessarily a unit in Q. Now the elements of $* which are mapped upon units 





“If ) = Q-£ is a prime 1-dimensional ideal in 2 ({—a prime element in Q, not a unit), 
the contracted ideal of § in $* may be the zero-ideal, but clearly is never the zero-dimen- 
oe ideal p* = 3*(z, y). Since 6 is in 3*, the contracted ideal of 98 is not the zero- 
Ideal, 
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of @ are those and only those which are not in pp. Consequently « # 0(po), 


and hence . is also an element of $*. Since p’ = *6, the corollary follows. 
€ 


IV. Quotient Rines on Norma SuRFACES 
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After having fully discussed in Part III the properties of the quotient ring of 
a simple point, we now wish to discuss more generally the structure of the 
quotient ring Q(P) of a point P of a normal surface F. The hypothesis that F 
is normal implies that Q(P) is integrally closed in 2. It is this last local 
property which matters, rather than the property at large to the effect that F is 
normal. Namely, were F not normal and P a point of F such that Q(P) is in- 
tegrally closed in 2, then we can always replace F by any of the normal surfaces 
F* determined by F. To P there corresponds a unique point P* of F*, and the 
quotient ring of P* coincides with Q(P). It is therefore to us only a matter of 
convenience, when, in studying the structure of an integrally closed quotient 
ring Q(P), we think of P as a point of a normal surface. 

The class of integrally closed quotient rings Q(P) whose structure we seek 
to determine will be, however, somewhat special. We shall assume namely 
that Q(P) contains as a subring the quotient ring Q(A) of a simple point A. For 
the applications which we wish to make in the sequel, the consideration of 
such special quotient rings is sufficient. On the other hand, we may observe 
that the condition imposed by us on Q(P) is consistent with highly complicated 
types of singular points P. 

Our study of the structure of Q(P) will be based upon the results of the pre- 
ceding section, as applied to the quotient ring of the simple point A, and also 
on the theory of valuation ideals in a ring K{z, y} of formal power series of 
two variables, developed in Z;. In view of the isomorphism between the zero- 
dimensional ideals in Q(A) and in K{z, y} (x, y—uniformizing parameters at A), 
the results of that paper are directly applicable to Q(A). 

First we shall need a few clear-cut definitions and statements concerning the 
correspondence between the points of two birationally equivalent surfaces. In 
agreement with our point of view, we base our definitions on valuation theory. 

Let F and F’ be birationally equivalent surfaces, projective models of the 
field 2. The codrdinates £,--- ,£, of the general point of F’ are rational 
functions of the coérdinates &, --- , &, of the general point.of F, and vice versa. 
The birational transformation from F to F’ sets up a correspondence between the 
points of the surfaces. For our present purpose, the most convenient definition 
of this correspondence is the following: a point P on F and a point P’ on F’ 
correspond to each other, if there exists a zero-dimensional valuation B of the field 2, 
such that P is the center of B on F and P’ is the center of B on F’.“ A point P 





44 In other words: there exists a branch on F, with origin at P, to which there corre- 
sponds a branch on F’, with origin at P’. 
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on F is a fundamental point, if there exist a 1-dimensional valuation B, of &, 
such that the center of B, on F is the point P, while the center of B, on F’ is 
a curve I’ (necessarily irreducible)” The curve I is a fundamental curve and 
is said to correspond to the point P. Every point P’ of F’ which is on the 
curve ' corresponds to at least one place of the field of rational functions on I. 
Such a place defines a zero-dimensional valuation of 2 (composed with the 
divisor B;) whose center on F’ is P’ and whose center on F is P. Hence P 
corresponds to any point of the fundamental curve TY. 

It is clear that if P is the center of a zero-dimensional valuation B, then the 
valuation ring of B contains the quotient ring Q(P), and conversely. It follows 
that if P and P’ are two corresponding points of F and F' respectively and if 
Q(P’) S Q(P), then P’ is the only point of F’ which corresponds to P, and thus P 
is not a fundamental point. 

Tuzorem 4. The locus of points P’ which correspond to a given point P of F 
is an algebraic variety of dimension < 1. Every one-dimensional irreducible 
component of this variety is a fundamental curve corresponding to P. 

Proor. It will be sufficient to prove this theorem for the points at finite 
distance of F and F’, since we can choose for either surface the hyperplane at 
infinity arbitrarily. 

We denote the rings K[é,, --- , &.] and K[é, --- , &] by 4 and 9” respec- 
tively, and we consider the join § = (3, 3%’) = K[E; é’] of the two rings (the 
smallest ring containing both $ and 3’). The ring ¥ defines an algebraic 
surface F in an affine space S,;m. The codrdinates of the general point of F; 
aref;,---, &n, &, +++, & and F is birationally equivalent to F and F’. If P 
is any point at finite distance on F, it is given by a prime zero-dimensional 
ideal f) in ¥. The contracted ideals p = ¥1/ fo, po = 3%’ | fp are prime 
and zero-dimensional and define a point P and a point P’ on F and F’ respectively. 
It is clear that Q(P) > Q(P), Q(P) 2 Q(P’). Hence any zero-dimensional 
valuation of center P has P as its center on F and P’ as its center on F’. Conse- 
quently, to a point P on F (at finite distance) there corresponds a unique point P 
on F and a unique point P’ on F’, and P, P’ are corresponding points. Con- 
versely, let P and P’ be two corresponding points (at finite distance) of F 
and F’ respectively. There exists then a zero-dimensional valuation B whose 
center on F is P and whose center on F’ is P’. Since the valuation ring of B 
contains both rings Y¥ and 9’, it also contains their join &. Hence the center 
of Bon F is at a point P at finite distance. The points P, P’, P being the 
centers of the valuation B on F, F’, F respectively, the points, P, P’, must be 
the points which correspond to the point P. We conclude with the following: 





‘We speak of the center of a 1-dimensional valuation in the following sense. Given 
B,, we can so choose the non-homogeneous coérdinates & that their values in B, be non- 
hegative. Then the valuation ring of B, contains the ring K[é, ---, &m]. The prime 
ideal of B; in this ring is either zero-dimensional or one-dimensional. In the first case 
the center of B, on F is a point and B, is a divisor of the second kind (with respect to the 
ing K[¢]). In the second case the center of B; is an irreducible curve on F, and B, is a 
divisor of the first kind. 
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The points P at finite distance of F are in (1, 1) correspondence, without exceptions, 
with the pairs (P, P’) of corresponding points of F and F’ (at finite distance). 

Let P be an arbitrary point at finite distance on F, po—its prime zero-dimen- 
sional ideal in $. Let $-po = % and let [W%, 3] = YW’. We assert that the 
algebraic locus Y’ determined on F' by the ideal 2’ is the locus of points at finite dis- 
tance which correspond to P. In fact, let P’ be a point of F’, at finite distance, 
which corresponds to P, and let po be the prime zero-dimensional ideal in 3’ 
given by the point P’. Let, moreover, P be the point on F which corresponds 
to the point-pair (P, P’), and let fp be the corresponding prime zero-dimen- 
sional ideal in §. Since P — P, we must have po = fo M 3, whence §$-p, 
O(fo), i.e. H = O(fo). Since & —> P’ we also have po = fio M &, hence %’ 
O(po). This proves that P’ is on I’. 

Consider now the irreducible components of I’. They may be points or curves 
and they are given by the isolated prime ideals of YU’. Since %’ = [%, 3’, it 
is clear that each isolated prime ideal p’ of 2’ is the contracted ideal of some 
prime ideal f of %. Moreover, since po & %, also po & §, whence § ) ¥ = w 
and § 1) 3’ = p’.. There always exists a valuation whose center on F is § 
(i.e. the corresponding point or curve, according as § is zero-dimensional or one- 
dimensional). The center of this valuation on F is P and its center on F’ is 
the irreducible component of I’ given by the ideal p’. Hence every irreducible 
component of I’ corresponds to P, and this completes the proof of theorem 4. 

A consequence of Theorem 4, which we shall have occasion to use in the 
sequel, is the following 

TuHeoreM 5. If Q(P) is integrally closed in = and if P is not a fundamental 
point, then to P there corresponds a unique point P’ on F’. 

Proor. By Theorem 4, our hypothesis that P is not fundamental implies 
at any rate that to P there corresponds on F’ only a finite number of points, 
say P;, P:,---P,. We may assume these points to be at finite distance. 
Let po”, ps”, --- , po” be the corresponding prime zero-dimensional ideals in 9”. 
We denote by A the intersection of the quotient rings Q(P:), Q(P2), «++, Q(P;). 
If B is any zero-dimensional valuation whose center is P, its center on F’ will 
be one of the points P}, --- , P}. Hence the valuation ring of B will contain 
one of the quotient rings Q(P}), --- , Q(P’), and hence it will certainly contain 
A. Hence, if the valuation ring of a zero-dimensional valuation B contains Q(P), 
it also contains A. Since Q(P) is integrally closed, it is the intersection of all 
the valuation rings which contain it (K, p. 111), and, moreover, it is not diffi- 
cult to see that in the representation of Q(P) as an intersection of valuation 
rings it is permissible to omit the one-dimensional valuations.” We conclude 





16 A one-dimensional valuation B, defines an homomorphic mapping of the valuation 
ring 8, of B, upon a field =* of algebraic functions of one variable. If Q(P) is contained in 
%, , then $ is mapped upon a finite integral domain %* contained in =*, and Q(P) is mapped 
upon the quotient ring Q(P*) of a prime ideal in ¥*. The ring Q(P*) is contained in at 
least one valuation ring (defined by a “‘place’’ of the field =*). Hence Q(P) is contained 
in the valuation ring 8 of the corresponding zero-dimensional valuation B of 2. Since 
% Cc 1, our assertion follows. 
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that A is contained in Q(P). Let, p; be the zero-dimensional prime ideal of 
Q(P;), i = 1, 2,- + 39, and let yp; = AN p;. Let us assume that ¢ > 1. 
The o prime ideals Pi, *** ps in A are distinct, since we can always find an 
element of A which is in p; and not in pj, if i # bg (such an element already 
exists in %’). Let &’ be an element of pi, not in ps. There exists a valuation 
B, whose center on F is at P and whose center on F’ is P;. Since £’ belongs to 
the prime ideal of Q(P;), necessarily vs,(¢’) > 0. Hence ¢’ belongs to the 
prime zero-dimensional ideal of Q(P). But then necessarily ¢’ has a positive 
value in any valuation whose center is the point P. In particular, let B, be a 
zero-dimensional valuation whose center on F is P and whose center on F’ 
is P;. Since vg,(¢’) > 0, &’ must belong to the prime ideal ps of Q(P:). Hence 
tC 2, a contradiction. 
Consequently « = 1, q.e.d. 


15 


After these preliminaries, we come back to the question announced at the 
beginning of the preceding section. We consider a surface F, given in the 
affine space by a ring ¥ = K[é, --- , &,], and on F we consider a point P 
such that Q(P) is integrally closed in 2. We assume that P is a point at finite 
distance, so that P is given by a prime zero-dimensional ideal in S$, say by the 
ideal $-(&,---,&,). AS was pointed out before, we may assume, without 
loss of generality, that & itself is integrally closed. 

We assume that Q(P) contains the quotient ring Q(A) of a simple point A 
of another surface #, birationally equivalent to F. We know that Q(A) is 
integrally closed in 2. Let ® be given in an affine space S,, by the ring 9 = 


Klw:,--- ,@m]. As in the preceding case of F and P, we assume also here 
that A is a point at finite distance, that it is given in o by the prime ideal 
0-(, +--+ ,@m) and that o is integrally closed in 2. 


The fact that Q(P) contains Q(A) does not necessarily imply that 3 con- 
tains 0. However, we may replace $ by the join 3: = (3%, 0). The point 
pair (P, A) is represented by a prime zero-dimensional ideal pj” in 9, and 
since Q(P) > Q(A), it is immediately seen that Q(P) coincides with the quo- 
tient ring of ps” in $,. Hence we may replace P by the corresponding point 
P; on the surface defined by &; in the affine space. If 9%; is not integrally 
closed, we replace 31 by its integral closure. We assume then that $ D ov. 
Under this assumption we have K[é, --- , &] = K[l&i, +--+, &n,@1, +--+) @mi- 
We may then include the w’s among the generators of 3, and therefore it is 
permissible to assume that 


(18) ts = w, i=1,2,---,m;n2™m. 


We shall denote by 3* and o* the quotient rings Q(P) and Q(A) respectively. 


ing prime zero-dimensional ideals shall be denoted by Po and po respectively. 
et 


(19) = Pilon, +++» Om) ;=1,2,-+-,n, 
és do(w1, 255 Wm)’ : 
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where the ¢’s are polynomials, and 


(19’) $i = wido , t= 1,2,--.,m, 
in view of (18). We consider the following ideals in o* 
(20) M = o*- (Go, di, --- , bn), 


m = 0*-(¢1, --+ , bn). 


We may assume that 2 and m are zero-dimensional. In fact, if Mt is one-dimen- 
sional, then by theorem 3 (II) we can write 


epi = glo, --+ ,Wm)Pilwr, «++ ,@m), 7=0,1,---,n, 
where ¢ is a unit in o*, g and y; are polynomials and Y , --- , Wa have no common 
factor in o* (not a unit). We then replace ¢o, --- ,¢n by Wo, --- , Wn respec- 


tively, since £&; = ¥i/Yo, and then M will be zero-dimensional.” 

By (19’), a common factor of ¢:, --- ,¢n (in 0*) has to divide ¢). Hence 
if Mt is already zero-dimensional, also m is zero-dimensional. 

We denote by M the totality of all zero-dimensional valuations B of 2 such 
that the center of B on F is the point P, or, in other words, such that the valua- 
tion ring $ of B contains Q(P). Consider any member B of M. Since Q(P) D 
Q(A), we have 8 D Q(A), and we are in position to consider the v-ddeals 
(valuation ideals) in Q(A) belonging to the valuation B (see Z;). Let q be the 
v-ideal such that v(q) = v(¢o). We consider the intersection of all these v-ideals q 
as B varies in M. We denote this intersection by %. In the terminology of 
our paper Z,, % is a complete ideal. 

Again for a fixed B in M, we consider the v-ideal q: in 0* which follows imme- 
diately the above v-ideal q, i.e. the first v-ideal q; such that v(qi) > v(q). We 
denote by a the intersection of all ideals q;, as B varies in M. Also a is a 
complete ideal. 

Since 9*-(& , --- , &:) = Bo, it follows that vs(é;) > 0, for any B in M and 
forz = 1, 2,---,mn. Hence vg(¢;) > vp(do), ¢ + 0, and consequently ¢; C 4, 


a= 0,1,---,n, and¢C qm,i = 1, 2,---,n. We conclude that M ¢ UY, 
m ¢& a and that 

(21) va(%) = ve(do) > 0, 

(21’) va(a) > va(do) > 0, 


forany Bin M. Since vg(¢o) > 0 (¢o is not a unit in o*, see footnote 17), % is not 
the unit ideal. Since Qt and m are zero-dimensional, it follows that both % and 
a are zero-dimensional complete ideals. 





” Strictly speaking, it may happen that after this reduction MM is the unit ideal. Since 
fi, ++: , & are in the prime ideal , of o* and since tid) = ¢: , it follows that ¢; = 0(p0), 
i = 1,---,mn. Hence necessarily ¢) must be a unit in o*, and therefore each &; is in o*. 
That implies that Q(P) coincides with Q(A). We naturally exclude this trivial case. 
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TuzoreM 6. The ideal a is a maximal subideal of A. The ring of residual 
classes A/a ts a K-module of rank 1. 

Proor. Let a be any element in Y. By (21), we have vg(a/¢) = 0 for any 
Bin M. Since Q(P) is integrally closed, it is the intersection of the valuation 
rings 8, as B varies in M (see footnote 16). Hence a/q» is an element of Q(P). 
There exists then a constant ¢ in K such that a/¢) = ¢($o). For such a con- 
stant ¢ itis then true that vp(a — cdo) > vs(¢o), for all Bin M. Hence a — cdo 
isan element of the v-ideal q: , for any B in M, i.e. a — cdo = O(a). This shows 
that {/a is a K-module of rank 1 (having ¢o as base) and that consequently a is 
a maximal subideal of Y, q.e.d. 

In the course of this proof we have shown that if a is any element in Y, then 
a/ is an element of Q(P). Notice that ¢ is an element of &, but not of a 
(in view of (21’)). Now, more generally, we can prove the following 

Tarorem 7. If a, 8 C UA, B F a, then a/B C Q(P); moreover a/B CK Po, 
if and only if a C a. 

Proor. Since 6 & a, there exists a valuation B in M such that 6 € m, 
since a is the intersection of the v-ideals q,. Since q; is the immediate suc- 
cessor of g, it follows that vs(8) = vs(q) = vs(¢o). This implies that B/do, 
which we know already to be an element of Q(P), is not in the prime ideal Bo 
of Q(P). Therefore we must have vs(8) = vs(¢o), for any valuation B in M. 
Consequently, vg(a/8) = 0 for any B in M, and this implies a/8 C Q(P). 

The second part of the theorem is now a straightforward consequence of the 
fact that a/8 is an element of Bo , if and only if vs(a/B) > 0, BC M. 

Theorem 7 gives the quotient representation only for certain elements of 3%, 
because naturally, if a/8 is a quotient of the indicated form, then a’/8’, p—an 
integer, will not, in general, be representable as a quotient of two elements 
a’, 8’ of X such that 6’ is nota. The main result of the present considerations 
is the following theorem, which gives full information concerning the connection 
between the complete ideals %, a, and the representation of any element in 3* 
as a quotient of elements in 0*: 

TuzorEM 8. If p is an integer > 0 and a, B are two elements in 0* such that 
a, B = 0(2%"), 8B F O(A" a), then a/B is an element of 3*, and in this fashion all 
the elements of 3* can be obtained. The above element a/f is in the prime zero- 
dimensional ideal Bo of 3*, if and only if a = 0(%’a). 

Proor. The products wo, --- , mo have values greater than v(¢o) in any 
Valuation B in M, hence they are elements of a (this also follows directly from 
theorem 6). Therefore, by Theorem 6, any element y of Y%’ can be written 
in the form cg§ + 71 , where c is a constant and y C %’ “a. Since vs(M’‘a) 
> pao), for any B in M, it follows that Y’'a is a proper maximal sub- 
ideal of %°. Now let a, B be two elements of o* such that a, 8 = 0(Y"), B # 
O(a). Then we can write a = cf + a, 6 = dos + 61, where a, Bi C “a 
add # 0. This yields, for any valuation B in M: vs(a) = pvs(¢o), va(8) = 
M2(¢). Hence vs(a/8) = 0, for all B in M, and consequently a/8 C 3*. This 
Proves the first part of our theorem. Moreover, a/8 is an element of $o, if 
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and only if vs(a) > vs(¢o), i.e. if and only if c = 0, whenceaC Yq. This 
proves the concluding assertion of the theorem. 

To complete the proof, let & be any element of Q(P). The element ¢ can 
be written in the form of a quotient f(&,--- , &)/W(i,---, &,), where 
¥(0,---,0) # 0. By (19), we can then write & in the form of a quotient 
F(¢o, 1, --- ,on)/G(go, $1, «++ >On), Where F and G are forms of the same 
degree, say p, and G actually contains a term in gj. Since all the ¢’s are in ¥ 
the elements F and G are in Y%’*. On the other hand, since all the power products 
of do, 1, -*+,¢n, Of degree p, are elements of Ya, except ¢8 , which is cer- 
tainly not an element of %°'a, it follows that G # 0(%°a). This completes 
the proof of the theorem. 

16 


We shall conclude this part of the paper with a theorem concerning the 
factorization of the complete ideals 2% and a into simple v-factors (see Z;). The 
notion of a simple v-ideal P, of kind h, is the arithmetic analog of the geo- 
metric concept of a point A” infinitely near A and in the (h — 1)™ neighbor- 
hood of A. A given simple v-ideal P® determines uniquely a sequence P = 
po, P”, ---,P”™ of simple v-ideals of kind 1, 2, ---,h — 1 respectively, 
such that if B is any zero-dimensional valuation of = whose valuation ring 
contains o* and for which P™ is a v-ideal, then also the P, 7 = 1,2, ---,h —1, 
are v-ideals belonging to B. Any of these h — 1 simple v-ideals is called a 
predecessor of P. While the simple v-ideal P™, of kind 1, corresponds to 
the proper point A” = A, the other predecessors FP correspond to the points 
A®,...,A®” which follow the point A in the first, second, ---,(h — 2)” 
neighborhood and which precede the point A™. 

A complete ideal can be factored into a product of simple v-ideals, and the 
factorization is unique (see Z;, p. 172). Let 

A = Pl Py? .-- Poe, 

a = PUPY --- Pe, 
be the factorization of %{ and a respectively, into simple v-ideals. The indi- 
vidual simple v-factors in 2 correspond to the effective base points of the ideal %, 
i.e. of the corresponding continuous system of curves f = 0, defined by the 
condition: f = 0(%). The exponents a; are related to the effective multiplicities 
of these curves at the base points. 

In order to state the theorem which we wish to prove, we make the following 
remark. Let % be exactly divisible by p} i.e. let X = O(ps), XM A 0(p0”). 
Since a = 0(%), also a = 0(p>). On the other hand, since Ap) = O(a) (by 
Theorem 6), we have a # 0(po**). Hence a is exactly divisible either by po 
or by p>". Our theorem is the following: 

pti 


TurorEM 9. If YU is exactly divisible by pp and a is exactly divisible by Po ; 
then every simple v-factor P; of a is a predecessor of or coincides with some simple 
v-factor P; of %. 
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proor.” Let 2, y be uniformizing parameters at A. The elements of o* 
gre formal power series in x and y. Every element a of a is a power series 
Pals, y) + Fosa(, y) +--+, beginning with terms of degree p + 1 or higher. 
We call F,41 the subform of a. As a varies in a, its subform varies in a linear 
gystem, of a certain dimension r (a K-module of rank r + 1). Since po% = 0(a), 
it follows immediately that r 2 1. This implies that pp must occur among the 
simple v-factors of a, since for any simple v-ideal of kind > 1 it is true that its 
system of subforms is of dimension zero (Z;, p. 163, Corollary 3.2). We put 
into evidence the factor po and we write a = poa,. To prove our theorem, it 
will now be sufficient to prove that every simple v-factor in a; is a predecessor of, 
or coincides with, some simple v-factor of Y%. To prove this we first show that 
the ideal a, coincides with the quotient A: po . 

Let YX: po = B. Since poo: = a = O(%), we have at any rate the inclusion 


(22) a & &. 


We assert that po does not occur as a factor in Y. Since a is a maximal subideal 
of , it is clear that 


(23) a = [M, po”). 


Let ax + by be a fixed form which does not divide all subforms of Y, and let 
9; = (ax + by, p>). The ideal P2 is a simple v-ideal of second kind. We 
consider the ideal A = [%, po'-P2]. Since po = O(P2), we have, by (23): 
¥2ADa. By our choice of the form az + by it follows that A E pi "Pa. 
Hence A ¥ X&. Hence A = a, since ais a maximal subideal of Y%. Now suppose, 
if possible, that po is a factor of YM, and let A = poY%, , where %, is then necessarily 
exactly divisible by pf’. We have 92%, © Popo’, and also P2%, S po, = A. 
Hence P2%, & A, ie. P2%, Sa. This is impossible, since P2%, is exactly 
divisible by p> , while a is divisible by p}*?. 





* It is not without interest to point out the intuitive geometric content of Theorem 9. 
Interpreted geometrically, Theorem 6 signifies that the complete ideal a is obtained by 
imposing on % one additional base condition, expressed by one linear relation. This base 
condition may be of a two-fold nature: (1) either we impose on the curves defined by % 
the condition of passing through a new base point A,4:, which follows immediately a 
sequence A, A,, --- , A, of successive base points of %; (2) or we impose on these curves 
(which, in view of A = 0(p6), already possess at A an effective multiplicity ») the condi- 
tion of possessing at A a p + 1-fold point. In order that the new base condition be really 
equivalent to one linear condition, the following is necessary and sufficient: (1) in the 
first case, the branches of smallest order which pass through A, Ai, --- , A, and through 
Ay Ai, +++, Ags respectively, must have the same order (in the terminology of Enriques’ 
theory: Ay.: must be a free point, not a satellite); (2) in the second case, the general 
curve defined by & must have all its p tangents at A fixed. In the first case, the new base 
condition will not lead automatically to an increased base multiplicity at A, and so a 
will still be exactly divisible by pf. In the second case a will be exactly divisible by 
mt, but—and this is the main point—this change in the effective multiplicity at A may 
Imply a lowering of the effective multiplicities at some other infinitely near base points, 
but no new effective base points can appear. 

be In other words: the curves defined by elements of % and having at A exactly a p-fold 
point, have no variable tangent at A. Compare preceding footnote. 
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We come back to the quotient 8 = %: po. We have B = O(ph"). If we 
suppose that % is exactly divisible by p>, we would have a contradiction, 
since the relation Bp = 0(2) would then imply that the system of subforms 
of % is of dimension = 1, whence po would be a factor of YU. Hence ¥ is exactly 
divisible by pp. Hence Spo = 0(p*"), and since Bpo = 0(Y%), it follows by (23), 
that pS = 0(a), i.e. poS = O(poar). In view of (22), we also have pon: = 0(p%). 
Hence pot: = p08. Now both a, and % are complete ideals: a; is a complete 
ideal, because it is a product of v-ideals (Z;, p. 193); 8 is a complete ideal because 
it is a quotient %:po of a complete ideal Y& and another ideal (Z;, p. 193). In 
view of the unique factorization of complete ideals into simple v-factors, we 
conclude from the relation pot; = oS, that a, = B, ie. a) = Arp... This 
proves our assertion. 

We have pointed out above that in order to prove our theorem, we have 
only to prove that every simple v-factor of a; is the predecessor of, or coincides 
with, some simple v-factor of 2. We now also know that a, = %:po. On this 
basis our theorem becomes a special case of the following general 

Lemma. If Y is a zero-dimensional complete ideal in 0* and if 6 is any com- 
plete ideal, then every simple v-factor of the ideal 8 = A:b ts the predecessor of, 
or coincides with some simple v-factor of %. 

Proor oF THE Lemma. In view of the isomorphism between the zero- 
dimensional ideals of o* and those zero-dimensional primary ideals of the poly- 
nomial ring K[z, y] which belong to the ideal (z, y), it is sufficient to prove the 
lemma for polynomial rings. We assume therefore that %, 8, 6 are ideals in 
the polynomial ring 0 = K[z, y]. Let Y= Pf .-- Py, and let PY; be of 
kind h;. Let h = max (h;,---,h,). The lemma is trivial for h = 1. In 
fact, if h = 1, then 9,,---,, are distinct prime zero-dimensional ideals, 
and it is obvious that %:6 will be of the form P% ... Phe B; S a;. We 
therefore prove the lemma by induction with respect to h. We assume that 
the lemma is true for h < g, and we prove that it is true for h = g. First 
of all, we observe that it is sufficient to prove the lemma for h = g, under the 
hypothesis that the simple v-factors Pi, --- , P, of A all belong to one and 
the same prime zero-dimensional ideal po, say po = (2, y). Namely, in the 
general case we can write % = W%.--- W = (Wi, Ae, ---, A], where the 
%; are complete ideals belonging to distinct prime zero-dimensional ideals. 
Then we will have %:6 = [%1:6, --- , 2b] = (1:6) --- (Y,:6). If the Lemma 
is true for each factor %;:6, it is also true for the product %:b. 

We assume then that 9,,--- ,¥, belong to the prime ideal po = (2, 4). 
Let YU, B, b be exactly divisible by p$, p>, po respectively. Since Bb = 0(%), 
we must have ¢ + 7 2 p. Replacing, if necessary, x by a linear form az + by 
with non-special coefficients, we may assume that the subform of 9; (¢ = 
1, 2, --- , u) is not a power of z (i.e. the line z = 0 is not the tangent line of 
the branches of lowest order defined by #;). Under this condition, the trans- 
form of Y; by the quadratic transformation 


a’ = t,y’ = y/z 
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is a simple v-ideal P; in o’ = K[z’, y’], of kind h; — 1 (Z, p. 169). Let 
(24) oo A= 27H’, o'B=2°S’, 0/6 = 2'b’, 


where %’, B’, b’ are again complete ideals in 0’ (Z:, p. 196), and Y’, B’ are 
yero-dimensional. By hypothesis, g = max (h;). Hence max (h; — 1) < g 
and, by our induction, the lemma is true for Y’. We prove that 


(25) QB! = W!s2° hp’, 


From this our lemma will follow, since the simple v-factors of 8’ are the trans- 
forms of the simple v-factors of 8 different from pp . 
Since Bb = 0(%), we have, by (24), 27°” °B’b’ = 0(%’), whence 


(26) a~t t aes 2 


Let Y’:27*" "b’ = By, and let x* be the lowest power of x such that x is the 
extended ideal of an ideal in 0. Then 2*%j is also the extended ideal of its 
contracted ideal (Z;, p. 196) in cs. Let %, be the contracted ideal. From the 
relation B’ © B; follows the inequality g < o (see Z:, p. 199). We have 0’B; = 
1B, hence o’p) “B, = 27By;. Since B and p> *B, are the contracted ideals 
of 2B’ and x”B; respectively, and since 8’ © B; (by (26)), we conclude that 


(27) BS po *B.. 


On the other hand, we have x’*” °b’S’ = 0(%’), whence x7*"b’B’ = O(2’%’). 
Now 2”'"b’%; is the extended ideal of pp *6%,. Hence, passing to the con- 
tracted ideals, we find: po “6G, | YA, ie. 


(27’) po “Bi S &. 


Comparing (27) and (27’), we conclude that pp “B, = %. Passing to the ex- 
tended ideals in 0’, we have B; = B’, i.e. (25), q.e.d. ’ 


V. NormaL SEQUENCES OF INTEGRALLY CLOSED QuoTieNT Rines. “Loca. 
REDUCTION” THEOREM 


17. Tangential ideals 


Let F, a projective model of our field 2, be given in an affine S,(x1, --- , tn) 
by the ring § = K[é, ---, &]. We consider a point P on F and its quotient 
ting 3* = Q(P). We assume that P is at finite distance, say at the origin 
h=---= 2, = 0. Let po = 3-(&,---,&), Po = 3*-po, be the corre- 
sponding prime zero-dimensional ideals in $ and 9* respectively. 

The surface F possesses at P a tangent cone. We ask: what is, from an arith- 
metic standpoint, a tangent line of F at P? First of all, any line 1 through P 
(tangent or not) can be described by the system of hyperplanes which contain 
i. They are the hyperplanes wx: + --- + Un%a = 0, where the coefficients 
ui; Satisfy a given linear relation cyu; + --- + Calin = 0,c; K. Any element 
¢in po is a polynomial in £, --- , &,, in which the constant term is missing: 
P= he +. Gnén + terms of higher degree. The elements & such that 
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the coefficients a; satisfy the relation ca: + --- + ¢nd, = 0 form a primary 
maximal subideal q of po. We associate the ideal q with the line 7. The corre- 
sponding ideal in $* shall be denoted by q*. Conversely, given a maximal pri- 
mary subideal q of po , the ring po/q is a K-module of rank 1. Hence q consists of 
all those elements = af + --- + Qné, + --+ Of Po, in which the a; satisfy a 
linear relation ea; + --- + ¢n@, = 0. The hyperplanes m2, + --- + unr, = 0 
whose coérdinates u; satisfy the relation cyu; + --- + Cnn = 0 have in common 
a line 1 through P. The line / corresponds to the ideal q in $ (or q* in 9%). 

Now let 1 be a tangent line. We can think of / as the tangent line of some 
branch y (for instance, an algebraic branch) which lies on F and has origin 
at P. The branch y defines a zero-dimensional valuation B of the field 2, 
and P is the center of Bon F. The elements £1), --- , &, have positive values 
in B. It is clear that if & is any element in po, or in po, then vg(t) = 
min {vp(é), --- , ¥e(En)}, Whence vp(po) = vs(po) = min {vp(f), --- , ve(E,)}. 
The elements ~ of po, such that vs(£) > vs(po), form a primary subideal q* 
of po, since $* is contained in the valuation ring of B. Let 7 be an element 
in po , not in q*. If m is any element in po, then vs(m/n) = 0. Since B is 
zero-dimensional, there exists a constant c such that vg(m/n — c) > 0, ice. 
m — cn =0(q*). This shows that the ring of residual classes po /q* is a K-module 
of rank 1, and hence q* is a maximal subideal of pp. The line J associated with 
q* shall be, by definition, the tangent line of the branch y. 

A maximal primary subideal q* of po (or the corresponding subideal q of }) 
which corresponds to a tangent line, shall be called a tangential ideal of Q(P). 
From the standpoint of valuation theory, a tangential ideal q* is characterized 
by the following two properties: (1) q* is a valuation ideal belonging to some 
zero-dimensional valuation of center P; (2) q* is a maximal subideal of po . 


18. Tangential ideals and quadratic transformations 


Let yo, ¥1, +++, Yn be homogeneous coérdinates in S,, t: = yi/yo, t = 
1, 2,---,m. We consider the quadratic transformation: 
p’ = . t,j =1,2,---,%, 
(28) Yor = Yoyi, J 
PYis = YY; , Yii = Yiis 


where we interpret the 3(n + 1)(n + 2) — 1 y;;’s as homogeneous codrdinates 
in a projective Py, N = 3(n + 1)(n + 2) — 2. The transformation (28) 
carries the system of hyperquadrics of S, which pass through the point 
P(yo = 1, y1 = -++*= Yn = 0) into the system of hyperplanes of Py . 

Let wo , w1, «++ , @n be the homogeneous codrdinates of the general point of F. 
Here w is a transcendental quantity over the field 2, and w;i/w) = &. The 
elements 
(29) 0 j WW; , i,j =1, 2,-+: 5%, 


Wij = WiW;, 
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can be regarded as the homogeneous coérdinates of the general point of a sur- 
ice F’ birationally equivalent to F and lying in Py. The surface F’ is the 
transform of F by the quadratic transformation (18.) In the system of non- 
homogeneous coérdinates ai; = yii/Yoo , »-fixed, the non-homogeneous coérdi- 
nates of the general point of F’ are 


ty; = &)/&, j=1,2,---,»—1l,v+1,---,n, 


OP = bade, £7=1,2,--,0, 


and we have 
30’) Kes] = KI, &:/&, «++, &1/E, E4s/B, *-*, bn/&) = I”. 


let A be a point on F different from P, and let yo = bo, yi: = bi, yn = bn be 
the homogeneous coérdinates of A, where b,, --- , 6, are not all zero. Let, 
for instance, b, # 0. If we choose as non-homogeneous codrdinates in P, 
the ratios 2; = yi/Yn t = 0, 1,---, — 1, then the point A will be at finite 
distance and will have codrdinates 1; = a; = b;/b,. In this system of coérdi- 
nates, the codrdinates of the general point of F are the elements 1/€, , 
h/t, ee fn1/En ’ giving rise to the ring 


Sn a K[1/é,, f/f, yet En-1/En]. 


let us choose as non-homogeneous codrdinates in Py the ratios x3; = ¥i;/Ynn. 
The codrdinates £3; of the general point of F’ will then be the elements: 


* 1 & * & & ie 
et Se eta, = 1,2,-:::, -1; 
woes eee Se MA r 
fe =o foe, 7=1,2,---,n—1. 


The ring K[£;;] coincides with $,. Hence to every point A of F at which 
the 2; are finite, there corresponds a point A’ on F’ at which the 27; are finite, 
and the quotient rings of the two corresponding points coincide. From the coinci- 
dence of the quotient rings Q(A), Q(A’) follows that A’ is the only point of F’ 
which corresponds to A, and vice versa (see IV, 14). This, and the invariance of 
the quotient ring Q(A), holds then for every point A of F which is different from P. 

Let now P’ be a point of F’ which corresponds to P. There must exist then 
a zero-dimensional valuation B of = whose center on F is P and whose center 
mF’ is P’. The elements &, --- , &: have positive values in B. Let & be 
one of the ¢’s for which vg(é,) = min (vp(é:), --- , va(€n)). Then vs(é:/é) = 0, 
'*». Hence, in view of (30), the point P’, in the system of non-homogeneous 
“oirdinates z{}’, is a point at a finite distance. It is therefore given by a prime 
er0-dimensional ideal ps” in the ring 3” of (30’). This ideal must be a 
divisor of the principal ideal §., , since vs(,) > 0. The point P’ therefore 
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belongs to the curve I defined on F’ by the principal ideal 3”. .” Con- 
versely, let P’ be any point of I’, and at finite distance with respect to the 
non-homogeneous coordinates as}. If B is a zero-dimensional valuation whose 
center is P’, then vs(é) > 0, vs(éi/&) 2 0,7 # v. Hence vs(&;) > 0, 7 = 1, 
2,---,mn, and therefore the center of B on F is the point P. Consequently, 
every irreducible component of Tr is a fundamental curve which corresponds to P 
(see IV, 14, theorem 4) and if P’ is any point of Tr, P is the only point which 
corresponds to P’. 

It is clear that the relationship between the curves oe. PP inc. , ek 
simply the following: an irreducible component of a Tr, i ¥ v, which does not 
belong to I, is necessarily, in the system of non-homogeneous codrdinates 
as, a curve at infinity. It is also not difficult to see that the entire funda- 
mental curve fr = Pr +... + I is given in the ring K[w;;] by the homoge- 
neous 1-dimensional ideal (wu , wiz, «++ , @nn)- 

We go back to the point P’ on I considered above and to the corresponding 
prime zero-dimensional ideal po” in ¥”. Let 


po” = X®-(,, fi/& — 1, °°, £,1/t» — G1, 
t+, E41/& — Cr+l, ** :, n/E, ro Cn). 


If B is any zero-dimensional valuation whose center is P’, then 
va(é: — cié&) > va(é), 1 ». 


For all such valuations, the corresponding tangential ideal q* in the quotient 
ring Q(P), is one and the same, namely: 


(32) q* _ 9. (& oo Ck, ae €4 -— Cy—1&y ’ fy41 = Cyiky ys Sy En — Cal, ’ bo’). 


Hence, every point P’ which corresponds to P determines uniquely a tangential 
ideal q* in Q(P). The relationship between P’ and q* is such that, if B is any 
zero-dimensional valuation with center at P’, then q* is a valuation ideal of B 
in Q(P) (namely, q* is the ideal consisting of all those elements of Q(P) whose 
value is greater than vs(p))). That, conversely, every tangential subideal of Wo 
determines a point P’ which corresponds to P, is obvious, in view of our defini- 
tion of a tangential ideal in terms of zero-dimensional valuations. We conclude 


(31) 


that there is a (1,1) correspondence between the points P’ of the entire funda- & 


mental curve T and the tangential ideals of Q(P). 

We now wish to elucidate the relationship between the quotient ring 3* = 
Q(P) and the quotient ring $’* = Q(P’) of a point P’ of the fundamental curve. 
We assume, as above, that P’ is on I, at finite distance. We observe first 
of all that the ring $§ = K[E;] is a subring of $”, as is seen immediately from 
(30’). Hence, also 3" is a subring of ¥’*. Moreover, 


3” po = 3° -(G, ---, &) = ¥%-&, 


© It is well known that any principal ideal in §™, different from the unit ideal, is one- 
dimensional, and its prime zero-dimensional components are all imbedded. 
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and, correspondingly, 


(33) Spo = 3". 
We also point out the relation: 
(33’) Q’*.q* = &-po aoe. 


where pp” is the prime zero-dimensional ideal of the quotient ring Q(P’). 
This follows from (31) and (32). 

Without loss of generality we may assume that the constants q, --- , G1, 
Gut, °** nin (31) are all zero. Then (32) becomes 
(34) q* = (f1, +++, Sa, S41, --+, En, Po) 
If we put &:/& = fj ,t#», g = g then any element 7’ of Q(P’) is a quo- 
tient of two polynomials f(é, lei , £n) /9(& ieee f.), with the condition 
g(0,--- ,0) = 0. Returning to the elements &, we see that y’ is of the form: 


F®) _ F,() + Foul) + ++ 








35 ‘= = ; 

" "GO ~ GO + Gru® ++ 

where F;, G; are forms of degree 7 in &, --- , 2, with the condition: 

(35’) G,=d-&+--- d # 0. 


Conversely, every quotient 7’ such as in (35), for which (35’) holds true, is an 
element of Q(P’), as can be seen immediately if both F and G are divided 
through by &%. It is clear that both F and G are elements of po’. In view 
of (34), the inequality d ¥ 0 in (35’) is certainly satisfied if G # O(po’*q*). 
Conversely, let us assume that d ~ 0. Then G = 0(p)”‘q*) would imply that 
isin po’ '-q*. This is impossible, since if B is any zero-dimensional valuation 
with center of P’, then vs(q*) > vs(é,).” 

It follows that G F 0( po” “q *) is equivalent to the condition (35’). In a similar 
fashion it follows that 7’ belongs to the prime zero-dimensional ideal of Q(P’), 
if and only if F = O(p*’~"q*). 

For convenience we reassume the results of this section: 

The quadratic transformation (28) (or (29)) carries our surface F into a bi- 
rationally equivalent surface F’. With the exception of the fundamental point P 
on F, the correspondence between the points of F and F’ is strictly one-to-one, and 
there is invariance of quotient rings of corresponding points. To the point P there 
corresponds a fundamental curve T, and we have Q(P) C Q(P’) for every point 
P'onT. The points P’ on Y are in (1, 1) correspondence with the tangential ideals 





* This reasoning shows that pi? ~ pi?—q*, for all p. It is not difficult to show that 
these inequalities, together with the condition that q* be a maximal subideal of ps , characterize 
tangential ideals. Namely, assuming that q* is given by (34), it is a straightforward 
matter to show that the above inequalities imply that the ideal (t, , t/t , °- , &1/&, 
bnt/Ey s+) En/ ) in ¥® is necessarily zero-dimensional (and not the unit ideal). The 
point P’ defined by this ideal is on I and q* is the corresponding tangential ideal. 
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in Q(P). The correspondence is such that if to P’ corresponds the tangential 
ideal q*, then the quotient ring Q(P’) consists of all quotients 5 , F, GC Q(P), 


such that: if G is exactly divisible by po” (ie. if G = O(po’), G ¥ O(po’*)), then 
G # 0(p0°"q*) and F = O(po’). The prime zero-dimensional ideal of Q(P’) 
consists of all the above quotients , in which the numerator satisfies the addi- 
tional condition: F = 0(po” *q*). 

The above description of the quotient ring Q(P’) is very similar to the one 
given in Theorem 8 in a different connection. The ideals po and q* now play 
the réle of 2% and a respectively. 


19. Normal sequences of quotient rings 


We have seen in the preceding section that the quotient ring Q(P’) of a 
point P’ on the fundamental curve can be fully described in terms of Q(P) and 
of a tangential ideal q* in Q(P). The operation consisting in passing from 
Q(P) to Q(P’) is therefore an intrinsic operation on the quotient ring Q(P). 
The quadratic transformation (28), (or (29)), is only a projective realization of 
this operation. Nevertheless, we shall continue to say that Q(P’) is obtained 
from Q(P) by a quadratic transformation. There are as many distinct quotient 
rings obtainable from Q(P) by a quadratic transformation, as there are tan- 
gential ideals in Q(P). 

Let us now assume that Q(P)(=3*) isintegrally closed. Then it is quite pos- 
sible that ¥’ = Q(P’) is not integrally closed.” Let 3’ be theintegral closure of 3’. 
The prime zero-dimensional ideal of §’ may split up in 3’ into a finite number 
of distinct prime zero-dimensional ideals. Let po be one of them, and let 
3 = 3); be the corresponding quotient ring. The quotient ring Qf is again 
integrally closed and possesses only one prime zero-dimensional ideal. We shall 
say that $f is obtained from %* by a quadratic transformation followed by integral 
closure. It is quite clear that gf can be actually realized as the quotient ring 
of a point on some projective model of 2. Namely, if F’ is the transform of F 
by the quadratic transformation of the preceding section, and if F; is one of 
the normal surfaces determined by F’, then 37 is the quotient ring Q(P;) of a 
point P; on F;. 





2 Example: Let P be the point = y = z = 0 on the surface z? = z+ y*. Apply the 
quadratic transformation z’ = z, y’ = - 2 = . (i.e. pass to the ring 3, given in (30’), 
zx Zz 


where { = 2, &2 = y, & = z). The transformed surface z’? = 2'*(1 + y’*) has a multiple 
line x’ = 2’ = 0 (the fundamental line of the transformation). Hence while the ring 


, 
K[z, y, 2] is integrally closed, the ring K[z’, y’, z’] is not (for instance - is integrally de- 


pendent on K[z’, y’].) It is clear that if P’ is any point on the line z’ = 2’ = 0, the quo- 
tient ring Q(P’) is not integrally closed. More generally, whenever the fundamental 
curve I on F’, created by the quadratic transformation, is a multiple curve, the quotient 
ring Q(P’) of any point on I will not be integrally closed. 
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al We say that an infinite sequence of quotient rings 
); 3*=Q(P), 31 =Q(P:), 3: = QP), ---, | 
on isa normal sequence if: (1) each Q(P;) is the quotient ring of a point P; on some 
’) normal projective model F; of our field 2; (2) and if Q(P.4:) is obtained from 


Q(P); by a quadratic transformation followed by integral closure. 

Let 2 = lim 3; be the limit ring of the rings 97 , i.e. the union of the rings 3; . 

TazorEM 10. The limit ring Q of a normal sequence of quotient rings is the 
valuation ring of a zero-dimensional valuation of >. 

Proor. We first show that there cannot exist a one-dimensional valuation 
B; of 2 with these two properties: (1) the valuation ring of B, contains Q; (2) B, is 
of second kind with respect to each ring 37. In fact, let B, be any one-dimen- 
a sional valuation of 2. Since B, is one-dimensional, we can find an element a 
d in the valuation ring of B, such that a is not congruent to a constant modulo 
n the prime ideal of B,. Let a = &/n, &, » C Q(P), and let us assume that B, 
). is of second kind with respect to 3*, i.e., that the contracted ideal in 3* of the 
yf 
d 


1 


1e 





prime ideal of B; is the prime zero-dimensional p* of $* (we denote, more gen- 
, erally, the prime zero-dimensional ideal of 3; by p;). Under this hypothesis, 
t ais not in Q(P), since every element of Q(P) is congruent to a constant mod p*. 
" Hence » = 0(p*), whence also ¢ = 0(p*), since vs,(a) = 0. Now let q* be the 
tangential ideal in 3* determined by the quotient ring $7 (or rather by the 
- intermediate quotient ring $’ which was obtained from $ by a quadratic trans- 
formation and from which $1 is obtained by the operation of integral closure). 
Let ¢ be an element in p*, but not in q*. Then £/¢ and 7/¢ are elements of 3%’, 
and hence also of $7. Let then ¢ = ti,n=im,&,mC HH. Since B, is 
of second kind with respect to 3*, we have vz,(¢) > 0, whence vzg,(£) > vs, (&), 
ts,(0) > ve,(m), and a = &/m. 
Now, in a similar fashion, if we assume that B, is of second kind with respect 
to yr, then we can write a = &/m2, where &, m2 C 3f and 


vp, (é) > vp, (1) > 0, vp, (£1) > ve, (2), 
ve,(m) > vs,(m) > 0, v8, (m) > ve, (m). 


More generally, if we assume that B, is of second kind with respect to 3*, 
. Jip Se, °+s, 3 , then we can find elements &; , 7; in each $; (¢ = 1, 2, --- , m) 
such that a = &;/n; and 


vp, (€) > vp, (1) > --+ > ve, (Em) > 0 
, ve,(n) > ve,(m) > --- > ve, (nm) > 0. 


Since the value group of B, is the group of integers, it follows that m cannot be 
greater than min (v(£), v(m)). Hence, for all i sufficiently high, B; must be of 
first kind with respect to 9%, which proves our assertion. 

We next show that @ is a proper subring of 2. In fact, let a, 6 be elements 
of 3* such that @ # 0(p*), 8 = O(p*). By the nature of the transformation 


~~ ft Se 
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which carries from $* to 91, we have that a/8 is not in $f. Moreover 
a # 0(p:), 8 = 0(p:), whence a/@ is not in 32. More generally, a/8 ¢ 37, 
for all i, ie. a/8 EQ. 

On the basis of these results, theorem 10 now appears as a special case of the 
following general 

Lemma. Let 


fie PE Le res. 


be an arbitrary (non necessarily normal) infinite ascending sequence of integrally 
closed quotient rings: 3; = Q(P,), and letQ = lim 37. If Q is a proper subring 
of =, and if every one-dimensional valuation B, of 2, whose valuation ring con- 
tains Q, is necessarily of the first kind with respect to some 3F (and hence also 
with respect to all 37, j = 7), then Q is the valuation ring of a zero-dimensional 
valuation.” 

Proor oF THE Lemma. The proper subring © of 2 is integrally closed, and 
is therefore, at any rate, the intersection of the valuation rings containing it. 
We assert, that in the representation of 2 as an intersection of valuation rings, 
it is permissible to omit all the rings which belong to one-dimensional valua- 
tions. To prove this assertion, it is sufficient to show that if B, is a one-dimen- 
sional valuation, whose ring %; contains 2, then Q is already contained in the 
valuation ring Bo of a zero-dimensional valuation, such that 8) C B,. The 
valuation B; maps = upon a field =* of algebraic functions of one variable. 
By hypothesis, for some z = m, it will be true that B, is of first kind with respect 
to all 37 i = m. The prime ideal of B, in 3; is then one dimensional, say §;. 
We consider the ring of residual classes R? = $3/$;. Ri is a subring of >*, 
and >* is the quotient field of R7 , since 37 is integrally closed in 2. Moreover, 
R? is the quotient ring of a prime ideal of a finite integral domain in 2*, because 
the same is true of gf in the field >. Hence R? as contained in at least one and 
in at most a finite set of valuation rings of =*. Let H; be the (finite and non- 
vacuous) set of “places” (prime divisors) of =* whose valuation rings contain 
R?. Since §; = bia A gf , it follows that R? - Riis , whence H;,; is a subset 
of H;. Since no H; is vacuous and each H; consists of a finite number of 
places, it follows that at least one “‘place’”’ B of =* belongs to all sets H;. This 
place $ of 2* determines a zero-dimensional valuation B of 2, composed with 





23 The following is an example in which the last condition of the lemma is not satisfied. 
Let 2 = K(z, y), 0 = K[z, y], 0; = KIz, y, y*/z, ---, y'/z*]. Each ring 0; is integrally 
closed in 2 and 0;-(z, y, y?/x, ---, y'/x'“) is a prime zero-dimensional ideal p; in 0;. Let 37 
= 0:p;. The quotient rings $*, 3;*, --- are all integrally closed and form a strictly ascend- 


ing sequence. If we put 2’ = z, y’ = z. then 0; = K[z’, 2’y’, ---, x’y’‘], and hence the 
x 
one-dimensional valuation defined by the prime ideal (x’) in the ring K[z’, y’] is of second 
kind with respect to each 37. The elements Y and = do not belong to any of the rings 
z y 


3#, and hence the union of the rings $7 is not a valuation ring. 
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B,, and clearly the valuation ring of B contains each quotient ring Q(P;) and 
is contained in B,, q.e.d. 

We may then assert that Q is the intersection of valuation rings belonging to 
zero-dimensional valuations. Hence, in order to prove our lemma, we have 
only to prove that Q is not contained in two distinct zero-dimensional valuation 
rings. 

la us assume that there exist two distinct zero-dimensional valuations B 
and B’ whose valuations rings contain 2. Let F; be a projective model (for 
instance, a normal model) of the field on which the centers of B and B’ are two 
distinct points, say A and A’ (the existence of such a surface F; follows quite 
trivially from the hypothesis that B and B’ are distinct valuations). Let more- 
over, F‘” be some projective model of = (for instance, a normal model) such 
that 9% is the quotient ring of a point P;on F”. Since the valuation ring of B 
contains @, its center on F” is the point P;. Hence P; and A are corresponding 
points in the birational correspondence between F; and F‘. Similarly, P; 
and A’ are corresponding points. Since to P; there thus correspond two dis- 
tinct points of ’; and since Q(P;) is integrally closed, it follows, by theorem 5, 
that P; must be a fundamental point. Let I; be the set of fundamental curves 
on F,; which correspond to P;. Let Ts4:,; be an irreducible component of 
Tii1. There exists a one-dimensional valuation whose center on F; is Ty41,; 
and whose center on Ft” ig P;,,. The center of this valuation on F“” will 
then be P;, since Q(P;:) C Q(Pix1). Hence Pi4:,; is also a fundamental curve 
for P; and for the birational correspondence between F‘” and F,. Thus, every 
irreducible component of T'i4; is also a component of T;. Since the number of 
irreducible components in a I; is finite, and > 1, it follows that there exists an 
irreducible curve T on F,, which belongs to each curve T;4,. There exists there- 
fore a 1-dimensional valuation (whose center on F, is the curve I) which is of 
second kind with respect to each ring Q(P;), in contradiction with our hypothe- 
sis. This proves our lemma and theorem 10. 


20 


“Loca, Repuction” Turorem: If $* = Q(P), 37 = Q(P), --- is a normal 
sequence of quotient rings, then, for some integer m, all points P;, 1 2 m, are 
simple points. 

Proor. Let 2 = Lim 97, and let B be the zero-dimensional valuation whose 
valuation ring 8 coincides with Q (by theorem 10). We apply our funda- 
mental lemma (proved in Part II). There exist, according to this lemma, a 
projective model of © on which the center of B is a simple point A. We 
consider the quotient ring o* = Q(A). It is contained in %, whence the valua- 
tion B determines in Q(A) a tangential ideal q* (V, 18). The ideal q* deter- 
mines a quotient ring 0’ = Q(A’), obtainable from Q(A) by a quadratic trans- 
formation and evidently contained in %. The prime zero-dimensional ideal 
of 0’ splits, in the integral closure 5’ of o’, into a finite number of prime zero- 
dimensional ideals, one of which, say p, will be the contracted ideal of the 
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ideal of non-units in %. We pass to the quotient ring 0; = 5, = Q(A:). This 
ring is obtained from o* by a quadratic transformation, followed by integral 
closure. Continuing this process, we get a normal sequence 


o* = Q(A), 0: =Q(Ai), 02 = Q(A2), ---. 


The quotient rings 0; are all contained in 8. Hence, by theorem 10, Lim 0% = 
Lim 3f = B. 

Let x, y be uniformizing parameters at the simple point A, which we may 
assume to be the point x = y = z = 0 on some surface f(z, y, z) = 0. The 
elements of o* are those elements of 2 which are formal power series in x and y. 
We may assume v(y) > v(x), and also v(z) > v(x). Our quadratic transforma- 
tion with fundamental point at A consists then in passing from the ring 
K[z, y, 2] to the ring K[z , y: , 21], where 7; = 2, yi: = y/x, % = 2/2, and the 
point A’ is the point z’ = y’ = z’ = 0. This point is clearly a simple point 
of the transformed surface fi(x1 , y1, 21) = 0, since z; = 0 is a simple root of 
fi(O, 0, 21). Hence Q(A’) itself is already integrally closed; Q(A’) = Q(Ai) and 
Q(A;) consists of all elements of 2 which are holomorphic functions of the new 
elements z:, y:1. In conclusion, the passage from Q(A) to Q(A:) is simply 
effected by a quadratic transformation applied to the uniformizing variables. 
The points A; are all simple points. 

We shall denote by z;, y; the uniformizing parameters at A;. Following 
the notations of IV, 15, we denote the prime zero-dimensional ideals of &* and 
o* by Bo, po respectively. The prime zero-dimensional ideals of $j and 0; 
will be denoted by ¥; and p; respectively. 

Since the rings 37 and 0; have the same limit ring, namely %, and since each 
of the rings 37, 0; is a quotient ring in a finite integral domain, it follows that 
each 3} isa subring of some 0;, and each 0; is a subring of some $7. Dropping, 
if necessary, a finite number of elements in the normal sequence {37}, we may 
assume that already the first ring, $*, contains the ring 0*. If 9* also con- 
tains or, eee <<. but does not contain Gast , we may start with o» as the 
ss of the sequence {o;}. Hence we may assume that 3* 2 o*, 
Sy* Di. 

If 3* = o*, there is nothing to prove: P is then a simple point. Assume 
then that o* zs a proper subring of $*. We can apply Theorem 8. According 
to that theorem, the elements of {* are all of the form a/8, where a, 8 C 0, 
a, B = 0(X’), 8 F 0(A" a), co—an integer. We now make use of theorem 9. 
The hypothesis of that theorem was that a is exactly divisible by po", if 2 is 
exactly divisible by pp. We show that this hypothesis is satisfied ‘in the present 
case and that it is a consequence of our assumption 3* P o;:'” In fact, let us 
assume that a is not divisible by p’"’, whence a is exactly divisible by p’. We 
consider the decomposition of % and a into simple v-factors. We make use of the 
fact that the system of subforms of a simple-v-ideal ?, of kind > 1, is of dimension 
zero (see Z;, p. 163, Corollary 3.2). According to this result, there is asso- 
ciated with every simple v-ideal 9, of kind > 1, a linear form az + by. 
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. 9 is exactly divisible by po’, then every element in is of the form: 

(az + by)" + terms of higher degree. Let aj + by, ¢ = 1, 2,---,8, be 
the distinct linear forms associated with the various simple sitactate of x nod a, 
We include among these forms also the form y, although a priori there may be 
no simple v-factor associated with y. Let, say, av + by = y (ie. a, = 0. 
b, = 1). We can then write the ideals & and a in the form: 


A= po WA. --- W, 
== Po Mie --- A, 


where %; is the product of the simple v-factors of Y& associated with the form 
az + by. Similarly fora;anda. If no simple v-factor of Y is associated with 
az + by, then we put &%; = (1). Similarly for a and a;. 


For a given 7 we consider the quadratic transformation x’ = z, y’ = = = by 
(or y’ = ¥, a! a aix “ere by , if b; = 0) ‘and we pass to the ring 2’ of formal power 


series of z’ and y’. Let %; be exactly divisible by po’, and similarly, let a; be 
exactly divisible by po’. It is clear that if 7 ¥ 7, then the transform of %; by our 
quadratic transformation is the unit ideal, i.e. Q’- YU; = (v7). Similarly fora;. 
On the other hand, since a = 0(2{), also Q’-a = 0(Q’-H). Hence the transform 
of a; must be a multinis of, or coincide with the transform of U%;. This implies 
that a; itself is a multiple of %; (see Z:, section 12). We have therefore a; = 
0(U;), for 7 = 1, 2,---,s8. Now a is a maximal subideal of &%. Hence at 
most one of the ideals a; can be a proper multiple of the corresponding ideal 
yj." We show that a, is necessarily a proper subideal of %,. Namely, assume 
that a, = %,. Since in our valuation B we have v(y) > v(x), and since the 
coefficient b; in the form a;x + biy is different from zero if 7 ¥ 1, it follows that 
o(%;) = v(po'), 7 # 1. Similarly, v(a;) = v(po*), if i # 1. Hence, if a, = %., 
then o(%) = v(a), since m + m+---+m=n+m+--- +m = p (see 
also preceding footnote). This is in contradiction with the definition of the 
ideals Y and a. 

We have then % # a1, A; = a;, 7 = 2,---,s8. Now consider any valuation 
B’ of center P. We must have vg-(%) < vs-(a). Hence va-(%) < vs-(ax), or 
ts'(ipo) < ve-(a1), according as m = n, or m = n + 1 (see preceding footnote). 
Since the subform of a; is y™, it follows that necessarily vs-(y) > va(x). Since 





* Proof. We observe that the dimension s of the subforms (of degree p) of & is m, 
since % has the factor p, - Similarly, the dimension of the subforms of a is n. Since a 
is a maximal subideal of %, necessarily n is either m or m — 1. If n = m, the assertion 
in the text is trivial. Suppose that n = m — 1. Since m + m +-+-+ ™m = 
"tm+--- +n, and n; 2 m;, for all j, we deduce that n; = m: + 1, for some i, while 
%=m;,j)# i. Hence a; * Y; and therefore a; is a proper multiple of %;. Since a; 
is exactly divisible by p@s+1, while %; is exactly divisible by m: , it follows (Z: , section 12), 
that a; is also a multiple of po%:. Hence the ideal pr: --- M:a/%41 --+ a is a proper 
multiple of % and divides a. Consequently it coincides with a, q.e.d. 
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this is true for any zero-dimensional valuation of center P, it follows that the 
uniformizing parameters 2; = x, y: = y/z for the point A; are in Q(P). Hence 
Q(A1) = Q(P), and this proves our assertion. 

In view of theorem 9 we can therefore assert that the simple v-factors of a 
are predecessors of, or coincide with, the simple v-factors of Y. Let o; be the 
first ring in the sequence {o;} such that on > 3* (such a ring exists, since 
Lim 0; = %). By theorem 8, the elements of Ri are all of the form a/8, where 
a, B = 0(X"), B ¥ 0(A a), o—an arbitrary integer. All such quotients a/8 
must be therefore elements of o,. But this is only possible if and only if the 
transform of the ideal %{ by the sequence of quadratic transformations, carrying 
o* into o,, is the unit ideal. In other words, the extended ideal o, % must 
be a principal ideal in 0 : 

on Y= <- F od 


Moreover, h must be the lowest integer for which this reduction of % to the 
unit ideal takes place. Or, to be quite explicit: if & = PfT' -..- Pk and if 
P; is a simple v-ideal of kind h;, then h = maximum (fh, --- ,h,). By theo- 
rem 9, the reduction of the ideal a to the unit ideal will also take place at this 
stage, or even perhaps earlier, (i.e. in some ring 0;,7 <h). Now, the prime 
ideal B of $* consists of all those quotients a/8 in which a = 0(%’ a). Hence 
—and this is the goal we were aiming for—we can state the following 

Lemma. The extended ideal 0, Bo is a principal ideal. 

On the basis of this lemma the proof of the local reduction theorem is rapidly 
completed. Let 


(36) On Bo = On -y, > a, C On. 


Let * be the tangential ideal of $* (relative the valuation B whose valuation 
ring is the limit of the rings $7). We have then 


(37) ve(Q*) > va(Po). 


By (36), every element 7 of { is of the form: 7 = £-a,, & C on. By (37), 2 
is an element of O* if and only if & is not a unit in on. It follows that the 
intermediate quotient ring %’, between S* and 37, obtained from § by a 
quadratic transformation, is contained in oh. Since gf is obtained from 3’ 
by a process of integral closure and since op is integrally closed, it follows that 
the entire ring 37 is contained in op. 

Let us review in a few words the essence of the preceding results. We have 
focused our attention on the last ring of the sequence {o;} which is contained 
in $*. For simplicity we took that ring as the first ity o* of the sequence. 
We had then 3* D o*, 3* Por. We have assumed that o* is a proper subring 
of 3%, and on the bells of this assumption we have proved that, if oy is the 
first ring 0; such that 3* € o; , then on ; Bo is a principal ideal. From this alone 
we have concluded that also $f © Oh Hence we can assert the following: if 
on is the first ring in the sequence {0;} which contains 3* and if 3* # on, then 
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the 0, also contains 3f. Obviously, on is also the first ring 0; which contains gf. 
Hence if 3 does not coincide with o,; , we conclude that of, contains 3 , and 


pi soon. Since the limit of the rings 97 is the entire valuation B of B, it follows 

f a that for some integer m we must have 3% = on. The point P,,, and every 

the point P;, 7 2 m, is then necessarily a simple point, q.e.d. 

st VI. REDUCTION OF THE SINGULARITIES 

x/B 21 

~ We start with a normal projective model F of our field = in a projective space 

ing ep 

ti Pn (Yo, -** > Ym). Let wo, wi, --- ,@m be the homogeneous codrdinates of the 
general point of F. The surface F has at most a finite number of singular 
points. Let P be one of them. Without loss of generality we may assume 
that P is the point y = 1, y: = --- = ym = 0. We apply the quadratic 

the transformation (28) of V, 18 and we get the transformed surface F’. The 

if birational correspondence between F and F’ has been studied in Part V and 

e0- its properties were reassumed at the end of section 18. The surface F’ may 

his not be normal in its ambient projective space. If it is not normal, we apply 

me to F’ the birational transformation of integral closure described in the intro- 

1ce duction, getting a new well-defined normal projective model F;, of our field 2. 


The resulting correspondence between the points of F and F; is again one 
to one, with the exception of the point P. In fact, if A is a point of F different 

lly from P, and if A’ is the corresponding points of F’, then we know that Q(A) = 
Q(A’). Since F is normal, Q(A) is integrally closed in 2. Hence also Q(A’) 
is integrally closed in Z, and consequently, A’ goes into a unique point A, of F;, 
and there is invariance of quotient rings: 


“a Q(A1) = Q(A’) = Q(A). 


The points P; of F; which correspond to the fundamental point P on F are 
those which correspond to the points P’ on the fundamental curve [ on F’. 








on The relation between Q(P) and Q(P;) is clearly the outcome of two operations: 
he (a) the quotient formation in terms of a tangential ideal in Q(P); this yields 
a Q(P’); 
gy" (a) the splitting of the prime zero-dimensional ideal of Q(P’) into primary 
at factors 4; in the integral closure Q(P’) of Q(P’); the quotient ring Q(P1) is the 
quotient ring of one of the corresponding prime ideals f;. These opera- 
ve tions are exactly those described in section 19: a quadratic transformation fol- 
ed lowed by integral closure. 
. If A is a simple point of F, the corresponding point A of F; is also a simple 
1g point. This follows from the invariance of quotient rings and from the fact, 
he pointed out in the introduction, that the property of being a simple point is 
ow entirely a property of the quotient ring of that point. Since F; is normal, it 
if has at most a finite number of singular points. Among these, there are in the 
en first place those which correspond to the singular points of F, different from P— 
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and here we have no change in the quotient rings of corresponding points. 
The remaining singular points of F; correspond to P, and their quotient rings 
are obtained from Q(P) by a quadratic transformation followed by integral 
closure. Thus P has been resolved into a finite number of singular points P, 
whose quotient rings are more inclusive than Q(P). 

If F; still has singular points, we take one of them, say P; , as fundamental 
point of a quadratic transformation, getting a new surface F,. From Fi we 
pass to the corresponding normal surface F;. We repeat this process indefi- 
nitely, getting a sequence of normal surfaces: 


(38) F, Fy, Fe, --- 
We now prove our main theorem: 


THEOREM OF REDUCTION OF SINGULARITIES: After a finite number of quadratic 
and integral closure transformations, a normal surface F; 1s obtained which is free 
from singularities. 

This main theorem is an immediate consequence of the “local reduction” 
theorem proved in part V. We consider the set M of all normal sequences 
{Q(P), Q(P:), --- } where the first point P is a fixed point of the given sur- 
face F. For each such sequence, let h be the smallest possible value of 7 such 
that P; is a simple point. Then of course also all P; , 7 > h, are simple points. 
The integer h depends on the sequence. We show however that as the sequence 
{Q(P;)} varies in M, the integer h has a finite upper bound. In fact, assuming 
the contrary, there would exist, for any integer v, a sequence 


(Q(P2)}: Q(P), Q(P2), Q(PS), «++, QP”), «-- 


such that P{”,---, PS” are singular points (on their respective surfaces). 
Now the points P{” can all be realized on the surface F; of the sequence (38) 
of normal surfaces. They are namely the points which correspond to the point 
P of F. Since F, has only a finite number of singular points, one and the same 
point, say P; , must occur in infinitely many of the sequences {Q(P{”)}. If Fe 
is the normal surface obtained from F, by taking P; as the-fundamental point 
of the quadratic transformation, then the points P3”, belonging to the sequences 
{Q(P{”)} in which P{” = P, , are points of F;. Hence, by the same argument, 
there must exist infinitely many sequences {Q(P{”)} in which P\” = P; and 
PY = P:, where P» is a fixed point of F;. Continuing in this fashion, we 
get an infinite sequence of points P, P; , Pz, --- , all singular on their respective 
surfaces F, F;, F2, --- , and such that the sequence {Q(P,)} is normal. This 
is in contradiction with the “local reduction” theorem. 

Let g = g(P) be the least upper bound of h. The integer g(P) is a numerical 
character of P. Clearly, P is a simple point if and only if g(P) = 0. Let 
P’, --. , P® be the singular points of F, and let y = max (g(P’), g(P”), --- 
g(P’)). Let P’, P’,-.--,P, p S a, be the points for which the character g 
is exactly equal to y. We choose P’ as fundamental point of our quadratic 
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transformation and we pass from F to the normal surface F,. If P} is a singu- ) 
lar point of F; which corresponds to P’, then it is obvious that g(P}) < g(P’). } 
if Pi, --- , Pi” are the points of F, which correspond to P’”, .-. , P“ respec- . 
} tively, then g(P) = g(Pi”). Hence F; contains only p — 1 singular points 
for which the character g equals y, while for any other singular point of F; 
l the character g will be less than y. If we repeat this procedure p times, always 
. taking as fundamental point on F; (¢ = 1, --- p — 1) a singular point whose ; 
. character g is equal to y, we will get a normal surface F, on which the character 
q for each singular point is less than y. Ultimately, after a finite number of 
steps, a surface F; will be obtained, in which every point is a simple point. 
This proves our main theorem. 
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TRANSFORMATIONS OF FINITE PERIOD. II 


By P. A. Smiru 
(Received February 24, 1939) 


This paper is a continuation, and to some extent a completion of an earlier 
work (I) under the same title (these Annals, Vol. 39 (1938), pp. 127-164). In] 
we developed a theory of special homologies for a very general space M subjected 
to a periodic homeomorphism 7’ with itself of prime period p, and made use 
of this theory in studying the nature of the set L of fixed points under the 
hypothesis that M possesses the same homology characters as an n-sphere. 
This enabled us to go far toward determining the nature of L in the special 
case that M is a Euclidean 3-sphere. In the present work we propose (1) to 
abandon all restrictions concerning the homology characters of M in the large 
and to look for such local properties of regularity in M as will be transmitted 
to L; (2) to complete the analysis of L when M is a 3-sphere; (3) to prove for 
a general case the fact referred to elsewhere’ that the components of L are 
orientable if M is orientable and p is odd; (4) to reduce as far as possible the 
restriction that p be prime. With regard to (4) we have been able to show 
that nearly all our results hold equally well when the period of T is a power 
of a prime. In some cases it has been possible to remove all restrictions on p. 
Thus for example the fixed-point sets for perfectly arbitrary periodic homeo- 
morphisms of a 3-sphere with itself are now completely known (theorem 4). 


5.1.” Local properties of spaces. Throughout this paper the word space will 
mean a bicompact Hausdorff space M such that (1) every open set in M is the 
sum of a denumerable family of closed sets; (2) the Menger-Urysohn dimension 
of M is finite (cf. 2.13). The main results in dimension theory hold in any 
bicompact space which satisfies (1) (Cech [2]). Moreover, as a consequence 
of (1) every space M is completely normal (see footnote 8, 3.38) and has there- 
fore the following property: if K and L are closed sets in M and U1 is a covering 
of M (i.e. a finite covering by open sets), there exists a refinement Ul; of U such 
that every U,-chain which is simultaneously in K and L is in KL (Cech [5)). 
The existence of refinements of this type leads easily to the following useful 
theorems: 

A. Let Ni,---,Nq be closed sets in the space M and let y be a cycle in 
NN: ---N,. Suppose that for each Ul in a complete system {U1} of coverings 





1P. A. Smith, The topology of transformation groups (Bull. Am. Math. Soc., 44 (1938), 
pp. 497-514), p. 506. 

* Sections numbered 1.1 to 4.16 are contained in our earlier paper I. Symbols of the 
form [n] will refer to the bibliography at the end of I. 
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of M, there exists a chain X(U) such that X(U) CN; (i = 1, --- , g) and oX(U) = 
(Ul), ¢ being the boundary operator. Then y ~ 0 in NiNz --- Ny. 

B. Let K, N, L be closed sets in M such that K C N and let y be a cycle mod 
LK in LN. Suppose that for each covering U is a complete system {\} there 
erists a chain (Ul) such that (1) @n(U) = y(U) mod K; n(U) CL; (3) (Ul) CN. 
Then y ~ mod LK in LN. 


5.2. Properties PandQ. Let M bea space, d a point in M, f a field, to serve 
as a coeflicient field for cycles and homologies, and m an integer = 0. We shall 
say that M possesses property P (relative to f) at d provided there exists a 
neighborhood D(d) and an m-cycle “0, mod M — D such that (1) for no non-null 
open subset D’ of D is “Qm ~ 0 mod M — D’; (2) for every neighborhood B(b) 
contained in D there exists a neighborhood B’(b) C B such that “Q,, constitutes 
a basis for m-cycles mod M — B relative to homologies mod M — B’ while (3) 
every cycle mod M — B of dimension ¥ mis ~ 0 mod M — B’. A neighbor- 
hood D(d) and eycle “Q,, satisfying (1), (2), (3) will be said to form a funda- 
mental pair (D(d), “Qm) for the point d.’ It is obvious that M can not simul- 
taneously possess properties P,, and P; at d if k # m. Moreover, it follows 
readily from dimension theory that M can only possess the property P, at d 
ifm < dim M. 

Suppose M possesses the property P,, at every point d, m depending on d. 
We shall then say that M is of type P. If in particular m is constant over M, 
M is of type Pm. M cannot be of types P,, and P; if k # m. Moreover, it is 
easy to see that if M is of type P,, then at every point d, the local Betti numbers 
(Gech [4]) of M relative to f are the same as those at points in an m-cell. This 
is also true of the Betti numbers in d (Alexandroff [8]) when M is metric. In 
the metric case, dim; M = m where dim; means the dimension relative to the 
field f (Alexandroff [7], [8]). 


5.3. If M is connected and possess the property Po at d, then M = d. 

Proor. Suppose there exists a neighborhood A of d such that M — A # 0. 
Then since M is connected, it is easy to see that every relative 0-cycle in M is 
~0 mod M — A (see [1], pp. 168-9). Since this is impossible, we conclude 
that d possesses no neighborhood other than M and hence M = d. 


5.4. Let M be a space of type P. If M is connected, there exists an integer m 
such that M is of type Pm. 

Proor. Since M is bicompact there can be chosen a finite set of neighbor- 
hoods Dy(d:), --- , De(dg), a set of integers m, --- ,m, and a set of cycles 
Qn, +++, “Om, mod M — D,,---,M — D, respectively such that M C 
D, + --. + D, and such that for each i, (‘,; , D;) is a fundamental pair for d; . 





* With regard to 0-cycles we retain the convention adopted in 3.22 that a (0, U)-chain is 
an absolute (0, U)-cycle if and only if the sum of its coefficients is 0. Every (0, U)-chain 
however is to be regarded as (0, Ul)-cycle mod A if A ¥ 0. 
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Suppose for the moment that DD, # 0. Then m = m:. For suppose 
m < m2. Let b bea point in D\D,. Since b C Dz, there exists a B*(b) C 
D,Dz such that ‘2,, ~ 0 mod M — B*. But since B* C Dy, this contradicts 
(1) in the definition of P,, at d—Assume now that M is connected. Then for 
any two D’s, say D; and D;, there exists a sequence of D’s with these two 
for end-elements and such that each D in the sequence (except the last) inter- 
sects its successor. From this we can conclude that m = mz, = --- = m, = m 
(say). We now order to each point d of M an integer 7(d) such that d C Diya . 
Let D(d) = Dia and let 42, = “Qn. Then it is clear that for each d in M, 
(D(d), “Qm) is a fundamental pair and since m is independent of d, M is of 
type Pn. 


5.5. We now recall the definition of local connectedness with respect to 
homology (HLC). The space M is HLC” at the point a if for every neighbor- 
hood A(a) there exists an A’(a) C A such that every cycle of dimension < n 
in A’is ~0in A. To say that M is HLC” means that it is so at every point. 

A space M which is HLC’ can have only a finite number of components. 

Proor. It will be sufficient to show that if M is HLC’, it has only a finite 
number of quasi-components, for then the quasi-components are identical with 
the components. (See Hausdorff, Grundziige der Mengenlehre, page 248). 
Suppose there are infinitely many quasi-components. Then it will be possible 
to choose a point d» in a quasi-component Mo such that a is a limit point of a 
set {a:, a2,--- } of points contained respectively in quasi-components M,, 
Mz, --- which are distinct from each other and from My. Since M is HLC’ 
there exists a neighborhood A (ao) such that every 0-cycle in A(a) is ~ 0. There 
exists at least one k > 0 such that a C A. Let {U1} be a complete system of 
coverings for M. From each U choose definite vertices Up and U; containing 
ad and a, respectively, and let a = {U) — Ux}. ais a 0-cycle in A and is there- 
fore ~ 0. But since a and a; lie in distinct quasi-components, the 0-cycle in 
question cannot possibly be ~ 0. (See [1], pp. 168-9) and therefore there can- 
not be infinitely many quasi-components. 

If M is HLC” (n = 0), each component of M is HLC”. For if M is HLC’, 
it is HLC’ and its components are finite in number. By using the fact that M 
is normal (since it is bicompact) it is a then simple matter to show that each 
component is HLC”. 


5.6. We shall say that M possesses the property Q at the point d if for every 
neighborhood A (d) there exists an A’(d) with the property that for every neigh- 
borhood B(b) C A’, there is a B’(b) C B such that every cycle mod M — A 
in M — Bis ~0mod M — A’ in M — B’. If M possesses the property Q at 
every point then M is of type Q. If M is of type P (or Pm) and Q, then M is 
of type PQ (or PQ). 

If M is of type PQ and has only a finite number of components, then each com- 
ponent is of type P,Q, r depending on the component. For, it is easy to see that 
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ose each component must be of type PQ and the truth of our assertion then follows | 
Cc from 5.4. 
cts Examptes. Every finite simplicial complex is HLC” for arbitrary n and ) 
for relative to an arbitrary field f. 
wo Every m-dimensional locally euclidean space is HLC” and of type PQ (n and 
er- farbitrary). Every absolute m-dimensional manifold mod p, p a prime (Lef- 
m schetz, Topology, p. 120), is of type PmQ relative to the field p of integers reduced 
d) « modulo p. Conversely, if M is a finite simplicial complex and is of type P,.Q 
M, relative to a given f, then M is m-dimensional and if it is not a manifold, it is 

of at least a “pseudo-manifold” or simple circuit (Lefschetz, Topology, p. 47). 

There is no difficulty involved in verifying these statements and we shall omit 
the details. . 

to 
oF - 6.0. Periodic transformations. Let T be a periodic homeomorphism of a space 

n M with itself of prime period p, and let L be the totality of fixed points of 7’. 
nt. We assume always that L ~ 0 unless otherwise stated. From now on we shall 
| denote generically by U the special coverings (2.16) of M relative to T. It 
ite follows from 2.18 that {U1} is a complete system for M. If U and 1, are special 

th coverings such that 1, C U, a projection of U, into U will always be understood 

3). to mean an invariant projection (2.19). Under such projections, l,-cycles of a 

le given type (3.11) are carried into U-cycles of the same type. 

a We shall assume from now on unless otherwise stated that the coefficient 

1; field relative to which cycles and homologies are defined is the field p (5.6). 

C As in 3.9 we shall denote by o and ¢ the operators 1 + T + -.- + T”” and 

re 1 — T respectively and shall agree that the symbols p, p may stand either for 

of o and & or for & and o respectively. It will be well to recall here that since 

1g U-simplexes which are not in L are of dimension S n, where n = dim M, a rela- 

- tion of the form T,,(11) ~ 0 mod B implies that T,(U) = 0 mod B + L (see 

in 3.31, remark 1). 

“a A further word concerning certain basic definitions in I. Suppose that A is 


an invariant set in M (i.e. a set such that TA = A). A chain X(U) is of type 
, (p, A) provided there exists a chain Y(U) such that X(U) = pY(U) mod A. 





: Suppose B is an invariant set containing A and that C(1) is a cycle mod A in B, 
. of type (p, A). This means of course that the chain C(U) is in B, is a cycle 
mod A, and is of type (p, A). The relation 
y (1) C(U) ~ 0 mod A in B, 
; called a special homology, means that there exists in B a chain X(U) of same 
' type as C(U) (i.e. of type (p, A)) such that ¢X(U) = C(U) mod A, ¢ being the 
: boundary operator. Evidently (1) implies a relation of the form 
(2) $(pW(U) + Z(U)) = C(U) + 2°(U) 
; where pW(U) + Z(U) C B, Z(U) C A, ZU) C A. We may assume that 


W(U) CB. For let B M H(U) denote the subchain of H(U) which consists 


1 | 
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of those simplexes of H(U1) which are in B, each taken with the coefficient which 
it hasin B. Then of course 


BN (eW(U) + Z(U)) = pW(U) + Z(U). 


The expression on the left equals BN pW(U) + B/N Z(U). Moreover, since 
B is invariant, p(B NM W(U)) = BN pW(U). Hence (2) holds if W(U) is 
replaced by W’(U) = BN W(U) and Z(U) by Z’(U) = B N Z(U). Obviously 
W'(u) CB, pW’(U) + Z(U) C B, and Z’(U), since it is a subchain of Z(1), 
isin A. Thus our assertion is proved, and as a consequence, (1) always implies 
a relation of the form 


opY(U) = C(U) mod A 


where Y(U) CB. 

We have consistently used special homologies in such a way that the relation 
C(U) ~ 0 mod A implies that C(U) is of type (p, A). If A’ is an invariant set 
containing A and if C(U) is of type (p, A) we also allow relations of the form 
C(U) ~ O0mod A’. This however is not an inconsistency; for C(U) is obviously 
of type (p, A’) if it is of type (, A). 

The remarks above apply to (Cech) cycles as well as U-cycles. Let us merely 
recall that {C(U)} = C is a cycle mod A in B of type (p, A) (A, B invariant, 
A CB) if for each Ul, C(U) is a U-cycle mod A in B of type (, A) and if, when- 
ever Ul, C U, and + = w(U, U), we have rC(U) ~ C(U) mod A in B.—The 
set B will of course be specified only if itis # M. The word “cycle” moreover 
will be used to mean ‘‘ll-cycle” when this is clearly implied by the context. 


6.1. The following lemmas will facilitate our study of the local properties of L. 

Lemma 1. Let B be an invariant set, possibly null and let T'(U) be a chain of 
type (p, B + L). There exists a chain T’(U) of type (p, B) such that T’(U) = 
T(U) mod L. If T(U) is a cycle mod B + L, then T’(U) ts a cycle mod B and 
of T(U) ~ 0 mod B + JL, then I’(U) ~ 0 mod B. 

Proor. We may write [(Ul) = pY(U) mod B + L (6.0). It is easy to see 
then that there exists a relation of the form 


(1) (U) = pY(U) + Z(U) + ZW) 


where Z(U) C B, Z’(U) CL. Let I’(u) = p¥(U) + Z(U). Then I’(U) = 
T(Uu) mod L. Moreover, I’(U) = pY(U) mod B so that I’(U) is of type 
(op, B). Suppose T'(U) isa cycle mod B+ L. Then ¢I(l) = 0 mod B + L, 
and from (1) it follows that p¢Y(U) = 0 mod B + L. No simplex of p¢Y(U) 
can be in L (3.33) and therefore pY(U) = Omod B. Hence ¢I’(U) = 0 mod B. 
Finally, suppose ['(Ul) ~ 0 mod B + L. Then we may write 


r(U) = pY(U) + Z(U) + Z’(U) = gpX(U) mod B + L. 
Since Z(U) + Z’(U) C B + L, we have 
(2) pY(U) = opX(U) mod B + L. 
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since (oY (U)) A L = (o@X(U)) N L = O (3.33), the relation (2) holds mod B 
snd since I”(U) = pY(U) + Z(U) = p¥(U) mod B, we have I’(U) = $pX(U) 
mod B, that is, T’(U) ~ 0 mod B. 

Lemma 2. Let A(a) be an invariant neighborhood of a, a C L, and let y,(U) 
bea chain in L which is a cycle mod M — A. Let Xn4:(U) be a chain such that 
oX(U) = y(U) mod M—A. If B,,--- , Bi are invariant sets each containing 
X(U) and if A’(a) ts an invariant neighborhood of a contained in A, and Y442(U) 
a chain such that 
(1) Y(U) Cc B; ‘G wad a, te l), 
@) $pY(U) = pX(U) mod M — A’ + L,* 


then there exists a chain nn4i1(U) such that n(U) C B; (¢ = 1,--- ,D, n(l) CL, 
and on(Ul) = y(U) mod M — A’. 

Proor. ¢pX(U) = py(U) mod M — A, and since y(U) C L so that py(U) = 0 
(3.33), it follows that pX(U) is a cycle mod M — A of type (op, M — A). Let 


(3) Z(U) = X(U) — ¢Y(U). 


Then from (2) it follows that pZ(U) = 0 mod M — A’+ L. Hence we may 
write Z(U) = pW(U) mod M — A’ + L (8.11). It is easy to see then that 
there exists a relation of the form 


(4) Z(U) = pW(U) + (Ul) + Z’(U) 


where n(U) C L, Z’(U) C M — A’, L fi Z'(U) = 0. On substituting (4) 
into (3) and operating by ¢ on both sides, we obtain 


epW(U) = y(U) — on(U) mod M — A’. 


The chain on the right is in L whereas that on the left contains no simplex 
which is in Z. Hence 


y(U) — (Ul) = 0 mod M — A’. 


It remains to prove that (Ul) C B; (¢ = 1,---,1). Since the right mem- 
ber of (3) is in B;, so is Z(U). Now (pW(U) + Z’(U)) N L = 0 so that 
eW(U) + Z’(U) has no simplex in common with 7(U). Hence it follows from 
(4) that n(U) CB; 


‘We do not write pX(U) ~ 0 mod M — A’ + L in B; here, because according to our 
definitions this would impy that M — A’ +LCB;. Note that (1) does not necessarily 
imply that Y(U) C BiB, --+ B,. 

* In the proof of lemma 2, use was made of the fact that when the coefficient field f is p, 
no chain of the form oX or of the form ¢X can contain a simplex in L (3.33). This holds for 
chains of the latter type when f is other than p but does not in general hold for chains of the 
former type and therefore the lemma is not true for general f. It is this fact which up to 
— has prevented us, except in special cases, from eliminating all restrictions on the 
period. 
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6.2. Our principal theorem concerning the local properties of L can now be 
stated as follows: 

THEOREM 1. [f the space M is connected and of type PnQ, then L is of type PQ. 

The proof will occupy sections 6.3 to 6.14 and will consist of a sequence of 
steps quite similar to those which led to the results in the last part of our earlier 
paper. We shall only give details of proof when they are not fairly obvious 
modifications of the corresponding details in the earlier work. The key to the 
proof is the relationship, indicated in lemma 2, which exists between the special 
homologies in M and the ordinary homologies in L. 


6.3. We assume then that M is connected and of type P,Q. Let d be an 
arbitrary but definitely chosen point of Z. We must show that for suitable r, 
M possesses properties P, and Q at d. We may, and shall, assume that d is 
not an inner point of L; for if the opposite were true L would obviously possess 
properties P,, and Q at d. 

Let (D(d), 42) be a fundamental pair for d. Since D may be replaced by a 
smaller neighborhood of d, we may assume that Disinvariant. Let n = dim M. 
As we have remarked (5.2), = m. Let po, o, --- , pm Stand alternately for 
o and ¢ if m is even and for é and o if m is odd; in either case pm = o. 


6.4. Let a be a point in LD and A(a) an invariant neighborhood of a such 
that A C D. There exists an invariant A’'(a) C A with the property that (1) if 
T,(m + 1 Sh S n) is a cycle mod M — A such that each T,,(U) is of type (o, 
M — A), thenT, ~Omod M — A’ + L; (2) if I'm is a cycle mod M — A such 
that each T'»(U) is of type (p, M — A) and such that Tl, ~ 0 mod M — A, then 
Tn ~OmodM —A’+L. 

Proor. Choose invariant neighborhoods Ay, Ai, ---,An of a such that 
A = Ap>D Ai> --- D> A, and such that every cycle mod M — A; of dimension 
~m is ~ 0 mod M — Aiui(i = 0, ---, nm — 1). The A’s exist by virtue of 
property P,, at d. Let T,(m S h S n) bea cycle such that every I,(U) is of 
type (ep, M — A); in particular if h = m, assume that T, ~ 0 mod M — A. 
In any case, Tl, ~ 0 mod M — A,, say Th, = Xanax; mod M — A. Since 
PXnyi(U) = pl,(U) = 0 mod M — A, (3.11) it follows that pry:Xi4:(U) is a 
cycle mod M — A, of type (jf, M — A). Consider a definite U. We may 
assume that the cycle 6X,4:(U) is essential; for if it is not, all U-chains and 
U-cycles which have appeared in the argument can be replaced by invariant 
projections into U of their coefficients in a special normal refinement of U, 
without affecting the boundary relations among them.’ It follows that there 
exists an (h + 1)-cycle mod M — A, of which pXa+:(U) is a coefficient and 
therefore pXn4:(U) ~ 0 mod M — Az, say pXnyi(U) = oXa42(U) mod M — A2. 





* This process replaces (U1) by a cycle I'’(U) which is ~I'(U) mod M — A and therefore, 
strictly speaking, we no longer have the cycle I we started with, but one homologous to it 
mod M — A. But since our investigation really concerns homology classes, it is quite 
proper to regard cycles in a given homology class as identical. 
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In the same way we may assume that pX,+2(U), which is readily seen to be a 
eycle mod M — Aj, is essential and therefore ~ 0 mod M — A;. This enables 
ys to continue the building-up process. We finally obtain p’X,(U) (’ = @ or 4), 
acyclemod M — An + which is ~ 0 mod M — A,_,. We have then p’X,(U) 
-(~0mod M — An» + L (see 6.0) and since 


p’Xn(U): «++ 2 pazeXnzo(U) Parr Xngi(U): T,(U) 


(see 3.14), we have Ty(U) ~ 0 mod M — A, 4 + L (3.15). The same relation 
holds mod M — A, + Land therefore we may take A’ = A,. 


6.5. Let A(d) be an invariant neighborhood of d. There exists an invariant 
A'(d) C A with the property that for every invariant neighborhood B(b) contained 
in A’, with b C LA, there exists an invariant B'(b) C B such that every cycle mod 
M—-—AinM — B and of dimension S n and type (p, M — A) is ~ 0 mod 
M-A'+L,inM —B +L. 

The proof is essentially the same as that of 6.4 except that now the building 
up process is based on property Q rather than P» . 


6.6. Suppose there exists an invariant neighborhood E(d) and a cycle “A, mod 
M — E of type (pm, M — E + L) such that (1) (E(d), “Am) is a fundamental 
pair for d; (2) if Z’ is an invariant non-null open subset of Z, then A cannot be 
~0mod M — E’ + L; (8) for eachinvariant neighborhood A(d) contained in 
E, there exists an invariant A’(a) C A such that A constitutes a basis for m- 
cyelesmod M — A + Lof type (pm , M — A + L) relative to special homologies 
mod M— A’+L. We shall call (E(d), “A,) a special fundamental pair for d. 

There exists a special fundamental pair for d. 

Proor. Since D is invariant, 7(’Q,,) isalsoacyclemod M —D. By property 
P,, there exists a Do(d) which we may take to be invariant, such that Dp) C D 
and TQn ~ 22m mod M — Dy (x Cy»). Obviously T°2 ~ x TQ mod M — Dy 
so that 7°2 ~ 2°28 mod M — Dy and finally Q = T72 ~ z?2 mod M — Dy, 
which can only be true if z = 1. Thus p,2 = 6 = Q — TQ ~ 0 mod 
M-D,.. By 6.4 there exists an invariant Do(d) C Do such that pn2 ~ 0 
mod M — Dw + L. Since no chain of the form jX can contain a simplex 
which is in L, it is easy to see that the last relation holds also mod M — Dw , say 


PmQ(U) = bhmY myi(Ul) mod M — Du. 
Let 


(1) An(W) = Qm(U) — o¥mi(U). 


Obviously {A,(U)} = Am is a cycle mod M — D, homologous mod M — D 
to‘2,. Moreover pmim = 0 mod M — Dw so that each A,(U) is of type 
(om, M — Do + L). By 6.4 there exists an invariant E(d) C Dw such that 
every m-cycle mod M — Dg whose coefficients are of type (pm, M — Dw) 
and are ~ 0 mod M — Dw is itself ~ 0 mod M— E +L. Since Am is a cycle 
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mod M — Dw, it follows that if + is an invariant projection of & into 1 
(BV CU), tAn(BV) — An(U) ~ 0 mod M — Dw. Hence rAn(B) — A,,(U) ~ 
0 mod M — E + L, therefore A,, satisfies the conditions for being a cycle 
mod M — E+ L of type (pn, M — HE +L). Evidently (EZ, A) is a funda- 
mental pair for d. 

Suppose that A, ~ 0 mod M — E’ + Lwhere0 ¥ FE’ = TE’ CE. From 
lemma 1 there exists a cycle A,, mod M — E’ of type (om, M — E’) such that 
A’ ~0mod M — E’ andA, = A’. mod L. Since d is not an inner point of L 
and L is closed, there can be chosen in £’(d) a non-null open set B such that 
BL =0. ThenZ CM — Bsothat A = A’mod M — B. Since B C E’ we 
have A’ ~ 0 mod M — B, and since A ~ 2 mod M — B, we have 2 ~ 0 mod 
M — B which is impossible-—That A,, constitutes a basis of the stated type for 
special homologies follows readily from 6.4 and the fact that (H, A) is a funda- 
mental pair for d. | 


6.7. Before we can complete the proof of theorem 1 we shall need the following 
theorem, which is of some interest in itself (cf. 3.36). 

THEOREM 2. Let M be a connected space and T a periodic homeomorphism 
of M with itself of period q where q is either prime or composite. If M is of type 
PQ relative to the field » where p is a prime factor of q, then the set L of fixed points 
is nowhere dense. 

Proor. Assume first that g = p = aprime. We shall show that the set Ly 
of inner points of L is null. Suppose LZ) ~ 0. Then since M is connected, 
Ly cannot be closed otherwise Lo would equal M and T' would be the identity 
transformation. It follows that Zp — Lo ~ 0. Let do be a point of Ly — Ly. 
Obviously d) is not an inner point of L. Now since the point d introduced 
in 6.3 was assumed not to be an inner point of L but otherwise was a perfectly 
arbitrary point of L, we may assume for the moment that d = d). Every 
neighborhood of d then contains inner points of L. Let (E(d), “Am) be a special 
fundamental pair for d and let a be a point of E which is an inner point of L, 
and let A be an invariant neighborhood of a such that A C LE, d CM — A. 
By Lemma | there exists a cycle A,, mod M — E of type (pm, M — E) such 
that A’ = “A, mod L. We may write A’(U) = pmXm(U) + Z(U) where Z(U) C 
M — E. Since no simplex of pmXm(U) is in L, each simplex of A’(U) which 
is in A—hence in L—is alsoin M — E. But since A C £, no simplex of A’(ll) 
is in A and therefore A’(U) C M — A. We may assume that A’(11) is essential 
(see proof of 6.4) and therefore from property Q at d, there exists an invariant 
E'(d) C E such that A’(U) ~ 0 mod M — E’. Hence A’ = {A’(U)} is a cycle 
mod M — E’, each coefficient of which is of type (om, M — E’) and which 
itself is ~ 0 mod M — E’. Hence by 6.4 there exists an invariant H’’(d) such 
that A’ ~ 0 mod M — E” + L. Since A = A’ mod M — E” + L we have 
“Am ~ 0 mod M — E” + L, which is impossible (6.6). This completes the 
proof for prime q. 

Suppose that g = ps, pa prime. Then 7” is a homeomorphism of M with 
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itself of prime period p. Evidently the set L of points invariant under 7° 
contains L and since L™ is nowhere dense in M, the same is true of L. 


6.8. We now continue with the proof of theorem 1. Let (E(d), A,) be a 
special fundamental pair for d. Since A,, is of type (pn, M — E +L), we 
may write Am = PmXm mod M—-E+UL. Let Ami =¢xm. Then A,_; isa 
cycle mod M — E + L of type (pm1, M — E + L) (see 3.21). Thus we may 
write Am—1 = Pm—1Xm—1 mod M—E + L. Let An: = OXm—1 and continue 


in this manner down to the dimension 0. We obtain a sequence A», -+- , Ao 
of cycles mod M — E + L such that 

An, = pxxxmod M—-E+L (h = m, --+ , 0), 

Oxn = Ann (h = m,---,1), 


Am:Am: +--+ 2A. 


6.9. Let a be a point in LE and A(a) an invariant neighborhood contained in E. 
There exists an invariant A’(a) CA such that each A, constitutes a basis for cycles 
mod M — A of type (pn, , M — A) relative to special homologies mod M — A’ + L. 

Proor. It will be sufficient to show that for each k (0 S k S m) there exists 
an invariant A,(a) C A such that every A, with k < h S m constitutes a basis 
for cycles mod M — A of type (p, , M — A) relative to special homologies mod 
M-A,+ L. Stated in this form the theorem follows for k = m from the 
properties of (HZ, A,,) (6.6) and the obvious fact that cycles of type (po, , M — A) 
are also of type (o,, M — A +L). For smaller values of k, the theorem is 
proved by induction (cf. proof of 3.40) based on 3.15 and the following modifica- 
tion of 3.24: 

Let a be a point of LE and A an invariant neighborhood of a such that A C E. 
There exists an invariant A’(a) C A such that if T;, is a cycle mod M — A of type 
(m,M — A) withh < m, there exists a cycle mod M — A’ of type (pr41, M — A’) 
such that Tx41:T, and T, ~ T, mod M — A’. 

When h < m — 1, the proof of this lemma is essentially the same as that 
of 3.24 except that we now make use of property P instead of III, 3.24, to 
show that certain (relative) cycles of dimensions h andh + 1 are ~ 0. For the 
dimension m — 1 the proof is essentially the same as that of 3.39 for the di- 
mension n — 1.” 


6.10. There exists an invariant neighborhood F(d) C E(d) and an integer r 
(0 S$ r S$ m — 1) such that (1) A, ~ 0 mod M — F + L and (2) if A(a) is an 
invariant neighborhood such that a C FL, A C F, then A, cannot be ~ 0 mod 
if 1 See 

"The argument in 3.39 is not quite accurate but may be made so as follows: we observe 
first that under the hypothesis that I'n_; is not ~0, the totality of coverings U for which 


Ta(U) is not ~0 is a complete system and we may assume that all coverings which appear 
in the argument belong to that system. 
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Proor. Let F(d) be an invariant neighborhood of d such that F C E and 
such that if B(b) is an invariant neighborhood contained in F, with b C LF, 
then every cycle mod M — F of type (p, M — F) and dimension < nis ~0 
mod M—F-+L. Suchan F exists by 6.5. In the sequence An ,Am1, --- , Ay 
let A, be the first cycle which is ~ 0 mod M — F + L; the sequence actually 
contains such a cycle since A) ~ 0 mod M — F + L (see 3.48). We shall show 
that F and A, have the required properties. 

It follows from the properties of special fundamental pairs that r < m. It 
remains to show that if h > r there can exist no relation of the form 


(1) A, ~Omod M—A+L, 


where A = A(a) CF,a CLF,A =TA. From lemma 1 we may write A,(1) = 
A,(U) mod L where A’(U) is a cycle mod M — E of type (ep, , M — E). Suppose 
now that (1) does hold for some A. Then from lemma 1, 


A’(U) ~ 0 mod M — A 


for every U. Hence there exist chains X,4:(U1) such that A’(U) = $o,Xi4:(U) 
mod M — A. Let P(U) = AN AAU), QW) = AU) — P(U). Then 
oprXnui(U) = P(U) mod M — A since Q(U) = Omod M — A. Thus 


(2) bprXnu(U) = P(U) + H(U) 


say, where H(U) CM — A. Since ¢P(U) = —¢H(U) and P(U) = —¢Q(U), 
the chain Q(U) — H(U) is an absolute cycle in M — A. Now since A,(U) 
is of type (p,, M — E) it is easy to see that P(U) and Q(U) must likewise be 
of type (oe, , M — E) and hence the same is true of H(U) = ¢p,Xn4:(U) — P(U), 
and hence of Q(U) — H(U). We may assume (see proof of 6.4) that 
Q(u) — H(U), a cycle mod M — E of type (p, , M — E) in M — A, is essential 
relative to special homologies and is therefore a coefficient of a cycle I’, mod 
M — E, type (oa, M — E)in M — A. By the choice of F, we have I, ~ 0 
mod M — F + L, hence Q(U) — H(U) ~ 0 mod M — F + L. On adding 
this relation to the relation P(U) + H(U) ~ 0 mod M — F + L which follows 
from (2), we have A,(U) ~ 0 mod M — F + L. Hence A,(U) ~ 0 mod 
M — F + L for each U, which is impossible since h > r. 


6.11. There exists an invariant neighborhood G(d) C F and an r-cycle 6, mod 
L(M — G) in L, which is not ~ 0 mod L(M — G’) in L for any invariant open 
subset G’ of G with LG’ ¥ 0. 

Proor. Assume first that m < m — 2. Since A, ~ 0 mod M — F +L, 
we may write A, = ¢p,H,,, mod M — F + L. Since A, = ¢xr41 (6.8), the 
chain X74:(U) = ppHrai(W) — xr41(U) is a cycle mod M — F + L. Let th 
be a normal refinement of U relative to cycles mod M — F + L and let X,4:(U) = 
wX+41(U;) where x = x(t, WU). By property P,, at d, there exists an invariant 
G(d) C F such that all (r + 1)-cycles mod M — F are ~0 mod M — G. It 


foll 
mo 


Sup 
We 
eyel 


G'L 
exis 


13° 


an . 
rela 


For 
cor 
pres 

S 
By 
and 
oY, 
The 
Pm 
cycl 
A'( 








en 


), 
t) 


1), 
at 
ial 
od 
0 
ng 
ws 
od 


od 
en 


he 
1 


nt 
It 


TRANSFORMATIONS OF FINITE PERIOD. II 701 


follows from an obvious modification of 1.6 that X,.. = {X,,:(U)} is a cycle 
mod M-G+L. We have 


PrstXrya(U) = apie i(Ua) — rpr4axe4a(Uh) 
(1) = wAra(Us) ~ Anya(U) mod M — F + L. 


Suppose X41 ~ 0 mod M — G@ + L; then by 3.16 p4iX.41 ~ 0 mod 
M-G@’ +L. Hence by (1), 4.4: ~ 0 mod M — G@ + L which is impossible. 
We conclude that X,4: cannot be ~ 0 mod M — G@’ + L. 

By 1.1 (with K = M — G) there exists a cycle 5, mod L(M — G) in L anda 
cycle X/,, mod M — G + L such that oXr41 = 6.mod M — G and X’ ~ X 
mod M — G+ L. Suppose 6, ~ 0 mod L(M — G’) in L where G’ CG, 
G'L # 0. On account of property P,, and the fact that r + 1 < m, there 
exists an open G” C G’ with G’L + 0 such that every (r + 1)-cycle mod 
M-G’is~Omod M — @”. Hence from an obvious modification of theorem 
1.3° we conclude that X,4: ~ 0 mod M — G@” + L which is impossible. 

For r = m — 1, the proof is quite similar to that of 4.3 and may be omitted. 


6.12. Let A be a neighborhood of a such thata C GL, A CG. There exists 
an A'(a) C A such that 6, constitutes a basis for r-cycles mod L(M — A) in L 
relative to homologies mod L(M — A’) in L. 

Proor. Forr < m — 2 the proof is quite similar to that of 4.7 for r S n — 2. 
For r = m — 1 we must give a separate proof because in 4.7 the proof of the 
corresponding case depends on assumption VI, 4.4, which plays no part in the 
present development. 

Suppose then that r = m — 1. Let ym-1 be.a cycle mod L(M — A) in L. 
By property P,, there exists an A;(a) C A such that ym1~ 0 mod M — A, 
and bn. ~ 0 mod M — A;, say 6(U) = ¢X~(Ul) mod M — A, and y(U) = 
¢Y,(U) mod M — A, for each U. Obviously we may take A; to be invariant. 
Then p»X(U) and pmY(U) are cycles mod M — A, of type (pm, M — A,); for 
¢pmX(Ul) = pmy mod M — A; and pay = cy = py = 0 (mod p). Since these 
cycles may be assumed to be essential (cf. proof of 6.4) there exists an invariant 
A'(a) C A; such that 


(1) PmXm(U) ~ uUAn(U) mod M — A’ + L 
(2) PmY¥ m(U) ~ uyAm(U) mod M — A’ + L, 


uz and u, depending on U1. 

If (U) C L, let us write “¢(U) ~* 0 mod L(M — A’) in L” if there exists 
achain (Ul) such that (Ul) CL, n(l) C M — A’, on(U) = ¢(U) mod M — A’. 
Since 6, is not ~ 0 mod L(M — A’) in L, it follows from theorem B (5.1) that 








*Mopiriep ToEorEM. Let K and L be sets in M and y,a cyclemod KLinL. Let Xiu 
bea cycle mod K + L such that ¢X = y mod K. If y ~0 mod KL in L and if there exists a 
set K’ > K such that every (h + 1)-cycle mod K is ~ 0 mod K’, then X ~ 0 mod K’ + L.— 
In the application above take K = M — G’, K’=M—-—G",h=r. 
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for each U there exists a refinement % such that 6,(@) is not ~*0 mod 
L(M — A’)inL. Let v,, v, denote the coefficients entering (1) and (2) when 1 
is replaced by B. Suppose v, = 0. Then by lemma 2 there exists a chain 
nm(%) such that ¢n(@) = 6(B) mod M — A’ and (B) CL. Since {B} isa 
complete system, it follows from 5.1, theorem B, that 6 ~ 0 mod L(M — 4’) 
in L, which is impossible. We conclude that v, ~ 0. From (1) and (2) we have 


VyPmX m(B) — VzPmY m(B) ~ O mod M — A’ + L. 
Hence by another application of lemma 2 we obtain the relation 
v,5(B) — vay(B) ~* 0 mod L(M — A’) in L. 
Since v, ~ 0, we may write 
(3) 7(B) ~« v 6(B) mod L(M — A’) in L. 


Suppose B,, B. are B’s such that V2 C Bi. Let 1, v2 be the corresponding 
coefficients in (3) and let r = r(¥2, Bi). Then 


(Bi) ~~ * (Be) rw 15(Bo) ~* 6(B1) mod L(M basa A’) in L. 
Hence 
(v2 = v1)6(B1) ~« 0 mod (M el A’)L in L 


which can only be true if », = ve. Suppose now that Be is an arbitrary &. 
Then we still have v; = v2 because both numbers are equal to v3 say corresponding 
to YB; C BiB. Thus the coefficient v in (3) is independent of ¥ and it follows 
that y ~* vi mod L(M — A’)in L. Since {¥B} is a complete system, we con- 
clude from theorem B (5.1) that y ~ v6 mod L(M — A’) in L. 


6.13. Let a be a point in LG and A a neighborhood of a such that A CG. There 
exists an A’(a) such that every cycle mod L(M — A) in L and of dimension # 1, 
is ~ 0 mod L(M — A’) in L. 

Proor. Let 7, be a cycle mod L(M — A) in L, withh # r. There exists 
an invariant A,(a) and chains X,,:(U) such that @Xjyi(U) = ya(Ul) mod 
M — A,. Whenh # m, this follows from the fact that (G(d), Am) is a funda- 
mental pair; for h = m we prove it as follows. Since (by theorem 2) L is 
nowhere dense, there exists a neighborhood B(b) such that B C A, BL = 0. 
Then ym C M — B and our assertion follows from property Q.—Now 
PruiXayi(U), a cycle mod M — A; + L of type (prs41, M — Ai + L), may 
be assumed to be essential relative to special homologies mod M — A; + L. 
Hence pp+1Xn4:(U) is a coefficient of a cycle of type (pri1, M — Ai + L) and 
therefore (6.9) there exists an invariant A’(a) C A; such that 


(1) prgtXngi(U) ~ uAnys(U) mod M — A’ + L 


where u depends on 1 but A’ is independent of U and of Xin. If h Sr 1, 
the right side of (1) is ~ 0 by definition of r and hence 


(2) PrutXni(ll) ~ Omod M — A’ +L. 








—_—— anal 
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mod We shall show that (2) holds also when h > r. For such an h, A, is not ~ 0 
hen UJ md M—- A’+L and hence for each U there exists a special refinement B 
chain such that A,(%) is not ~ O mod M — A’ +L. On writing &, v in place of U, 
| isa yin (1) and applying 3.15 we obtain 
Pe vA,(B) ~ y4(B) mod M — A’ +L. 

Since 7(B) C L, we have vA,(B) ~ 0 mod M — A’ + L, which can only be batt 
trueify = 0. Thus (2) still holds, at least if Uis replaced by ¥. From lemma 2 


there exists an 7(%) in L such that on(%) = y(@) mod M — A’ and since {B} 
isa complete system we have (5.1, theorem B) y ~ 0 mod L(M — A’) in L. 





6.14. It is a consequence of 6.11, 6.12, 6.13 that L possesses the property P, 
at d; in fact (LG(d), 6,) is a fundamental pair in L for d. It remains to show 

that L possesses the property Q at d. 
ding To prove this, let A be an invariant neighborhood of d. By property Q 
at d, there exists an invariant A;(d) such that for every invariant C(a) with 
aC LA,, C C A, there exists an invariant Ci(a) C C with the property that : 
all cycles mod M — Ain M — C are ~OmodM — A,inM —(C;. By 6.5 
there exists an invariant A’(d) C A; such that for every invariant Ci(c,) with : 
¢, C LA’, C,; C A’, there exists an invariant C’(c:) with the property that all 
cycles mod M — A; in M — C;, and of type (p, M — Ax) are ~0 mod ; 
Ve M-4'+LinM —C' +L. Let bea point in LA’ and BQ) an invariant 
io neighborhood of b, such that LB C LA’. Our theorem will be established if 
we show that y ~ 0 mod L(M — A’) in L(M — B’) where B’ is independent | 
oa of y.. On replacing B by A’B if necessary, we may suppose that B C A’. 
Since y isa cycle mod M — Ain M — Band B C A,, there exists an invariant 
B,(b) C Band chains X(U) in M — B, such that ¢X = ymod M —A,. Then 





en © Hf ,Xisa cycle mod M — A; of type (p, M — A;) (see 3.47) and may be assumed 
to be essential relative to special homologies. Therefore, since B, C A’, 
sata there exists an invariant B’(b) C B, such that pX ~ 0 mod M — A’ + Lin 
ad M — B’+ L. From lemma 2 we may write y(ll) = ¢n(U), where 7(U) C 
ai M — B’,»() CL. Since {U1} is a complete system, it follows from theorem B 
1 is (5.1) that y ~ 0 mod L(M — A’) in L(M — B’). 
: The proof of the theorem 1 is now complete. 
on 6.15. If T is of prime period p and M is HLC” (relative to p) where n = dim M, 
y ; 
eA then L is HLC”. 
Sal Proor. By means of a building-up process followed by a splitting down 
process we can show readily that if M is HLC”, there exists for every invariant 
A(a), a C L, an invariant A’(a) C A such that every cycle of type p in A’ 
and of dimension < n, is ~ 0 mod Lin A. The theorem then follows from 
%, an application of lemma 2. (See for example the proof of 6.4.) 





‘The fact that A is invariant does not prevent LA from being a perfectly arbitrary 
neighborhood in L of d. For suppose B is an open set such thatd C LB. Let A = B+ 
'B+ ++. 4+ T°41B, Then A is invariant and d CLA = LB. 
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TueoreEM 3. Let T be a periodic homeomorphism of a connected space M with 
itself, T being of period p*, pa prime. Let n = dim M and let L be the set of 
fixed points. If M is HLC" relative to p, then L has a finite number of components 
and each component is HLC". If in addition M is of type PnQ (relative to »), 
each component of L is of type P,Q, r depending on the component. 

Proor. If a = 1, the theorem follows from 5.4, 5.5, 5.6, 6.15. 

Suppose that the theorem is true for all transformations of period p’, 8 < 
a — 1. The transformation 7? where g = p* is of period p and therefore 
if M is HLC”, the set u of fixed points of 7” has a finite number of components 
and each component is HLC”. If in addition M is of type P,Q, each com- 
ponent is of type P,Q. Now T transforms uy into itself. For if 2 is invariant 
under 7%, we have 7°(Tx) = T(T*%x) = Tx so that Tz is also invariant under T°. 
Thus 7 permutes the components of » among themselves; in particular, the 
components of » which contain points of L are transformed into themselves 
by 7. Let these components be 1, --- , u; and let 7’; be the transformation 
induced by Tin u;. Let L; be the set of points in yu; which are fixed under 7; . 
Since L C >> L; and since each point which is invariant under 7’; is invariant 
under 7, we have L = >) L;. Consider a definite value of i and assume 
that M is HLC” so that u; is HLC”. Since 77 is the identity (in y,), 7; is 
either the identity or is of period p® where 8 S a — 1. In the former case 
we have uw; = L; so that L; is HLC’; in the latter, it follows from the hypothesis 
of the induction that L; is HLC”. Thus each L;—and hence L—is HLC" 
and L therefore has a finite number of HLC” components. If we assume 
that M is of type P»Q as well as HLC”, then uy; is of type P.Q (s = s;) and 
therefore the components, L;; say, of L; are of type P,Q, r depending on the 
component. Since L = >. L; = >) L;;, the theorem is now proved.” 


6.16. Suppose that 7’ is of period p“ and that M is metric. Suppose further 
that M is HLC” and of type P,Q relative to p. If the component L; of L is 
of type P,,Q, then dim, LZ; = r; (5.2). Since dim, L; S$ dim L; , components 
of dimension 0 are of type Po and hence are points (5.3). If L; is of dimension 1, 
then r; = dim, L; S$ 1. Hence by 5.3, r; = 1 and therefore the 0- and 1-dimen- 
sional local Betti number relative to p at an arbitrary point z of L are 0 and 1 
respectively and so are the Betti numbers around x (Alexandroff [8]). From 
this it follows that if M is assumed to be metric, every 1-dimensional component 
of L is a simple closed curve (see 4.11, footnote 12). Hence 

If T is of period p* and if M is metric and is HLC" and of type PmQ relative 
to p, the 0- and 1-dimensional components of L are points and simple closed curves. 


7.1. Periodic transformations of a 3-sphere. It might perhaps be expected 
that in restricted cases at least the nature of the two-dimensional components 





1° This method of passing from the period p to the period p* is also applicable to the work 
in our earlier paper and therefore the results obtained there hold for transformations of 
period p* and homologies relative to p. 
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{ with could be determined as completely as that of the 0- and 1-dimensional com- 
set of ponents. We shall see that this is actually possible if M is 3-dimensional and 
onents locally euclidean. In fact, with the aid of R. L. Wilder’s theory of generalized 
to p), closed manifolds (g.c.m.’s) it can be shown that for such an M the two-dimen- 

sional components are closed surfaces. In order to keep details at a minimum 

we shall only consider the case in which M is a euclidean 3-sphere; it will be 


Bs seen that the method of treatment applies, at least in principle, to the case of 
refore arbitrary compact locally euclidean 3-spaces.” 
nents . 

com- 7.2. Let o.(a) denote the spherical neighborhood of radius ¢ about the point a 


iant in a given metric space. The boundary points of o,(a) are the points which 
er T*, are at a distance exactly ¢ from a; let their totality be denoted by f,(a). 





, the Let us recall the definition of generalized closed manifold given by Wilder. 
elves An n-dimensional g.c.m. (relative to the coefficient field f) is a compact metric 
ation space K such that 

rT;. 1. dm K = n; 

riant 2. B.(K) = 1 and B,(K’) = 0 for every closed proper subset K’ of K. (B 
sume denotes the Betti number over f.) 

T; is 3. For every point a of K there is an ¢ = ¢(a) such that every h-cycle(1 Sh S 
case n—1)ino(a) is ~ O in K. 

hesis 4. For every point a in K and « > 0, there exist numbers 6, + (depending on a) 


[LC" such that r < 6 < € and such that every h-cycle (0 S h S n — 2) inf,(a) is ~ 0 

sume ina(a) — o,(a) and every (n — 1)-cycle in f,(a) is ~ 0 in K — a,(a). 

and Wilder has shown (l.c. p. 903 after theorem 19) that every 2-dimensional g.c.m. 

| the in in a euclidean 3-sphere is a closed surface. In this theorem, the coefficient 
field may be either the rational numbers or p (see Wilder’s footnote 6). 


‘ther 7.3. Let M be a euclidean 3-sphere and suppose that T is of prime period p 
Lis @ and that dim L = 2. Then (4.15, 4.16) L is connected and possesses the same 
ents (mod p) Betti numbers as a 2-sphere. We now assert that L is a 2-dimen- 
yn I, sional g.c.m. 

nen- Proor. We shall show that L satisfies conditions (2) (3) (4) in the definition 
ad 1 of a 2-dimensional g.c.m. 

rom 2. We have already remarked that B,(L) = 2 (mod p). It remains to show 


rent that if L’ is a closed proper subset of L, B2(L’) = 0. 

M; has the obvious property that if A is a non-null open set in M;, every 
ute cyclein M — Ais ~0 (in M). By an argument very similar to that used in 
‘ves. the proof of 6.14, we see that this property holds also in L. In particular 

every 2-cycle in L(M — A) where LA ¥ 0,is ~O0in L. Now since L — L’ 








ted gic 

ants _ "Wilder’s theory (Annals of Math. 35 (1934), pp. 876-903) applies to sets L immersed 
ina euclidean n-space or, what amounts essentially to the same thing, in a euclidean n- 

york sphere. In order to arrive at conclusions concerning L when the containing space M is 

8 of locally euclidean, not necessarily a sphere, a number of minor modifications in the theory 


are necessary. 
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is open (in L) and non-null, every cycle in L’ is ~0 in L. Let {u} be the 
totality of finite coverings of L by sets open in L and let y = {y(u)} be a 2-cycle 
in L’. Each u possesses a refinement u; of order S$ 3 and since y ~ 0, it follows 
that y(u1) = Oforeachu. Let x = r(n,u). Since y C L’, we have y(u) ~ 
wy(u) in L’, ie. y(u) ~ Oin L’. Hence y ~ 0 in L’ and 2 is verified. 

3. This follows from the fact that L is HLC’ (6.15). 

4. Let S,(a) denote a spherical neighborhood of radius ¢ in M; and let F,(a) 
be its boundary. To show that L satisfies (4) it will be sufficient to verify 
4’ and 4” stated below. 

4’. Let a be a point in L and ¢ a number > 0. There exist 6 and r, with 
€ > 6 > +, such that every 0-cycle in LF;(a) is ~ 0 in L{S,(a) — S;(a)). 

Proor. Let >_. (a) denote the invariant neighborhood S + TS +... + 
T?"S where S = S,(a). Obviously L>>. (a) = LS,.(a). Let ps, --- , po be 
defined so that p; = o. ih 

We now choose numbers 0, --- , ¢; such that (i) >): C oo (where >, 
(F,) mean >.., , (F.;)); (ii) every cycle in }°2 of type p is ~ 0 mod L in 14+ L; 
(iii) Fs C D2; (iv) Ya C Sy-TS;--- T? "Ss; (v) every 2cycle mod 
M — > of type (0, M — Dos) is ~O mod M — 5); + L. The possibility 
of fulfilling (ii) can be readily established by methods which are by now familiar 
(cf. 6.5 and the proof of 6.4). The possibility of fulfilling (v) is shown as 
follows. From the theorem in 3.46, there can be chosen a >>5 C >>, such that 
every 2-cycle mod M — }>% of type (p2, M — >-4) is ~ zAgmod M — 5+ L 
where A, is defined in 3.32. But since dim, L = dim L (because M is a euclidean 
3-sphere) and since dim, = r(p) (4.11) we conclude that r(p) = 2 and hence 
(3.48) As ~ 0 mod M — >>; + L.—We shall show that for 4, 7 in condition 4’ 
we may take «, «5. For this we must show that if yo is a 0-cycle in LF;, 
then Yo ™ 0 in L(So an Ss). 

Since yo C F; and F; is homeomorphic to an ordinary sphere, yo ~ 0 in F;. 
Thus we may write yo = ¢X1, Xi C F;. Hence p,X;(1) is a cycle of type 
and by (iii) o.Xi(U) C }>2. We may assume that »,X;(U) is essential relative 
to special homologies and hence by (ii) o:X:(U) ~ 0 mod Lin 2}; + L. Thus 
there exists a relation of the form ¢,X2(U) = p:X;(U) + e(U) where p:X2(U) C 
d+ L,a(u) CL. Since L N p,X2(U) = 0, we have p:X2(U) C >. Since 
also L 1M o:Xi(U) = 0, we have a(Ul) = 0, and therefore ¢p:X2(U) = oX;(U). 
In this relation, we may assume that X;(U) C >>, .” Now it follows from (iv) 
that >>. fails to meet any image of F; under powers of T. Hence p:X,(U), 
since it is in F; + TF; +... 7?” Fs, must be in M — wea: Therefore 
piX2(Ul) is a cycle mod M — ys of type (po, M — pSAR and since this cycle 
may be assumed to be essential relative to special homologies, we conclude 
from (v) that p,X2(U) ~ 0 mod M — }°;+ L. Hence there exists a relation 
of the form 


(1) maXe(U) = ooXs(U) + B(U) + Z(U) 


2 For since (>, N X2(U)) = >51 oX2(U) = o:X2(U), we may, if necessary replace 
X,(u) by 3°, X,(u). 
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where 6(U) CL, Z(U) CM — ds , 8(U) and Z(U) having no common simplex. 
Since no term in (1) except 8(U) contains simplexes in L, B(Ul) = 0. Hence 


(2) pi(X2(ll) — oX3(U)) = Omod M — >. 


Let Xi(U) = Dos M Xs(U). Since the simplexes of X3(U) which are not in 
>: cannot be in >s, we have 


(3) X;(U) — X;(U) = Omod M — >. 
Hence from (2), 
(4) p(X2(U) — oX;(U)) = 0 mod M — >>. 


Let W(U) = X2(U) — oX3(U) and let W’'(U) = WUN (M — >>). Since 
W'(U) is a subchain of W(U) and W(U) C >>; (since X3(U) and X,(U) are in 
>:) we have W’(U) © >. Furthermore, 


a(W(u) N (M — 3)) = (aW(u)) N (M — Y)). 


The left side is p,W’(U) and the right is p,W(U) since by (4) pW(U) C 
M—- >;. Thus piW’(U) = ,W(U) and therefore 


oaW'(U) = dpW(U) = omX2(U) = oX,(U). 


To sum up the situation, we have now a chain W’(U) satisfying these condi- 
tions: W’(U) CM — Ys ; WU) C D1 3 ¢mW'(U) = 1 Xi(U). By lemma 2 
there exists a chain 9(U) such that 9(U) C L, n(U) CM — Ds, 0() CDi, 
and @n(Ul) = y(U). Since WU is an arbitrary special covering we conclude by 
theorem A (5.1) that y ~ 0 in Lo, (M — >). But }1 (M — >) = 
Xo - }s C Hy — Ys and hence y ~ 0 in L(S*) — Ys) = L(So — Ss). 

4". For a given « > 0, there exists a tr < € such that every 1-cycle in LF ,(a) is 
~0in L(M — S,). 

Proor. Ms; has the obvious property that for every neighborhood A(a), 
there exists an A’(a) C A such that every cycle in M — A is ~Oin M — A’. 
This property, which is similar to the property Q, holds also in L. (proved by 
an easy modification of the proof of 6.14) and 4” follows immediately. 

THEoREM 4. Let M be a euclidean 3-sphere and let T' be a periodic homeo- 
morphism of M with itself of prime or composite period. The set L of fixed points 
is null or consists of two points or is a simple closed curve or is homeomorphic to 
an ordinary sphere. 

Proor. Assume first that the period q is a prime. As a consequence of 
4.15 and 4.16, we need only consider the case in which dim L = 2, and this 
case can only arise when q = 2. By 7.3 L is then a two-dimensional g.c.m. 
and hence (7.2) L is a closed surface. Moreover, L must be orientable since a 
non-orientable closed surface cannot be immersed in M;. Since L has the 
same mod 2 Betti numbers as a 2-sphere Hz (4.15, 4.16) L must be homeo- 
morphic to He. 

Suppose now that g = ps where p= is a prime, and suppose moreover that 
L +0. The transformation 7" is of prime period p and hence the totality u 
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is open (in L) and non-null, every cycle in L’ is ~ 0 in L. Let {u} be the 
totality of finite coverings of L by sets open in L and let y = {y(u)} be a 2-cycle 
in L’. Each u possesses a refinement u; of order S 3 and since y ~ 0, it follows 
that y(u1) = Oforeachu,. Let + = r(m,u). Since y CL’, we have y(u) ~ 
wy(u) in L’, ie. y(u) ~ Oin L’. Hence y ~ 0 in L’ and 2 is verified. 

3. This follows from the fact that L is HLC’ (6.15). 

4. Let S.(a) denote a spherical neighborhood of radius ¢ in M; and let F,(a) 
be its boundary. To show that L satisfies (4) it will be sufficient to verify 
4’ and 4” stated below. 

4'. Let a be a point in L and ¢ a number > 0. There exist 5 and r, with 
€ > 5 > 1, such that every 0-cycle in LF;(a) is ~ 0 in L({S,(a) — S,(a)). 

Proor. Let >. (a) denote the invariant neighborhood S + 7S +... + 
T?"S where S = S,(a). Obviously L>>. (a) = LS,(a). Let ps, --- , po be 
defined so that ps; = o. ps 

We now choose numbers ¢, --- , ¢s such that (i) >1 S Yo (where 
(F,) mean >-., , (F.;)); (ii) every cycle in }°2 of type p is ~ 0 mod Lin }*; + L; 
(iii) F; C D2; (iv) Ya C Sy-TS3--- T? "Ss; (v) every 2cycle mod 
M — > of type (0, M — Dos) is ~O mod M — 9), + L. The possibility 
of fulfilling (ii) can be readily established by methods which are by now familiar 
(cf. 6.5 and the proof of 6.4). The possibility of fulfilling (v) is shown as 
follows. From the theorem in 3.46, there can be chosen a +s; C +4 such that 
every 2-cycle mod M — >*, of type (o2, M — >°4) is ~ wAp mod M — 54+ L 
where A: is defined in 3.32. But since dim, L = dim L (because M is a euclidean 
3-sphere) and since dim, = r(p) (4.11) we conclude that r(p) = 2 and hence 
(3.48) As ~ 0 mod M — >>; + L.—We shall show that for 5, 7 in condition 4’ 
we may take «, «,. For this we must show that if yo is a 0-cycle in LF;, 
then yo ™ 0 in L(So — Ss). 

Since yo C F; and F; is homeomorphic to an ordinary sphere, yo ~ 0 in F;. 
Thus we may write yo = ¢X1, Xi: C F;. Hence p:X:(1) is a cycle of type 
and by (iii) ».Xi(U) C }°». We may assume that p:X;(1) is essential relative 
to special homologies and hence by (ii) p:X:(W) ~ 0 mod Lin )}; + L. Thus 
there exists a relation of the form ¢p,X2(W) = p:X(U) + a(U) where pX2(Ul) C 
Dit L,a() CL. Since L N p,X2(U) = 0, we have pX2(U) C Doi. Since 
also L 1 p.Xi(U) = 0, we have a(Ul) = 0, and therefore ¢p:X2(U) = Xi (U). 
In this relation, we may assume that X,(U) C >>, .” Now it follows from (iv) 
that >>. fails to meet any image of F; under powers of T. Hence p:X;(U), 
since it is in F; + TF; +... 7?” 'F,; must be in M — y Therefore 
piX2(Ul) is a cycle mod M — >, of type (p:, M — >.4), and since this cycle 
may be assumed to be essential relative to special homologies, we conclude 
from (v) that p.X2(U) ~ 0 mod M — ss +L. Hence there exists a relation 
of the form 


(1) piXe(U) = omiX3(U) + B(U) + Z(U) 


12 For since (> N X.(u)) = > NM o:X2(U) = p:X2(U), we may, if necessary replace 
X,(U) by }°,N X,(u). 
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where (Ul) CL, Z(U) GM — Dos, 6(U) and Z(U) having no common simplex. 
Since no term in (1) except 8(U) contains simplexes in L, B(U) = 0. Hence 


(2) oi(X2(U) — oX3(U)) = O mod M — ys. 


Let X{(l) = Da M X3(U). Since the simplexes of X,(U) which are not in 
¥; cannot be in D's, we have 


(3) X;(u) — X3(U) = Omod M — >. 
Hence from (2), 
(4) pi(X2(U) — $X3(U)) = Omod M — D>. 


Let W(U) = X2(U) — oX3(U) and let W'(U) = WUN (M — >>). Since 
W'(U) is a subchain of W(U) and W(U) C >; (since X3(U) and X,(U) are in 
».:) we have W’(U) C >. Furthermore, 


a(W(u) N (M — 3)) = (aW(u)) N (M — Y>). 


The left side is p,W’(U) and the right is p,W(U) since by (4) »W(U) C 
M— >. Thus p,W’(U) = »,W(UU) and therefore 


oaW’(U) = daW(U) = o.X2(U) = X,(U). 


To sum up the situation, we have now a chain W’(Ul) satisfying these condi- 
tions: W’(U) C M — os ; W'(U) C D1 3 ¢o.W'(U) = 9: X,(U). By lemma 2 
there exists a chain »(U) such that (Ul) C L, n() CM — Ds, n() CDi, 
and ¢(Ul) = y(U). Since U is an arbitrary special covering we conclude by 


theorem A (5.1) that y ~ 0 in L}(:(M — os). But by (M — >) = 


yi - hs Cc doo — Dos and hence y ~ 0 in L(}¢o — Sos) = L(So — Ss). 

4". For a given e > 0, there exists a r < € such that every 1-cycle in LF,(a) is 
~0in L(M — §,). 

Proor. M; has the obvious property that for every neighborhood A(a), 
there exists an A’(a) C A such that every cycle in M — Ais ~0in M — A’. 
This property, which is similar to the property Q, holds also in L. (proved by 
an easy modification of the proof of 6.14) and 4” follows immediately. 

TaEoreM 4. Let M be a euclidean 3-sphere and let T be a periodic homeo- 
morphism of M with itself of prime or composite period. The set L of fixed points 
is null or consists of two points or is a simple closed curve or is homeomorphic to 
an ordinary sphere. 

Proor. Assume first that the period q is a prime. As a consequence of 
4.15 and 4.16, we need only consider the case in which dim L = 2, and this 
case can only arise when g = 2. By 7.3 L is then a two-dimensional g.c.m. 
and hence (7.2) L is a closed surface. Moreover, L must be orientable since a 
non-orientable closed surface cannot be immersed in M;. Since L has the 
same mod 2 Betti numbers as a 2-sphere Hz (4.15, 4.16) L must be homeo- 
morphic to He. 

Suppose now that g = ps where p= is a prime, and suppose moreover that 
L+0. The transformation 7" is of prime period p and hence the totality u 
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of its fixed points is one of the sets mentioned in the theorem. T induces 4 
transformation 7 of u into itself (see proof of theorem 3) and since 7% is the 
identity (in u) 7; is the identity or else is periodic. The set L; of points of Lu 
which are invariant under 7’ is identical with L (cf. proof of theorem 3). If 
T; is the identity then L = yu and the theorem is established. Suppose 7; is 
not the identity. « cannot be null for then L would be null; nor can yu consist 
of two points for then either 7 is the identity or else L; = L = 0. Suppose y 
is a simple close curve or is homeomorphic to H;. That L,; (hence L) is one 
of the sets in question can be proved readily by the methods we have developed, 
or follows from the remark that that every periodic homeomorphic transforma- 
tion of a circle or sphere into itself is topologically equivalent to an orthogonal 
transformation.” 

Remark. If we keep in mind the method of passing from prime periods for T 
to composite periods, it will be readily seen from a glance at 4.15, 4.16 that 
the different types of fixed-point sets in theorem 4 can arise in the following ways: 

If T preserves orientation in M; , L 1s either null or a simple closed curve. If T 
reverses orientation, either L is homeomorphic to Hz and T is of period 2 or else L 
consists of two points and the period of T is even. 


8.1. Orientability. We have asserted elsewhere without proof (see intro- 
duction) that if the space M is orientable and if the period p of T is odd then, 
at least in the analytic case, the components of L are themselves orientable. 
We shall now prove this for a case somewhat more general than the analytic 
one. We begin by studying the r‘” Betti number of a component of type P,Q. 

Let M be a connected space of type P,Q and dimension m. We shall say 
that M is an m-dimensional quasi-manifold if there exists a cycle I’, which is a 
homology basis for m-cycles and is such that for every point d of M there is a 
fundamental pair of the form (D(d), I'm). 

Let M be an m-dimensional space of type PmQ such that Bn(M) = 1 and such 
that all m-cycles in an arbitrary closed proper subset of M are ~ 0. Then M isa 
quasi-manifold. 

Proor. Let In be a homology basis for m-cycles and let C be a non-null 
open setin M. Then Tn is not ~0modM —C. Forlet Il’ = 1 (M —C) 
andr’ =Tr—I’. Thenl’’ =lmodM—C. Henceif lf! ~0OmodM —(C, 
we have also I’’ ~ 0 mod M — C, say ¢Xmyi = I’ + y wherey CM — C. 
Now ¢(I’ — y) = —¢(I'’’ + 7) = —¢6X = 080 that for each U, I’(U) — y(U) 
is a cycle. We may assume that this cycle is essential (see proof of 6.4). Then 
since I’(U) — (1) is in the non-null closed set M — C, we have I’(U) — y(U) ~ 
0. But since I’’(U) + y(U) ~ 0 it follows that FT = I’ + I’ ~ 0 which is 
impossible.—Now consider the fundamental pair (D(d), “Qm) for d which exists 
since M is of type PmQ. Suppose B(b) C D. Then there exists a B’(b) C B 
such that I, ~ 22, mod M — B’ (by property Pm) and from what we have 





18 For the case of spheres see Brouwer [12] and Kerékjarté [13]; for circles, see J. F. Ritt, 
On certain real solutions of Babbage’s functional equation, Annals of Math., 17 (1915) 113-122. 
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just proved, we conclude that z ~ 0. Hence I, as well as ©, constitutes a 
basis for m-cycles mod M — B relative to homologies mod M — B’ and (D, I) 
is therefore a fundamental pair for d. 

On the basis of the preceding theorem it can be shown without great diffi- 
culty that, for example, every absolute manifold mod p (Lefschetz, Topology, 
p. 120) is a quasi-manifold relative to p and every compact locally euclidean 
space is a quasi-manifold relative to every f. 

TuroreM 5. Let M be a quasi-manifold which is HLC” and let T be a periodic 
homeomorphism of M with itself, of prime period p. Let L,,---, Li be the 
components of the set L of fixed points, L; being of type P,,Q (theorem 3). Then 
B,(Li) 2 1. 

Proor. Let I, be a homology basis for m-cycles, such that every point d 
has a fundamental pair of the form (D(d), T,,). Since dim M = m, it follows 
from 3.31 that I’, is a cycle of type (pm, L)(om = ¢). Let I, now be denoted 
by Am . 

Let d be a point of L and E(d) an invariant neighborhood of d such that 
E(d) C D(d). Suppose A,, ~ 0 mod M — E’ + L where E£’ is a non-null open 
invariant subset of ZH. Then A, = 0 mod M — E’ + L (3.31). Since L is 
nowhere dense in M, there exists a non-null open subset B of EH’ such that 
BL = 0. Then A = 0 mod M — B which is impossible. We conclude that A 
isnot ~ 0 mod M — E’ + L and therefore (E(d), An) is a special fundamental 


pair (6.5). 
Let us form the sequence A,,, --- , Ao of 3.32 (with m now in place of n). 
We may write 
Bh = PaXr ty, mC (h = m, --- , 0) 
Oxn = Ann. (h = m, --- ,1) 


We assert that if h < m — 1, y, is acyclein L. For consider the mapping A 
of M into the modular space M* (see 2.2 and 3.1). Then by 3.19, Axa4: is a 
cycle mod L* in M* and by 1.2 dAxa4. is therefore a cycle in L*. Since dAxr4 = 
AOxi4 = A(paxn + Yn) and since Aprxrn = 0, it follows that PAXn1 = Arn = 
a cycle in L*. A, however, induces a homeomorphism between L and L* and 
therefore y, is a cycle in L. 

Suppose now that d is in the component L; say. We recall that A,, is the 
first cycle in the sequence Am, --- , 49, which is ~ 0 mod M — F + L where 
F is defined in 6.10. We now assert that if F’ is an invariant open subset of F 
such that LF’ # 0, y, (r = 71) is not ~ 0 mod L(M — F’)in L. For suppose 
on the contrary that y, = $41 — n, where ¢ C Land » CL(M — F’). The 
relation A, ~ 0 mod M — F + L holds also mod M — F’ + L and hence there 
exists a relation of the form 


opr +41 = PrXr + Yr + B, + K, 


where 8, C L, K, C M — F’, and where 6 and K have no common complex. 
Evidently K, must be of the form p,J where J C M — F’. Since 
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(o.(¢H — x — J)) N L = 0 and B + y C L, we must have ¢p,H = 
PrXr + Prd. Let 


Zeit = tH. Prld p41 ri C44 . 


Then $2.41 = —p-J —» CM —F’. Thuseach Z,,:(U) isa cyclemod M — F’. 
We may by the usual argument assume that any given Z,,;(1) is essential. 
Since r < m — 1 (6.10) there exists an open invariant F’’ C F’ (F” # 0) such 
that Z,31(U) ~ 0 mod M — F”. From 6.4 there exists an open invariant 
F'’ CF” (F’”’ # 0) such that priZ41 ~ 0 mod M — F’’ +L. But 
PrtZr4t = Proixr+i = Aras . Thus Avs =~ 0 mod M -—F 2 + L which is im- 
possible. This establishes our assertion that y, is not ~0 mod L(M — F’) 
in L. It follows a fortiori that y, is not ~0 in L. Now let y’ = 1, fi ¥. 
Since L has only a finite number of components, it is quite easy to see that ’ 
is a cycle in L;. Suppose that F’ were chosen so small that F’(L — L;) = 0. 
If y’ ~ 0 in L,, then also 


(1) y’ ~ 0 mod L(M — F’) in L. 


Sincey — y’ CL —1, CL(M — F’), so that yy — y’ = 0 ~0 mod L(M — F’) 
in L, we have, on adding this last relation to (1), y ~ 0 mod L(M — F’) in L. 
Since this is impossible, we conclude that y, is not ~ 0 in Z,. Hence 
B,,(1) 2 1. 


8.2. Let M» be a connected locally euclidean space of m dimensions and T 
a periodic homeomorphism of M,, with itself. If the fixed-point set for 7 as 
well as every power of 7' is locally euclidean, we shall call 7 regular. If for 
example T' is locally analytic then it is regular. 

THEOREM 6. Let T be a regular periodic homeomorphism of a connected com- 
pact locally euclidean space M,, with itself. If M~ is orientable and if the period 
of T is odd, then every component of the set L of fixed points is orientable. 

Proor. Suppose first that‘the period q is an odd prime. From the theory 
of locally euclidean spaces,“ Bn(Mm; q) = 1 or 0 according as M,, is orientable 
or not. Assume now that M,, is orientable. Then Bn(Mm; q) = 1 and it 
follows from theorem 5 that B,, (L:; q) 2 1 where L; is a component of L of 
type P,,Q. Since L; is locally euclidean, dimg L; = dim L; and hence dim L = 
r;. It follows that B,,(Z;) = 1 and L; is orientable. 

Suppose now that g = ps where p is an odd prime and s is odd. We shall 
prove the theorem by induction on m. For m = 1, the theorem is true since M 
is then a simple closed curve and L consists of two points. Suppose the theorem 
is true for dimensions m — 1. The transformation 7” is of prime period p 
and therefore its fixed-point set u consists of a finite number of orientable 
locally euclidean spaces, and by theorem 2 each component is of dimen- 
sion S m — 1. As shown in the proof of theorem 3, each component of » 





14 See W. W. Flexner, On topological manifolds, Ann. of Math. 32 (1931), pp. 393-406; 
The Poincaré duality theorems for topological manifolds, Ann. of Math. 32 (1931), pp. 539-548. 
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which contains points of LZ is transformed by T into itself. Let 7; be the 
transformation induced by T' in yu; (ui ¥ 0) and let L; be the set of points 
in wi left invariant by T;. Then L = })L;. Since 77 is the identity, 7; is 
either periodic or is the identity. If 7; is the identity, 4; = L; so that L;, is 
orientable. If 7; is periodic it follows from the hypothesis of the induction 
that the components of each L; are orientable; hence those of L are orientable. 


CoRRECTIONS AND COMMENTS 


In connection with Transformations of finite period, these Annals 39 (1938), 
pp. 127-164). 

Page 148, line 1, replace B by L. 

Page 143: in connection with the proof of 3.15, the remarks in 6.0 of the 
present paper will be helpful. 

Page 149: section 3.35 should be replaced by the statement and proof of 
lemma 1 in the present paper. This will necessitate minor changes in the 
proofs of 3.36 and 3.49. But 3.36 and 3.49 are essentially special cases of 
theorem 3 and section 6.10 respectively in the present paper. 

Page 153, line 14, omit (@ C ZL); line 18, replace n — 2 by n — 1; line 22, 
after the period insert the sentence “For h = n — 1 we must use an obvious 
modification of 3.39 for relative cycles.” 

Page 155, line 21, replace m2 by 7 . 

Page 155, line 22, insert X,4; after p,41 . 

Page 156, lines 18, 19, 21, replace pa by pa. 

Page 158, next to last line, change 3.23 to 3.22. 

Page 162, line 19, replace T' by 7”. 


BARNARD COLLEGE, 
CoLumBIA UNIVERSITY. 

















ANNALS OF MATHEMATICS 
Vol. 40, No. 3, July, 1939 


RINGS WITH MINIMAL CONDITION FOR LEFT IDEALS 


By CuHar.tes Hopkins 


(Received December 9, 1938) 


INTRODUCTION 


One finds in the literature a thorough-going discussion of rings without radical 
and with minimal condition for left ideals (semi-simple rings). For the structure 
of a ring whose quotient-ring with respect to the radical is semi-simple one can 
refer to the investigations of Kéthe (see K below). In this paper we shall 
examine the structure of a ring A with radical R > 0 and with minimal condition 
for left ideals (“‘general’’ MLI ring). 

The key-stone of our investigations is the fact that the radical of A is nilpotent, 
and this result we shall establish in §1. In §2 we shall prove that the sum of all 
minimal non-zero left ideals is a completely-reducible left ideal 2, and in §3 we 
shall examine the distribution of idempotent and nilpotent left ideals in M. 

In §§4-6 we shall discuss the two ‘“‘extreme cases”: (1) when A is nilpotent, 
and (2) when A is idempotent. For a non-nilpotent A we shall prove that the 
existence of either a right-hand or a left-hand identity is sufficient for the 
existence of a composition series of left ideals of A. If A is any MLI ring, one 
can find a smallest exponent k such that AY = A**? = .... In §7 we show 
that A is the sum of A* (which is idempotent) and a nilpotent MLI ring. 

We wish to emphasize the fact that A is to be regarded throughout as a ring 
without operators. In §8, however, we shall see that some of our most interesting 
results are valid for operator domains of a certain type. 

We conclude the Introduction with an explanation of our notation and 
terminology. Rings and subrings will usually be denoted by roman capitals; 
we shall use gothic letters when it is desirable to emphasize the fact that a 
subring is an ideal. By the statement “a is & left (right) ideal of A” we shall 
mean that a is an additive abelian group which admits the elements of A as 
left-hand (right-hand) operators. Observe that our ‘definition does not’ imply 
that ais a subring of A. The term “left ideal,” with no qualifying phrase, will 
always mean “‘left ideal of the basic ring.” A ring with minimal condition for 
left (right) ideals which are contained in itself will be called an MLI (MRI) ring. 
Finally we point out that if a and b are subrings of A, then [a, b] denotes the 
cross-cut of a and b, while (a, b) represents the compound (join) of a and b—i.e. 





1 One might object to this extension on the ground that an adequate terminology is 
already available. But we prefer the compact description “a is a two-sided ideal of A” 
to its cumbersome equivalent: ‘ais a ring (not necessarily contained in A) which admits the 
elements of A as left-hand and right-hand operators.” 
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the cross-cut of all subrings of A containing both a and b. For homomorphism 
and isomorphism we shall use the symbols ~ and = respectively. 

Whenever possible, references will be made to standard treatises rather than 
to original sources. In the list below the symbol in parentheses is-the abbrevia- 
tion we shall use in the footnotes. 

L. E. Dicxson, Algebras and their Arithmetics (D1) 

L. E. Dicxson, Algebren und thre Zahlentheorie (D2) 

M. DevrineG, Algebren, Ergebnisse IV, I (D) 

G. Korn, Die Struktur der Ringe, deren Restklassenring nach dem Radikal 

vollstindig reduztbel ist, Math. Z. Vol. 32 (1930), pp. 161-186 (K) 

W. Kruuy, Uber verallgemeinerte Abelsche Gruppen, Math. Z. Vol. 23 (1925), 

pp. 161-186 (Kr.) 

B. L. VAN DER WAERDEN, Moderne Algebra, Vol. II (v.d.W. II). 


1. Let A be any MLI ring and let R denote its radical. Throughout this 
section we shall assume R > 0, although our results are trivially true for R = 0. 
Now the term radical of a non-commutative ring has been variously defined.” 
From the results of this section it will be clear that for an MLI ring the three 
definitions referred to in the footnote are all equivalent. These definitions 
agree on the following properties of R: (a) R is a two-sided ideal of A; (b) R 
contains every nilpotent left ideal of A; (c) every element of R is nilpotent; and since 
it is exactly these properties which we shall need, we may choose any one of 
these three definitions for R. For the sake of explicitness, however, let us 
adopt the definition in v.d.W. II. 

Our principal objective in this section is to show that R is nilpotent. For the 
proof we shall require the lemmas 1.1, 1.2, 1.3 below. 

1.1: If lis any minimal non-zero left ideal of a ring T, and if nis any left nilideal 
of T, then nl = 0. 

Proor: Since | is minimal and since nl is a left ideal of 7, we have only to 
prove that nl + I; for we must have either nf = I or nf = 0. Suppose that 
nl = [; then for some non-zero element u of { we must have nu = I, since nw is 
itself a left ideal of 7’ contained in the minimal left ideal 1. But if nu = I, then n 
must contain an element b such that bu = u. Since n is a nilideal—i.e. an 
ideal containing only nilpotent elements—we should then have u = bu = 
Use = 0, contrary to the assumption u ~ 0. Hence nl = 0, since we have 
eliminated the alternative nf = 1. 

1.2: If A is an MLI ring with radical R > 0, then the right annthilator N, 
of R in R is a non-zero two-sided ideal of A. 

Proor: By the term right annthilator of R in R we mean the set MN, of all 
elements x in R for which Rx = 0. Since R is a left ideal of the MLI ring A, 





* One finds in the literature the following definitions for the radical of a ring T: ‘“‘the 
set of all properly nilpotent elements of 7',”’ D2, p. 97; ‘“‘the maximal two-sided nilideal R 
of 7, provided that R contains all one-sided nilideals of 7,” D, p. 11—also K, p. 168; “‘the 
set of all elements z such that 2 generates a nilpotent two-sided ideal,”’ V.d.W. II, p. 155. 
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it must contain at least one minimal non-zero left ideal {, and from Lemma 1.1 
we know that Rf = 0. Hence N; > 0, since it contains at least the elements of |. 

From the associative law of multiplication in A we have R(N 1A) = 
(RN,)A = 0. Hence MN; is a right ideal of A. Since the radical R is a right 
ideal of A we have R(AN;) = (RA)Mi & RN: = 0. Hence N, is also a left 
ideal of A. 

1.3: If $1, 82, --+ Sn are any n subrings of a ring T, and if the symbol s:t be 
defined as the set of all elements x in T for which tx is contained in s, then 
( ee (Si :Se) :Sg ee )28n = $128.83 --- Sp 

Proor: Let xz be any element of 8::s,8;. Then s.S:7 isins,. Since s.s;r = 
So(Ssx), we see that Sx is in S::S2. So we have s;:se83; © (81:82) :s3 . 

Let y be any element of (S::s2):s3. Then ssy is in 8::S_, which implies that 
SS,y is in s:. From this follows (S::S2):s3; € 8:S28;. Hence (s,:s:):s; = 
$1:S2S; , and one can easily complete the proof by induction. 

We are now in a position to establish our main theorem: 

1.4: The radical of an MLI ring is nilpotent. 

Proor: Let A be an MLI ring with radical R D> 0. From 1.2 we know 
that the right annihilator N; of R in # is a non-zero two-sided ideal. If N; = R, 
then R’ = RN, = 0, and our theorem is valid. So we assume Ni C R and 
construct the quotient-rings A’ = A/N; and R’ = R/N;,. Now A’ isan MLI 
ring’ with radical R’ D 0’. From 1.2 we know that R’ contains a right anni- 
hilator N; > 0’ which is a two-sided ideal of A’. Let Ne denote the homo- 
morphic’ image of Nz in A under the homomorphism A ~ A’. Since N; > 0’ 
we have N, > Nj. 

Suppose that N; and N; have already been defined for i < j. Then we 
define N; to the right annihilator of R/N;-1 in R/N;-1 and N; to be the homo- 
morphic image of N; in A. 

Consider the ascending chain 

(1) Ni © N2 © ---. By definition, N; = 0:(R/Nis) and N; = Niu:R. 
From 1.3 we have Nii:R = (--- ((0:R):R)---)R = 0:R*. Hence N; = 
0:R’. 

Consider the ern chain 

(2) RD R’>.... Each term in (2) is a left ideal of A, and since A is an 
MLI ring’ we must have the equality sign in (2) after a finite number of terms. 
Let k be the smallest exponent for which R* = R*" = . 

Now Ni C R requires Nix, D 0 and Nix: D Ne. But N, = 0:R* and 





* Every quotient-ring of an MLI ring is an MLI ring, see Kr., p. 170. 

‘In general there are an infinite number of distinct homomorphisms of A with A/a, 
where a is a two-sided ideal. We tacitly assume, however, that A ~ A’ refers only to the 
homomorphism defined by the correspondence x > x + a, x arbitrary in A. — It is obvious 
that this correspondence defines not only a ring-homomorphism but also an operator- 
homomorphism with respect to the elements of A as both left-hand and right-hand 
operators. 

5 It is well known that the minimal condition for left (right) ideals is equivalent to the 
descending chain condition for left (right) ideals. 





es of oF ee 


l 








. 11 
of I. 


ight 
left 


t be 
then 


LOW 


and 
[LI 


no- 
) 0’ 


no- 


ns. 


nd 


/a, 
the 
us 
or- 
nd 





RINGS WITH MINIMAL CONDITION FOR LEFT IDEALS 715 


Nia = 0:R'"'; and since R* = R*"' we must have Ni = Nay. It follows, 
then, that NV; is equal to R. 

From N; = R we have R*** = R‘N;, = 0; that is, R is nilpotent and of ex- 

nent p = k +1. This completes the proof of 1.4. 

We shall define the left annithilator M, of R in R to be the set of all elements z 
in R for which zR = 0. From the fact that R is nilpotent and of exponent 
p= k + 1 it is not difficult to establish the following result. 

1.5: Let A be an MLI ring with radical R > 0. If M; be defined as the left 
annihilator of R‘ in R, then M; © Mis fort S p — 2; Mi = R, where p is 
the exponent of R; and each M; is a two-sided ideal of A. 

Proor: That M; is not zero for i = 1 follows from the fact that M; contains 
R’*, which is not zero. But M,_; does not contain R’~‘; if it did, we should 
have R’*.R** © M;,_,-R*” = 0, whereas R°*.R** = R°' #0. This proves 
that M;_, is contained properly in M;. Obviously M,-: > R, since R-R’* = 0. 
By definition, each M; is contained in R. Hence M,., = R. 

Evidently M; is a left ideal. From the relations (M;A)R' = MAR‘) © 
MR‘ = 0, it is equally evident that M; is a right ideal of A. 

As a final remark in connection with 1.5 we point out that M;;/M; is the 
left annihilator of R/M; in R/M;—i.e. Mik | M;. 

We conclude this section by stating two corollaries of 1.4 which we shall 
need in what follows. 

1.6: An MLI ring is semi-primary.° 

1.7: In an MLI ring any subring containing only nilpotent elements is itself 
nilpotent. 


2. Evidently an MLI ring A contains at least one minimal non-zero left 
ideal. The main result of this section is the following theorem: 

2.1: If A is an MLI ring, then the sum’ M of all minimal non-zero left ideals 
of A 1s (i) a two-sided ideal of A and (ii) the direct sum of a finite number of minimal 
non-zero left ideals. 

We shall need the following lemmas, the proofs of which are given in v.d.W. 
II, p. 157. 

(a) If 2 is a left ideal of a ring T, c any element of T, then the correspondence 
t— xc, for variable x in &, defines a homomorphism of the modulus % with the 
modulus %c, and this homomorphism is an operator-homomorphism with respect 
to the elements of T as left-hand operators. 

(8) If is a minimal left ideal of T, and if { ~ \’ is an operator-homomorphism 
(with respect to left-hand multiplication by elements of T’), then either ' = Oorl=V’. 





‘ A ring T is called semi-primary if the quotient-ring with respect to the radical of T is 
semi-simple (D, p. 13). Proofs of 1.6 and 1.7 are given in the article entitled ‘‘Nilrings with 
Minimal Condition for Admissible Left Ideals,” Duke Mathematical Journal, vol. 4 (1938), 
p. 667, 

" By the term “sum”? of the left ideals a, b, --- we mean the set of all sums a + b + --- 
+n, a ¢ aete. for which only a finite number of components are different from zero. 
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(y) If lis a minimal non-zero left ideal of T, then either | is nilpotent and of 
exponent 2, or { contains an idempotent e and { = Te. 

From (a) and (8) it follows that the set of all minimal left ideals of A is closed 
under right-hand multiplication by elements of A. Consequently, in order to 
prove our theorem it will be sufficient to establish the validity of item (ii). 
Our theorem is evidently valid when A contains only one minimal non-zero 
left ideal. So we assume that A contains more than one of these ideals. In 
order to simplify our phraseology we shall agree that the symbol [—with or 
without a subscript—will always denote a minimal non-zero left ideal of A. 

Let f, be any fixed { and let I, be a fixed [ different from l,. We define &, 
and & to be [, and ({, , f2) respectively, where (l, , [2) is the ideal-sum of |; and [, . 
Suppose that &; has already been defined for 7 < 7. Then we define &; to be 
the sum (%;-1, 1;), where I; is any fixed [ not contained in %;,. Obviously 
each &; is a left ideal of A. 

(6) Each 2; is the direct sum’ +h +--- +1. 

This statement is obviously true fori = 1. Let us assume that it is valid 
for all 2; with i < j. By definition, 2; = (&;1, [;), where I; is not contained 
in%;1. But [&;-1, {;] = 0, since this cross-cut is a minimal left ideal contained 
properly in [;. So & = &%.1 + 1;, and from the induction-hypothesis we 
obtain L; = hi + i +4 cee oe I;. 

Consider the ascending chain 

Ci::% C %& C.---. Let SG, denote the element-sum (Vereinigungsmenge) 
of the terms in C,. Now by definition ©; is the-set of all elements which occur 
in at least one % (with finite subscript). If z and y are any two elements of ©, 
then there is in C; an % which contains both x and y. Since this % must contain 
x — y, as well as zz and zy, z arbitrary in A, it follows that ©; is a left ideal of A. 

From the chain C, we construct a second chain C2: & C & C --- , where 
Q; is obtained from &; by deleting the component f,—i.e. @; = +l +--- +h. 
Assuming that the chain C; has already been constructed, we define Ci+: to be 
the ascending chain derived from C; by deleting from each term in C; the 
component |. As in the case of C; above, we can show that the element-sum 
for each chain C; is a left ideal SG; of A. If SG; D0, then S; D Giz: ; for S 
contains 1; while ©;,; does not (see (6) above). 

Since A is an MLI ring, the descending chain of left ideals ©: D G: > --: 
must end with the ideal (0) after a finite number of terms. But this requires 
that the chain C, terminate in an % with finite subscript—in %, , say. That 
is, Gi =f =H=h+--- +h. 

From the definition of the %’s in C, we see that &,, contains every non-zero 
minimal left ideal of A. Now any subring of A having this property must 
contain &%, , since %,, is the direct sum of minimal non-zero left ideals. Hence 
&, = M, and our proof is completed. 





§ Throughout this paper the plus sign will be used only when the sum is direct. 
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A subring of a ring 7’ is called a completely-reducible left (right) ideal if it is 
the direct sum of a finite number of minimal left (right) ideals of 7. Thus the 
ring I above is the greatest completely-reducible left ideal of A, and we shall 
usually refer to Mt by this characterization. 

In the course of proving Theorem 1.2 we constructed a particular direct 
decomposition for 9%. From the theory of abelian groups with operators we 
obtain an answer to the “uniqueness-question” regarding the components 
hte, --- In. 

2.2: In any two direct decompositions (1) Mt = h + --- + I, and (2) M = 
i +--+ 1h-, where the components are minimal non-zero left ideals, the number 
of components is the same and the subscripts in (2) can be so chosen that |; and 
{} are operator-isomorphic with respect to the elements of A as left-hand operators.’ 

Let us now inquire into the structure of Jt. From (y) above we know that 
a minimal non-zero left ideal is either idempotent or nilpotent. For those 
which are nilpotent we have the following result. 

2.3: The sum MN of all minimal non-zero nilpotent left ideals of A is a nilpotent 
two-sided ideal of exponent 2. 

Proor: Obviously Jt is contained in J and is a left ideal of A. Now any 
left ideal contained in a completely-reducible left ideal is itself completely- 
reducible.” So we have R = m + --- + 1%, where each n; is a minimal 
non-zero nilpotent ideal. Now 2° = > nm; = 0 (see 1.1). Hence % is 
nilpotent and of exponent 2. Moreover, ({t:A)’ & nj = 0. Since NA is the 
sum of minimal left ideals (see (a) and (8) above), it follows that Jt is a right, 
as well as a left, ideal of A. 

From 1.1 we have RM = >> Rn; = 0; hence RC Ni. In fact N = (Ni, M, 
where N; is the right annihilator of R in R. We state this result in the form 
of a theorem. 

2.4: The sum of all minimal non-zero nilpotent left ideals of A is the cross-cut 
of the right annthilator of R in R with the greatest completely-reducible left ideal of A. 

It is easy to see that 3} = 0 implies R = 0, and conversely. We wish to 
show that Jt = 0 also implies Pt = A. Suppose that 2 = 0 and Mc A. 
Then the set of all left ideals not in I contains at least one minimal left ideal b. 
Now 6 must contain at least one minimal non-zero left ideal | of A. Since 
% = 0 we have ? = { = Ae, where e’ = e. Since 6 is not contained in M, 
there is at least one element b in 6 which does not occur in Mt. For this element 
we evidently have b — be # 0. Let us denote b — be and (b — be, A(b — be)) 
by b and 6 respectively. Now the left ideal b is contained properly in 6, since 
6 D{ while [6, ] = 0. Furthermore, 6 is not contained in M, since the element 

bis not in M. From the definition of 6, however, we know that 6 cannot be 
contained properly in 6. Hence the assumption A > Xt must be abandoned. 





* This result is a direct consequence of a theorem of Krull (Kr, p. 171). 
 Kr., p. 171. 
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So we have A = M, and from 2.1 we see that A is the direct sum of a finite 
number of minimal left ideals. So if Jt = 0 we have the well-known theorem: 
a semi-simple ring 1s the direct sum of a finite number of minimal left ideals. 


3. Throughout this section we shall assume that A is an MLI ring with 
radicalR D0. If R D0, then¥t>0. Evidently we have the two possibilities 
N = Mand R Cc M-. In this section, however, we shall deal only with the 
case Jt C MP. 

By the expression direct complement of N in Dt we mean any left ideal & of A 
in M, such that M = 2+ NR. Since Mt is a compietely-reducible left ideal, it 
contains at least one direct complement” & of J. 

Obviously 2 can contain no non-zero nilpotent left ideals of A; hence & is 
the direct sum of minimal idempotent left idealkm— = i, + + --- + [,— 
and we can assume that the generating idempotents ¢,,---e,, of h,--- |, 
respectively, are orthogonal idempotents” —i.e. eye; = ¢je; = 0,71 ¥ jj e2 =e. 
Since we shall refer to these results later, we collect them in the form of a 
theorem. 

3.1: One can always find at least one direct complement of N in M; any direct 
complement of N in M is the direct sum of minimal idempotent left ideals of A 
whose generating idempotents are orthogonal. 

The following theorem exhibits several interesting properties of a direct com- 
plement of Jt in M2. 

3.2: Let % be any fixed direct complement of Nin M. Then & has the following 
properties: (a) 2 is a semi-simple ring; (b) a left ideal of 2 is a left ideal of A; 
(c) if e is the principal unit of %, then 2 = eAe,r~Ch,A=L+eadt+r, 
where {, and t, are respectively the left and right annihilators of e in A; (d) 2 is a 
right ideal of A modulo N,; ; (e) RL = 0 and LM = eN. 

Proor: From 3.1 we know that % is the direct sum of minimal idempotent 
left ideals of A. Suppose that 2 = 4 +h +--- +1 = Aa +--- + Ae, 
where the idempotents e; are orthogonal. Let e denote the sum e; + --- + 4, 
and consider the decomposition 

(1) A = eAe + el, + re +, wherec = [[., r-]. 

Since £ = Ae = eAe +, te, if we can show that re = 0 we shall have es- 
tablished 3.2 (c) above. 

So we assume 1r.¢ > 0, and for convenience we shall drop the subscript ¢ 
from both [, and r,. Now te is a two-sided ideal of &. For &-te = Aere = 0, 
while re- = teAe = re(eAe + te) = ve. Obviously (re)” = tere = 0. 

We now construct r* = (re, teA), which is clearly a right ideal of A. But 
teA = re(eAe + el + te +c) = (te, rel) = r*. 

Now tel ¢ |, since I is a left ideal. But rel is also contained in Mt, since 
te LCM. Hence rel S[M, . But (Mi, ] = [M, Yj; for (Mt, J = (1+ N), |, 





Kr, p. 171. 
2v.d.W.II, p. 159. 
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and this cross-cut must be annihilated on the right by e. Since [9, {] is a nil- 
potent left ideal of A, and since tel & [%, []], it follows that rel is itself nilpotent. 
since N° = 0, we must have (rel)? = 0. 

By an easy computation we can show that (r*)* = 0. Thus r* is a nilpotent 
right ideal of A. Moreover, we know that the left ideal (r*, Ar*) is nilpotent; 
hence the cross-cut d of & with this ideal is a nilpotent left ideal of A. Now 
) D0; ford 2 te, and re D0. But d ¢ & contradicts the fact that % contains 
no non-zero nilpotent left ideal of A. Hence the assumption te > 0 must be 
abandoned. 

From re = 0 we obtain immediately the equations = eAe,c = r. For the 
components in the decomposition, A = eAe + el + t we have the following 
multiplication table. 











eAe el rt 

eAe eAe el 0 
el 0 0 Cel 
rt 0 0 Gr 

















From this table it is evident that a left ideal of % is also a left ideal of A 
(3.2 (b)); hence isan MLI ring. And since & is a ring without radical—for a 
radical of & would be a nilpotent left ideal of A—we see that % is semi-simple 
(3.2 (a)). rom the table we also see that % is a right ideal modulo el—and 
also modulo N,, since el & MN, (3.2 (d)). Finally, from the fact that M is 
contained in el + r we obtain NL = 0 and LM = eV (3.2 (e)). 

One can easily show by an example that Jt does not always have a unique 
direct complement in 9. The following theorem affords a means of con- 
structing all direct complements of Jt from a fixed complement £. 

3.3: (a) If 2 is any fixed direct complement of N in M, then VC = Le + d) 
is a direct complement of N in M, where e is the principal unit of L and d is any 
element of MIN; if di # de, then We + di) # We + dz). 

(b) If 2 and & are any two direct complements of N, with principal units e 
and e’ respectively, then e' = e + d, where d e MN; WV’ = Le’; Land &’ are operator- 
isomorphic under the correspondence defined by xe — xe’, x variable in A. 

(c) The number of distinct complements of N in M is equal to the number of 
elements in MN. 

Obviously (c) is a direct consequence of (a) and (b). We shall give merely 
an outline of the proofs for (a) and (b), since the details are easily supplied. 

Since M = L+ Nand RN’? = 0, we have MM = LM = eLeM = eM. Let d 
be any element of e9t and denote e + d by e’ and fe’ by &’. It is easy to show 
that [&’, 2] = 0 and that every element of Mt can be represented as the sum 
of an element of 2’ and an element of MN. Hence &’ is a direct complement 
of Nin Me. 

To prove the second part of 3.3 (a) we first observe that e’ = e + d is idem- 
potent; this follows from the equations e° = e, ed = d,d = 0, de = 0 (see 
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3.2 (e)). Hence e’ is a right-hand identity for Ye’. Suppose, now, that d; and 
d, are two distinct elements of eJt. To show that (e + di) ¥ Me + d,) it is 
sufficient to show that e + d, is not contained in &(e + dz). If it were, e + d, 
would have to be a right-hand identity for e, + di. But by computation we 
find that (e: + d:)(e: + d2) = e: + dz. Hence different choices for d lead to 
different complements of Jt in M. 

Proor or 3.3 (b): Let 2 and & be any two direct complements of % in 
and let e denote the principal unit of x. Let f and g denote the components 
of ¢ in & and 9 respectively. From e’ = e and gf = 0 we can derive f* = f 
and fg = g. By squaring f = e — g we find that eg = g. That is, f is of the 
form f =e+d,deeR. From 3.3 (a) it follows that & is a direct complement 
of Min M2. 

From the fact that e is the principal unit of &, together with the equation 
ML = 0, one can easily show that f is the principal unit of &f Now from 
fe we obtain &f | &. But & and & are isomorphic, since they are both 
direct complements of Jt in Mt. Hence X = Lf = Le — g), where f(= ec’) 
is the principal unit of &’. 

Now the correspondence y — ye’, for y variable i in %, defines an operator- 
homomorphism of % with %’ (see 2 (a)). Since ye’ = y + ¥, J € N, we see that 
ye’ = 0 requires y = 0. Hence the homomorphism above is an isomorphism. 
Since % and & are left ideals, this isomorphism is evidently the same as the 
isomorphism defined by ze — xe’, x variable in A. This completes the proof 
of 3 (b). 

Up to this point we have been concerned mainly with the component < in 
the decomposition A = % + el, + r, (see 3.2 (c)). Let us now examine the 
component I[,(= el. + t.). From the multiplication table above we see that |, 
is a two-sided ideal of A. By definition, [, is the left annihilator of e; since 
Y = e%, it is easy to show that [, is also the left annihilator of &. 

From 3.3 (b) we know that any two direct complements & and < of Jt are 
operator-isomorphic under the correspondence ze — xe’. Hence |, = |, , and 
since [,([,-) is the left annihilator of &(%’), it follows that any two direct comple- 
ments of J have the same left annihilator."* We have, then, the following 
theorem. 

3.4: Any two direct complements of Nt in M have the same left annihilator |, 
and | is a two-sided ideal of A. 

This ends our investigation of the structure of A by means of its greatest 
completely-reducible left ideal Jt. We conclude this section by pointing out a 
direction which further investigations might take. One may construct the 
quotient-ring A’ = A/(IM, Ni), determine the greatest completely-reducible 
left ideal IN; of A contained in A’; discuss the homomorphic image Mt: of Ms 
in A. One readily sees that A/ (m, N)) is isomorphic with 1,/N: ; hence Ds is 





18 One can also prove that el, = ele. Itis interesting to note, however, that t. need 
not equal r.. 


‘* See definition of the term “‘ideal of A’’ given at the end of the Introduction. 
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contained entirely in {,. In constructing Ms: and MM. , however, we cannot 
disregard %; for unless % is a two-sided ideal of A we cannot be sure that [, is an 
MLI ring. If Mz is the sum of all nilpotent left ideals of A in NM}, & a direct 
complement of Nz in Mee (in case Nz C Mz), L the homomorphic image of &; 
in A, then we can show that % contains a right-hand identity e: , which is a 
left-hand identity of & modulo N,. For A we should then have the direct 
decomposition A = %& + %& +L, = Ae + Aez+L.,, l., being the left anni- 
hilator of e2inI,. Since R = N,_, (see 1.4), a continuation of this construction 
will lead to the known result” that a semi-primary ring is the direct sum of 
idempotent left ideals, each containing a right-hand identity, plus a left ideal 
from the radical. From the construction outlined above, however, we obtain 
more than an “existence theorem”: e.g. % is a semi-simple ring and a right 
ideal modulo N, (see 3.2); % is a semi-simple ring modulo N, and a right ideal 
of A modulo N-» ete. 


4, In the preceding sections we have been concerned with properties of MLI 
rings of the greatest generality. From this point on we shall deal mainly with 
two special types of MLI rings; the nilpotent and the idempotent MLI rings. 
First, however, we shall establish several preparatory theorems. 

In §1 we pointed out that the radical R of an MLI ring A is nilpotent and 
that the quotient-ring A’ = A/R is semi-simple. So if A = R then A is 
necessarily nilpotent; while if A > R, then A’ contains an idempotent e’, and 
by a construction due to Kéthe™ we can find in A an idempotent e which 
corresponds to e’ in the homomorphism A ~ A’. But an MLI ring which 
contains an idempotent must contain” a principal” idempotent. The results 
in this paragraph may be conveniently expressed as the following theorem. 

4.1: An MLI ring is either nilpotent or it contains a principal idempotent. 

We shall need the following result, which is proved” in Deuring’s Algebren. 

(a) If e is any idempotent of the MLI ring A, then in the decomposition A = 
eAe + e& + Re + [L, RI, both eAe and [L, R] are MLI rings. 

By a slight modification of one of Dickson’s” proofs we obtain the following 
theorem. 

4.2: If e is a principal idempotent of the MLI ring A, then in the decomposi- 
tions A = Ae + Rand A = eA + R, both L and RK are contained in the radical 
R of A. 

Suppose, now, that the MLI ring A contains two distinct principal idem- 
potents e¢; and eg. From Theorem 4.2 it is easy to see that the homomorphic 





%D, p. 16. 

*D, p. 16. 

1D, p. 14. 

* Ifa ring T contains an idempotent e but no second idempotent u such that eu = ue = 0, 
then ¢ is called a principal idempotent. D 1, p. 49. 

1D, p. 14. 

*D 2, p. 100. 
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images e; and e; in A’ of e and é2 respectively are principal units of the semi- 
simple ring A’. Since a ring can contain only one principal unit, we must 
have e; = e2, and from this it follows directly that e: = e2 + r, where r is an 
element in the radical R of A. 

Consider now the two decompositions 


(1) A = @Aeq + ati + Mier + Gi, ©; = (4, Mi] and 
(2) A = e2Aez + eats + Meee + Ge, Co = [Lo , Re]. 


From the equation e,G:e, = 0, together with the fact that r and G, are in R 
we find that e2Giee = rGir & R*. Now if the radical R is of exponent p < 3, 
then é:Gje¢. = 0; and from this we obtain ©; € @:. Ina similar manner we 
can show that p S 3 implies G; > ©:. So we obtain the following theorem. 

4.3: If e, and e: are any two principal idempotents of an MLI ring A, then in 
the decompositions (1) and (2) above we must have [% , Ri] = [L2, Ro] whenever 
the exponent of the radical of A does not exceed 3. 

Our proof obviously depends upon the assumption R* = 0. Whether the 
theorem holds for p > 3 is still an open question. 

We conclude this section by proving a very useful lemma. 

4.4: If A is an MLI ring (MRI ring), and if A = (a,b), where a is a subring 
of A and b is a subring of the radical R of A, then a is an MLI ring (MRI ring). 

We shall give the proof only for the case where A is an MLI ring. Suppose 
that a contains an infinite descending chain” of left ideals of a: 


(3) hOkO--:-, 


where [; is a left ideal of a (but not necessarily of A). Let us denote (I; , bl;) 
by I7. Now each fj is a left ideal of A, and since A is an MLI ring there exists 
a finite subscript k such that { = fu. = ---. To simplify the notation, let 
us think of (3) as beginning with the first 1; for which [f = [j41. That is, we 
assume fj = f =---. 

Since each bl; is contained in R, we have the equalities 


(4) (ff, R) = (@, R) = --- = (h, R) = (bh, R) =-:-. 


Since the submoduli of any modulus (additive abelian group) satisfy the 
Dedekind (modular) axiom, we obtain the equations 


(5) L = (b,(h, R)) = (&,[b, Rl, th, Rk) =---. 


Now from (8) it is evident that the cross-cuts [l, , R], [l, , R] etc. must form 
an infinite descending chain of left ideals of a and in R. So in proving 4.4 
we may assume that each I; in (3) is contained in the radical R of A. 

(i) Suppose that |, is in the right annihilator Ni of R. Then ff = b=: 





21 By the phrase infinite descending chain we mean a chain of infinite length in which each 
term is contained properly in the preceding. Later we shall attach a corresponding mean- 
ing to the phrase infinite ascending chain. 
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would imply 1 = bk = --- , since bl; © RN, = 0. It follows, then, that the 
first term of (3) cannot be contained in N, . 

(ii) As a basis for induction, let us assume that no infinite descending chain 
of left ideals of a can be contained in N;,1 Si<s. Since R = N,_:, where 
pis the exponent of R (see proof of 1.4), our theorem will be established if we 
can show that the first term of (1) cannot be contained in N, . 


Suppose that [; is in N, and not in N,,. From ff = i = --- and bi; ~ 
RN, & N.-1 (see proof of 1.4), we obtain , = f; mod N,.. Exactly as above 
we can show that the conditions |, > ,--- and | = lk = --- mod N,_, are 
consistent only if [, Nes], [lz, Ns], --- form an infinite descending chain. 


But each of these cross-cuts is a left ideal of aandin N,_;. From our induction- 
hypothesis, however, we know that N,_; contains no infinite descending chain 
of left ideals of a. This completes the proof of 4.4. 


5. In this section we shall deal exclusively with nilrings. One can easily 
show by examples that in the case of a non-nilpotent ring the minimal (maximal) 
condition for left ideals does not necessarily imply the minimal (maximal) 
condition for right ideals. For nilrings, however, we have the following interest- 
ing results. 

5.1: If B is a nilring, then the minimal condition for left ideals implies the 
minimal condition for right ideals, and conversely. 

5.2: If B is a nilring, then the maximal condition for left ideals implies the 
maximal condition for right ideals, and conversely. 

Proor or 5.1: If B is an MLI nilring it is necessarily nilpotent (see 1.4), 
and we must have B = R. Let p denote the exponent of B. Suppose that B 
contains the infinite descending chain 
(1) a: Da, D--- , in which each 4q; is a right ideal of B. 

(i) We consider first the possibility that a is in Ni, the right annihilator 
of B. Then each term in (1) is a left ideal of B, from the fact that Ba; © BN; = 
0. This proves that a; cannot be contained in N;, since B contains no infinite 
descending chain of left ideals. 

(ii) As a basis for induction, let us assume that for 1 < 7 < s there is no 
infinite descending chain of right ideals contained in N;. Suppose that a, is 
contained in N, but not in N,1. We denote (a;, Ns-1) by a; and observe 
that a; is a left ideal of B; this follows from the fact that Ba; & BN, & Nu. 


With no loss of generality we can assume a; =a; = --- —i.e. we can delete 
from (1) those terms, finite in number, for which a; > Qui. As in the proof 
of 4.4, we can show that the conditions a; = a; = --- and a D a >--- are 


consistent only if the cross-cuts [a:, N.-1], [az , N.—1] etc. form an infinite de- 
scending chain. But each of these cross-cuts is a right ideal of B and in N,... 
Thus we reach a conclusion which contradicts our induction-hypothesis. 

To show that every MRI nilring is also an MLI ring we need only to inter- 
change the words “left” and “right” in the argument above. 
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Proor or 5.2: Let B denote a nilring with maximal condition for left ideals. 
Suppose that B contains an infinite ascending chain of right ideals 


(2) ac we -> 


We denote (a;, Ba;) by ar and observe that a; is a left ideal of B. Since we 
must ultimately have a = Oni = ie we may assume that the chain (2) 
begins with the first term for which a? = az. = --- —that is, we assume 
a =A =-:--. 

Since Ba; = 0 mod B’, we see that a; = a; = --- implies (a, B’) = 
(a,, B’) = .--. From the equalities a; = (a:1, [a;, B’]) it is easy to see that 
the existence of (2) requires that the cross-cuts [a: , B’], [az , B’] etc. constitute 
an infinite ascending chain, each term of which is a right ideal of B and in B’. 
Let p denote the exponent” of B. Obviously B’ can contain no infinite ascending 
chain of right ideals, and it is equally obvious that one can complete the proof 
of 5.2 by induction from B* to B**. As in the case of 5.1, one can establish 
the “conversely” merely by interchanging the words “right”’ and “left.” 

If S is any subring of the MLI nilring B, then B = (S, B). If we apply 4.4 
to this special case and make use of 5.1, we obtain the following theorem. 

5.3: Any subring of an MLI (MRI) nilring ts itself both an MLI and an 
MRI ring. 

The following result is of interest in that it has no counterpart in the case 
of a non-nilpotent MLI ring. 

5.4: If B is an MLI (MRI) nilring, then the minimal condition holds for sub- 
rings of B—i.e. B cannot contain an infinite descending chain of subrings. 

For if B contains an infinite descending chain S; D S; > --- , where each S; 
is a subring (but not necessarily an ideal) of B, then S;(= (S;, BS,)) is a 
left ideal of B, and we ultimately have the equality S; = Sri =---. If & 
is contained in N;, but not in Ni_1, we can show that Ni: must contain the 
infinite descending [S; , Ni] > [Siu1, Nis] D---. Obviously S; cannot be 
contained in N;, and it is easy to complete the proof by induction from N; 
to N i+1- 

We shall now investigate the structure of an MLI nilring B regarded as an 
additive abelian group G. Suppose that G contained an element z of infinite 
order. Let X and Xo denote the subrings generated by x and 2"z respectively. 
Then B would contain the infinite descending chain of subrings X D X: > 
X,>.---. But this is impossible, in view of Theorem 5.4. Hence G contains 
only elements of finite order.” 

Now the sum of all minimal left ideals of B is a completely-reducible left 
ideal M of finite length (see 2.1). Since a minimal left ideal of B is necessarily 
a cyclic group of prime order, we know that IM is the direct sum of a finite 





2 For a proof that B is nilpotent see v. d. W. II, p. 155 or D, p. 12. 
28 Since the maximal condition need not hold for subrings of B, the acdess of the elements 
of G are in general unbounded. 
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number of cyclic groups: Pt = C; + C2 + --- + C,, where each C; is of prime 
order p;. If the order n(x) of z is divisible by the prime p, then [X, Nt] must 
contain at least one subgroup of order p. It follows, then, that the set of all 
distinct primes which occur as divisors of n(x), as x varies over the elements 
of G, is a finite set, containing—let us say—the primes p; , pz, --- pr, t Sr. 

Those elements of G whose orders are powers of the fixed prime™ p; constitute 
a subgroup G;. Since each element of G has a uniquely-determined component 
in G; , we see that G is the direct sum of the ¢ groups G;. From the distributive 
law it is easy to see that G.G; = G,G; = 0,7 ¥ j, and Gi ¢G;. Thus each 
G; is a two-sided ideal of B, and we obtain the following structure-theorem. 

5.5: For every MLI (MRI) nilring B we have the unique direct decomposition 
B=G,+ Ge +--+ + G,, where (a) Gi, Gz, G: are primary abelian groups 
belonging to distinct primes; (8) each G; ts a two-sided ideal of B; (y) each G; is 
both an MLI and an MRI ring.” 

Thus the theory of MLI nilrings is essentially the theory of MLI nilrings 
in which the (additive) order of every element is a power of a fixed prime. 


6. In this section we shall examine the components in the direct decomposi- 
tions of an MLI ring with respect to a principal idempotent. 

Let J denote a non-nilpotent MLI ring, and let e be a principal idempotent 
of J (see 4.1). Associated with e there are the two direct decompositions 
(1) J = Je+ Wand 
(2) J =eJ + ®, where &() is the left (right) ideal of J consisting of those 
elements of J which are annihilated on the right (left) by e. 

We know that both 2 and ® are contained in the radical R of J (see 4.2). 
So from Lemma 4.4 we obtain the following result. 

6.1: Both Je and eJ are MLI rings. 

Now it is easy to show” that the left ideal 2 in (1) above need not be an MLI 
ring. On the other hand, we have the following result concerning the right 
ideal §R. 

6.2: In the decomposition J = eJ + ® the right ideal R is both an MLI and 
an MRI ring. 

Proor: eapgee that ® contains an infinite descending chain 


(3) Dl, D--- in which each term is a left ideal of R. Then (I;, Jj), 
which we pe no (7, is a left ideal of J. Since we ultimately have | = 
(1 = ---, we can assume, without loss of generality, that |] = & = --- 


Now Jl; = (Je + QI; = My, since el; | eM = 0. Furthermore, & and |; are 
both contained in the radical R of J. Suppose that [; is in N,, but not in 
Nii; then 1; is necessarily contained in N,1, and the inequalities |, > 





* Such a group is known as a primary group belonging to the prime 7; . 
* Property (y) is evidently a consequence of 5.3. 
* Consider J = Fe + Fu, where F is the rational field, e? = e,eu = u, u2= we = 0. Then 
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, D.---, together with the equalities f= = +++, require the existence 
of an infinite descending chain [, Nsa] > [lk, Neu] D---. Such a chain 
is obviously impossible for s = 1. We shall omit the remainder of the proof 
(by induction over s), since the method has been fully illustrated in the proof 
of 4.4. 

A ring A shall be said to be an MMLI ring if both the minimal and the 
maximal condition hold for left ideals of A. From known considerations it 
follows that a ring A is an MMLI ring if, and only if, it has a composition 
series of left ideals of A. 

6.3: In the direct decomposition J = eJ + §® the ring eJ is an MMLI ring. 

Since eJ is an MLI ring (see 6.1), this theorem is equivalent to the following: 

6.4: An MLI ring is an MMLI ring tf tt contains a left-hand identity element. 

Proor: Let A be any MLI ring containing the left-hand identity e, and let 
R denote the radical of A. Our theorem is known to be true if R = 0, since 
a semi-simple ring has a composition series of left ideals. So we assume R D 0. 
In this case the quotient-ring A/R(= A’) is semi-simple (see 1.5). From a 
composition series of left ideals of A’, together with a composition series of 
left ideals of A in R, we can construct for A a composition series of left ideals. 
To prove our theorem it is therefore sufficient to show that R contains a com- 
position series of left ideals of A; and to do this we have only to prove that the 
quotient-ring N.4i:/N, is contained in the greatest completely-reducible left 
ideal Mi, of A/N, (see §§$1-2). 

Let x and u be any non-zero elements of A and of N.41/N.(= N41) respec- 
tively. We know that RN.., = 0 mod N,; hence zu = (x + R)u = z'u, 
where x’ is the homomorphic image of z in A’. So we can regard Ni4; as an 
abelian group with the elements of A’ (instead of A) as left-hand operators. 
Since A contains the left-hand identity e, the left ideal (uw, Aw) is equal to Au. 
Since A’ is the direct sum of minimal left ideals—A’ = { + +--- +h, 
say—we have Au = A’u = liu + ku +--- + Gu. Hence every element u 
of Nis: is contained in the greatest completely-reducible left ideal M4: of 
A/N,, and since Dt; is the direct sum of a finite number of minimal left 
ideals, it follows that Nis: has a composition series of left ideals of A. But 
R = N,-1, where p is the exponent of R. Hence R itself has a composition 
series of left ideals of A, and our proof is ended. 

Up to this point we have been concerned mainly with the decomposition 
J =eJ +. Let us now consider the decomposition J = Je + &% As we 
noted above, little can be said regarding the left ideal £2, in contrast to Theorem 
6.2 concerning 9%. For the component Je, however, we are able to obtain 
several interesting results. 

First, we decompose Je into the following direct sum: 


(4) Je = eJe + Re. 
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We shall not investigate the structure of eJe beyond pointing out that it is 
an MMLI ring (see 6.4). For the component Ste, however, we have the results 
6.5, 6.6, and 6.7 below. 

6.5: The maximal condition holds for right ideals of Je in Re. 

6.6: (a) The component Re is a nilpotent two-sided ideal of Je of exponent 2; 
(b) the additive group of Re is of finite order. 

Proor oF 6.5: We know that te is both an MLI and an MRI ring (see 6.2). 
Since Re is a right ideal of Je, it is obvious that the minimal condition must 
hold for right ideals of Je in Re. Hence the sum of all minimal right ideals 
of Je in Re is a completely-reducible right ideal &;, of finite length. 

Let R denote the radical of Je, and let M, denote the left annihilator of R 
in R (see 1.5). Let w be any non-zero element of [Re, M,]. For any element x 
of Je we have ux = u(x + R) = uz’, where x’ is the homomorphic image of zx 
in the quotient-ring J’ = Je/R. Now J’ is semi-simple, and it is known that 
any semi-simple ring is the direct sum of minimal right ideals. So we have 
J'= ti +--+» +t), where each r; is a minimal right ideal of J’. 

Since u = ue, we have the equations (u, uJe) = uJ’ = ur, +--+. + uri. 
But each ur; is either 0 or a minimal right ideal of Je in Re. Hence wu is con- 
tained in &,, and since u represents any non-zero element of [Re , Mj], it 
follows that [Re, M,] is contained in R:. From this we deduce the existence 
of a composition series of right ideals of Je in [Re, M,]. 

Now the chain [Re, M,] C [Re, M2] C --- terminates in Re, since M,_. = R 
(see 1.5). One can now show by induction that Re contains a composition 
series of right ideals of Je; we shall omit the proof, since the details are almost 
parallel to those in the proof of 6.3. From the existence of this composition 
series now follows the maximal condition for right ideals of Je in Re. 

Proor or 6.6: The theorem is trivial for Re = 0, so we assume Re > 0. 
The proof of item (a) is obvious. Now from 6.2 and 5.3 we know that Re 
isan MLI ring, and from 5.5 we know that for Ste we have a direct decom- 
position Re = G, + G, + .--- + G,, where G,, --- ,G; are primary abelian 
groups belonging to the distinct primes 7, --- ,p:. Let P, belonging to the 
prime p denote a fixed one of the components G;. To prove property (b) it is 
clearly sufficient to show that P is of finite order. 

We know that P is not only a right ideal of Re, but a right ideal of Je as well, 
since the order of the product zy, x ¢P, ye Je, must be a power of p. Let 
H; be the set of all elements z in P for which px = 0. It is clear that H; 
is a subgroup of P; furthermore, H ; is a right ideal of Je, since the order of zy, 
teP, ye Je, cannot exceed p’. So from 6.5 we see that in the ascending 
chain H, © H, © --- we must eventually have the equality sign; and if k is 
the smallest subscript for which H, = Hi41, then P = Hi. 

We have proved that p* is an upper bound for the orders of the elements 
of P. To complete our proof we have only to show that each H; is of finite 
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order. Since each Hix:/Hi(= Hi4:) is the sum of all minimal left ideals of 
P/H;, it follows from 2.1 that His: is the direct sum of a finite number of 
minimal left ideals. Since a minimal left ideal of P is a subgroup of order p, 
it follows that the order of Hj: is finite. This completes the proof of 6.6. 

Since eJe is an MMLI ring and since Ste contains only a finite number of 
elements, it follows that Je is an MMLI ring. Combining this result with 6.3 
we obtain the following theorem. 

6.7: An MLI ring ts an MMLI ring af it contains either a left-hand identity 
or a right-hand identity. 

We have investigated rather fully the structure of Je in the decomposition 
J = Je +. Such a detailed treatment of the component eJ in J = eJ + K 
is hardly possible for the reason that little can be said about the component 
ein eJ = eJe + e&. From results already obtained we know that e&, which 
is a nilpotent two-sided ideal of eJ and of exponent 2, has a composition series 
of left ideals of eJ. But regarding ideals of ef itself we can in general obtain 
no information. From the example in Note 26 we see that neither maximal 
nor minimal condition need hold for left (or right) ideals of e&. 

We shall conclude this section by proving a theorem relating to [%, 9] for 
the case where J is idempotent. This cross-cut, which we shall denote by ¢, 
occurs in the decomposition 


(5) J =eJe+ e+ Re + C. 


Since J is idempotent, J = J’ = Je+ J2 = Je+&% Since Lis a left ideal, 
we must have f = J&%. Since & is nilpotent, the equation 2 = J implies 
Y = Je%. From this last equation we obtain 


+ € = L = (eJe + Re)L = (eJe + Re)(eL + C) = cL + Rek. 


Now the sum e% + € is direct, and from the equations directly above we see 
that € and Ref are both complements of ef in %. But Re-eL is obviously 
contained in both R and f—i.e. ReL | C. Hence ReL = GC. 

This result may be stated as the following theorem: 

6.8: If J is an idempotent MLI ring and e is a principal idempotent of J, then 
in the decomposition J = eJe + e€ + Re + [L, R] we must have [L, RK] = Ret. 


7. In this section we shall prove that an MLI ring of the most general type 
is the sum of an MLI idempotent ring and an MLI nilpotent ring. 
Let A be an MLI ring which is neither idempotent nor nilpotent. Now the 


rings A, A’, --- constitute a descending chain of left ideals of A: 
(1) 4 = Ao & a 2+, 
Let k be the smallest exponent for which A* = A***? =.--. Then A‘, 


which we shall denote by J, is evidently both an idempotent ring and a two- 
sided ideal of A. Let e be a principal idempotent of A, and consider the de- 
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composition 
(2) A = eAe + & + Re + GC, where € = [L, RK]. 


Now ¢ is necessarily contained in J. So for J we have the decomposition 
(3) J = ede + el + te + ¢, where c = [I, rt] and I(r) is the left (right) anni- 
hilator of ein J. Since J is a two-sided ideal of A, it is easy to verify the 
following equations: 


(4) eJe = eAe; el =e; te = Re. 


From 6.7 we know that c = rel = Re | C. Hence [J, C] = ReL. Now € 
is a nilpotent MLI ring (see 4 (a) & 4.2); and from 6.1 we know that J is an 
MLI ring. So we have the following theorem. 

7.1: Any non-nilpotent MLI ring A is the sum of a nilpotent MLI ring B and 
an idempotent MLI ring J which is a two-sided ideal of A. For the component J 
we can always choose A*, where A*' D> A* = A**! = ... ; for the component B 
we can select [£, R], where Q and R are respectively the left and right annihilators 
in A of a principal idempotent of A*. For these choices of J and B we have 
(J, B] = Re. 

One can show by examples that it is not always possible to find a nilring Q 
such that A = A* + Q. If we choose [&, #] as the component B in A = 
(A*, B), it is an open question whether this B is the same for all choices of e. 
Certainly [Z, 9] depends on A* alone if A* contains a principal unit (two-sided 
identity element). And from 4.3 we obtain another case in which [f, ®] is 
independent of e. 

7.2: The component [&, 9] in the decomposition A = (A", [2, R]) is independent 
of e—i.e. depends on A* alone—whenever the exponent of the radical of A does 
not exceed 3. 


8. Up to this point we have considered only MLI rings without operators. 
One naturally inquires, then, which of our results are valid for rings with 
operator domains. We shall attempt to answer the question in part for a ring T 
having a domain of operators 2 such that each operator \—which we shall 
write to the left of the elements of 7—induces an endomorphism of 7 which 
is an operator-endomorphism with respect to the elements of 7’ as both right- 
hand and left-hand operators. In symbols, we assume 


(1) \-ab = ha-b = a-ADforAe€Q and a,beT. 


First, let us consider the following question: if we are given a ring A with 
minimal conditions for ordinary left ideals (MLI ring) and an operator domain 
2 of the type above, which of the ideals R, M;, N;, etc. are admissible with 
respect to2? We know, of course, that the homomorphic image of an ordinary 
left (right) ideal of A with respect to an element ) of @ is an ordinary—but not 
hecessarily an admissible—left (right) ideal of A. Now the radical R of A 
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is the sum of all nilpotent left ideals u of A. Suppose that u is of exponent g, 
and consider the product \w-Aue2- --- -AUey1, Where the w’s are o + 1 arbi- 
trary elements of u. By a repeated use of equations (1) we can bring this 
product to the form 


Uy" +++ Ug Usga, Where toy: = A(A(--~ (Atheyi) >> )). 


Hence Au is a nilpotent left ideal of exponent <= o + 1, and is therefore con- 
tained in R. This proves that the radical of A is an admissible left ideal.” 

One can easily show that the annihilators VN; and M; in §1 are all admissible 
ideals; this statement also holds for the components” &, ®, e&, Re, C in the 
various decompositions of A with respect to a principal idempotent (see §§6-7). 
From the fact that } maps a minimal (nilpotent) left ideal onto a minimal 
(nilpotent) left ideal, it is easy to see that the sum of all minimal admissible 
left ideals (minimal nilpotent admissible left ideals) is the ideal I (the ideal 9) 
of §2. 

Let us now consider the case of a ring 7’ with minimal condition for ad- 
missible left ideals (but not necessarily for ordinary left ideals). Such a ring 
we shall refer to as an AMLI ring. We assert that all the results in §§1-3 
are valid if we replace the term “‘left ideal” by ‘‘admissible left ideal,” “two- 
sided ideal’ by “admissible left ideal and ordinary right ideal,” ‘“MLI ring” 
by “AMLI ring.”” One of the main results in §6 is undoubtedly Theorem 6.4, 
and this also holds for our ring T. 

From the example in Footnote 27 one sees that for operator domains of a 
type more general than that of 2 we must either define the radical of our ring 
in terms of admissible nilpotent left ideals or else concede that the radical 
when defined in terms of ordinary nilpotent left ideals is not necessarily ad- 
missible. It is interesting to note that for the operator domain © these two 
methods of defining the radical lead to the same result. 


TULANE UNIVERSITY, 
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27 This result is not trivial. The ring J in Footnote 26 has a radical R = Fu. If¢is 
the linear transformation defined by ve = u and gu = e, it is easy to show that g-ab = a-yb 
foralla,beJ. One sees immediately that R is not admissible with respect to ¢, a situa- 
tion which obviously arises from the fact that ¢-ab is not always equal to ga-b. 

28 These components are admissible with respect to Q, in spite of the fact that they are 
not all left ideals of A. For instance, we have p-AR = d-eR = 0, which indicates that A¥ is 
contained in the right annihilator ® of e. 
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